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Section 1: Moments of the endosome distribution

The first-order moments of the distribution n(x5,x7; t) are

N(t) ⌘
Z +•

0
dx5

Z +•

0
dx7 n(x5,x7; t) (total number of endosomes) , (S1)

R5(t) ⌘
Z +•

0
dx5 x5

Z +•

0
dx7 n(x5,x7; t) (total cargo of Rab5:GTP) , and (S2)

R7(t) ⌘
Z +•

0
dx5

Z +•

0
dx7 x7 n(x5,x7; t) (total cargo of Rab7:GTP) . (S3)

We can also define second order moments of the distribution as follows

s2
5 (t) ⌘

Z +•

0
dx5 x2

5

Z +•

0
dx7 n(x5,x7; t)�R2

5(t) (variance of R5) , (S4)

s2
7 (t) ⌘

Z +•

0
dx5

Z +•

0
dx7 x2

7 n(x5,x7; t)�R2
7(t) (variance of R7) , and (S5)

s57(t) ⌘
Z +•

0
dx5 x5

Z +•

0
dx7 x7 n(x5,x7; t)�R5(t)R7(t) (covariance between R5 and R7) . (S6)

Section 2: Two-dimensional Laplace transform and moment equations

In analogy with the Laplace transform in one dimension, we introduce the two-dimensional Laplace transform, as follows

L [ n(x5,x7; t)]⌘
Z +•

0�
dx5

Z +•

0�
dx7 e�z5x5�z7x7 n(x5,x7; t) , (S7)

which is a function of the variables z5 and z7, and time t. We introduce the following notation for the two-dimensional Laplace
transform

n̂(z5,z7; t)⌘ L [ n(x5,x7; t)] . (S8)

We can also define partial (or one-dimensional) Laplace transforms associated with each variable, x5 and x7, as follows

L5[ n(x5,x7; t)]⌘
Z +•

0�
dx5 e�z5x5 n(x5,x7; t) , L7[ n(x5,x7; t)]⌘

Z +•

0�
dx7 e�z7x7 n(x5,x7; t) . (S9)

Eq. (S7) allows one to derive useful expressions to rewrite the Boltzmann equation, Eq. (5) in the main text, in terms of the
Laplace transform of n(x5,x7; t). Thus, if we make use of the notation introduced in Eq. (S8), it can be shown that the following

1/



expressions hold48:

L [x5 n(x5,x7; t)] =�∂z5 n̂(z5,z7; t) , (S10)
L [x7 n(x5,x7; t)] =�∂z7 n̂(z5,z7; t) , (S11)

L [ n(x5,x7; t)⇤ n(x5,x7; t)] = [n̂(z5,z7; t)]2 , (S12)

L [x5 n(x5,x7; t)⇤ n(x5,x7; t)] =�∂z5 [n̂(z5,z7; t)]2 , (S13)

L [x7 n(x5,x7; t)⇤ n(x5,x7; t)] =�∂z7 [n̂(z5,z7; t)]2 , (S14)

L [n(2x5,2x7; t)] =
1
4

n̂(z5/2,z7/2; t) , (S15)

�L [∂x5J5(x5,x7)] =�z5Ĵ5(z5,z7)+L7[J5(0,x7)] , (S16)

�L [∂x7J7(x5,x7)] =�z7Ĵ7(z5,z7)+L5[J7(x5,0)] , (S17)
L [d (x5)d (x7)] = 1 , (S18)

where Ĵk(x5,x7) is the Laplace transform of Jk (for k = 5,7) and the symbol “⇤” denotes the convolution; that is,

n(x5,x7; t)⇤ n(x5,x7; t)⌘
Z x5

0
dx05

Z x7

0
dx07 n(x05,x

0
7; t) n(x5 � x05,x7 � x07; t) .

We note that the boundary conditions (see Eq. (16) in the main text) imply

L7[J5(0,x7)] = 0 = L5[J7(x5,0)] . (S19)

We now make use of the above properties to compute the Laplace transform of Eq. (5) in the main text. We do so, term by term,
as follows:

• Time derivative: as the Laplace transform does not involve the time variable, t, we have:

∂t n(x5,x7; t) L�! ∂t n̂(z5,z7; t) .

• Fusion (1): we make use of Eq. (S12),

1
2

Z x5

0
dx05

Z x7

0
dx07 K(0)

FUS n(x05,x
0
7; t)n(x5 � x05,x7 � x07; t) L�!

K(0)
FUS
2

[n̂(z5,z7; t)]2 ,

since KFUS(x05,x5 � x05,x
0
7,x7 � x07) = K(0)

FUS +K(5)
FUS x5 �K(7)

FUS x7.

• Fusion (2): we make use of Eq. (S13)

1
2

Z x5

0
dx05

Z x7

0
dx07 K(5)

FUS x5 n(x05,x
0
7; t)n(x5 � x05,x7 � x07; t) L�!�

K(5)
FUS
2

∂z5 [n̂(z5,z7; t)]2 .

• Fusion (3): we make use of Eq. (S14)

�1
2

Z x5

0
dx05

Z x7

0
dx07 K(7)

FUS x7 n(x05,x
0
7; t)n(x5 � x05,x7 � x07; t) L�!

K(7)
FUS
2

∂z7 [n̂(z5,z7; t)]2 .

• Fusion (4): we make use of the definition of N(t) in Eq. (S1)

� n(x5,x7; t)
Z +•

0
dx05

Z +•

0
dx07 K(0)

FUS n(x05,x
0
7; t) =�K(0)

FUSN(t) n(x5,x7; t) L�!�K(0)
FUSN(t) n̂(z5,z7; t) .

• Fusion (5): we make use of Eq. (S10) and the definitions of N(t) and R5(t) in Eq. (S1) and Eq. (7) in the main text,
respectively

� n(x5,x7; t)
Z +•

0
dx05

Z +•

0
dx07 K(5)

FUS (x5 + x05) n(x05,x
0
7; t) =�K(5)

FUS [x5N(t) n(x5,x7; t)+R5(t) n(x5,x7; t)]

L�! K(5)
FUS

⇥
N(t)∂z5 [ n̂(z5,z7; t)]�R5(t) n̂(z5,z7; t)

⇤
.
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• Fusion (6): we make use of Eq. (S11) and the definitions of N(t) and R7(t) in Eq. (S1) and Eq. (S3), respectively

n(x5,x7; t)
Z +•

0
dx05

Z +•

0
dx07 K(7)

FUS (x7 + x07) n(x05,x
0
7; t) = K(7)

FUS [x7N(t) n(x5,x7; t)+R7(t) n(x5,x7; t)]

L�! K(7)
FUS [�N(t)∂z7 [ n̂(z5,z7; t)]+R7(t) n̂(z5,z7; t)] .

• Fission (1): we make use of Eq. (8) in the main text and Eq. (S15)

Z +•

0
dx05

Z +•

0
dx07 K(0)

FIS d (x5 � x05)d (x7 � x07)n(x5 + x05,x7 + x07; t) = K(0)
FIS n(2x5,2x7; t) L�!

K(0)
FIS
4

n̂(z5/2,z7/2; t) .

• Fission (2): we make use of Eq. (8) in the main text

�1
2

n(x5,x7; t)
Z x5

0
dx05

Z x7

0
dx07 KFIS(x05,x5 � x05,x

0
7,x7 � x07)

=�1
2

n(x5,x7; t)
Z x5

0
dx05

Z x7

0
dx07 K(0)

FIS d (x05 � (x5 � x05))d (x07 � (x7 � x07))
L�!�

K(0)
FIS
8

n̂(z5,z7; t) .

• Fission (2’): Alternative choices of the function f in Eq. (8) in the main text can be used to include asymmetric division.
Thus, we would replace the last two terms by

K(0)
FIS
4

f̂ (z5/2,z7/2) n̂(z5/2,z7/2; t)�
K(0)

FIS
8

f̂ (z5,z7) n̂(z5,z7; t) .

We note that considering an asymmetric fission kernel will only modify the second and higher order moments of the
distribution, but not its first order moments (means). This is due to the symmetries x5 $ x05/x7 $ x07, so that f satisfies

∂x5 f (x5,x7)|x5=x7=0 = 0 = ∂x7 f (x5,x7)|x5=x7=0 .

• Degradation: we make use of Eq. (5) in the main text and Eq. (S7)

�µ0 n(x5,x7; t) L�!�µ0 n̂(z5,z7; t) .

• Divergence of the current (1): we make use of Eq. (S16)) and Eq. (S19)

�∂x5J5(x5,x7)
L�!�z5Ĵ5(z5,z7) .

• Divergence of the current (2): we make use of Eq. (S17)) and Eq. (S19)

�∂x7J7(x5,x7)
L�!�z7Ĵ7(z5,z7) .

• Endocytosis: we make use of Eq. (4) in the Mmin text and Eq. (S18)

S0d (x5)d (x7)
L�! S0 .

Now that we have established, term by term, the two-dimensional Laplace transform of the Boltzmann equation, we take a
look at the individual mathematical models considered for Rab5 and Rab7 activation/deactivation, the cut-off switch and the
toggle-switch models.
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Cut-off switch model

We first consider the cut-off switch model and the precise expression of the divergence of the current under the two-dimensional
Laplace transform.

• Rate of change of Rab5: from the definition of J5, Eq. (12) in the main text, and Eq. (S10) and Eq. (S11)

J5(x5,x7) = (v50 � v55x5 � v57x7) n(x5,x7; t)
L�! Ĵ5(z5,z7) = v50 n̂(z5,z7; t)+ v55∂z5 [ n̂(z5,z7; t)]+ v57∂z7 [ n̂(z5,z7; t)] . (S20)

• Rate of change of Rab7: from the definition of J7, Eq. (13) in the main text, and Eq. (S10) and Eq. (S11)

J7(x5,x7) = (v70 + v75x5 � v77x7) n(x5,x7; t)
L�! Ĵ7(z5,z7) = v70 n̂(z5,z7; t)� v75∂z5 [ n̂(z5,z7; t)]+ v77∂z7 [ n̂(z5,z7; t)] . (S21)

We are now ready to bring all the previous results together for the cutt-off switch model. We find the Laplace transform of
Eq. (5) in the main text is given by

∂t n̂(z5,z7; t) =
K(0)

FUS
2

[n̂(z5,z7; t)]2 �
K(5)

FUS
2

∂z5 [n̂(z5,z7; t)]2 +
K(7)

FUS
2

∂z7 [n̂(z5,z7; t)]2 �K(0)
FUSN(t) n̂(z5,z7; t)

+K(5)
FUS

⇥
N(t)∂z5 n̂(z5,z7; t)�R5(t) n̂(z5,z7; t)

⇤
+K(7)

FUS [�N(t)∂z7 n̂(z5,z7; t)+R7(t) n̂(z5,z7; t)]

+
K(0)

FIS
4

[n̂(z5/2,z7/2; t)]2 �
K(0)

FIS
8

n̂(z5,z7; t)

�µ0 n̂(z5,z7; t)� z5
⇥
v50 n̂(z5,z7; t)+ v55∂z5 n̂(z5,z7; t)+ v57∂z7 n̂(z5,z7; t)

⇤

� z7
⇥
v70 n̂(z5,z7; t)� v75∂z5 n̂(z5,z7; t)+ v77∂z7 n̂(z5,z7; t)

⇤
+S0 . (S22)

The differential equations for the first order moments, Eqs. (17)-(19), can be derived from Eq. (S22) after one makes the
following identifications

N(t) = n̂(0,0; t) ,
R5(t)⌘ hx5i = �∂z5 n̂(0,0; t) ,
R7(t)⌘ hx7i = �∂z7 n̂(0,0; t) ,

hx2
5i = ∂z5,z5 n̂(0,0; t) ,

hx2
7i = ∂z7,z7 n̂(0,0; t) ,

hx5x7i = ∂z5,z7 n̂(0,0; t) ,

s2
5 = hx2

5i�hx5i2 (variance) , (S23)
s2

7 = hx2
7i�hx7i2 (variance) , (S24)

s2
57 = hx5x7i�hx5ihx7i (covariance) , (S25)

where the derivative has been taken before setting z5 = 0 = z7.

The equations for the second order moments, variances and covariance, can be computed in the same way as those for the
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first order moments, and are given by

dhx2
5i

dt
= K(0)

FUSR2
5 +2K(5)

FUSR5hx2
5i�2K(7)

FUSR5hx5x7i

� 1
16

K(0)
FIShx

2
5i+2v50R5 �2v55hx2

5i�2v57hx5x7i�µ0hx2
5i , (S26)

dhx2
7i

dt
= K(0)

FUSR2
7 +2K(5)

FUSR7hx5x7i�2K(7)
FUSR7hx2

7i

� 1
16

K(0)
FIShx

2
7i+2v70R7 +2v75hx5x7i�2v77hx2

7i�µ0hx2
7i , (S27)

dhx5x7i
dt

= K(0)
FUSR5R7 +K(5)

FUSR5hx5x7i+K(5)
FUSR7hx2

5i�K(7)
FUSR5hx2

7i

�K(7)
FUSR7hx5x7i�

1
16

K(0)
FIShx5x7i+ v70R5 + v50R7

� v55hx5x7i� v57hx2
7i+ v75hx2

5i� v77hx5x7i�µ0hx5x7i . (S28)

These three ordinary differential equations, together with equations (S23)-(S25), allow us to obtain the time course of the
standard deviations of R5 and R7 (and, indirectly, of the endosomal pH).

Toggle-switch model
In the case of the toggle-switch model, the precise expressions for the current are non-linear. We make use of Eq. (14) and
Eq. (15) in the main text to write

• Rate of change of Rab5: from the definition of J5, Eq. (14) in the main text, and Eq. (S10) and Eq. (S11)

J5(x5,x7) =

✓
v50 � v55x5 +

v55

K55
x2

5

◆
n(x5,x7; t)

L�! Ĵ5(z5,z7) = v50 n̂(z5,z7; t)+ v55∂z5 [ n̂(z5,z7; t)]+
v55

K55
∂ 2

z5
[ n̂(z5,z7; t)] . (S29)

• Rate of change of Rab7: from the definition of J7, Eq. (15) in the main text, and Eq. (S10) and Eq. (S11)

J7(x5,x7) =

✓
v70 + v75x5 �

v75

K75
x2

5 � v77x7

◆
n(x5,x7; t)

! Ĵ7(z5,z7) = v70 n̂(z5,z7; t)� v75∂z5 [ n̂(z5,z7; t)]� v75

K75
∂ 2

z5
[ n̂(z5,z7; t)]+ v77∂z7 [ n̂(z5,z7; t)] . (S30)

We are now ready to bring all the previous results together for the toggle-switch model. We find the Laplace transform of
Eq. (5) in the main text is given by

∂t n̂(z5,z7; t) =
K(0)

FUS
2

[n̂(z5,z7; t)]2 �
K(5)

FUS
2

∂z5 [n̂(z5,z7; t)]2 +
K(7)

FUS
2

∂z7 [n̂(z5,z7; t)]2 �K(0)
FUSN(t) n̂(z5,z7; t)

+K(5)
FUS

⇥
N(t)∂z5 n̂(z5,z7; t)�R5(t) n̂(z5,z7; t)

⇤
+K(7)

FUS [�N(t)∂z7 n̂(z5,z7; t)+R7(t) n̂(z5,z7; t)]

+
K(0)

FIS
4

[n̂(z5/2,z7/2; t)]2 �
K(0)

FIS
8

n̂(z5,z7; t)

�µ0 n̂(z5,z7; t)� z5


v50 n̂(z5,z7; t)+ v55∂z5 n̂(z5,z7; t)+

v55

K55
∂ 2

z5
n̂(z5,z7; t)

�

� z7


v70 n̂(z5,z7; t)� v75∂z5 n̂(z5,z7; t)� v75

K75
∂ 2

z5
n̂(z5,z7; t)+ v77∂z7 n̂(z5,z7; t)

�
+S0 . (S31)

The differential equations for the first order moments, Eqs. (17),(21)-(22), can be derived from Eq. (S22) in the same way as
for the cut-off switch model. We note that the differential equation for the mean number of endosomes, N(t), is the same for
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both models, since the specific form of the currents, J5(x5,x7) and J7(x5,x7), does not change the mean number of endosomes.
However, as it should be expected, the differential equations for R5(t) and R7(t) depend on the choice of currents. We have

dR5

dt
= v50N(t)� v55R5 +

v55

K55
hx2

5i�µ0R5 , (S32)

dR7

dt
= v70N(t)+ v75R5 �

v75

K75
hx2

5i� v77R7 �µ0R7 . (S33)

We note that the non-linear nature of the currents in this model implies that the differential equations for the first order moments,
Eq. (S32) and Eq. (S33), depend on the second order moments. At the level of the Laplace transform, this non-linearity implies
that (for k = 5,7) Ĵk involves second order derivatives of n̂(z5,z7; t). Thus, the equations for the first order moments involve the
second order ones, and so on. If we define the joint cumulants49, ki, j,k, where i, j,k = 5,7, as follows:

ki = hxii , (S34)
ki, j = hxix ji�hxiihx ji , (S35)

ki, j,k = hxix jxki+2hxiihx jihxki�hxix jihxki�hxkxiihx ji�hx jxkihxii , (S36)

then we can, for the sake of simplicity, make use of a zero-cumulant moment-closure approximation50. This approximation
implies the following choices for the relevant cumulants

8
>>>><

>>>>:

k5,5 ! 0 ) hx2
5i= hx5i2 = R2

5 ,
k7,7 ! 0 ) hx2

7i= hx7i2 = R2
7 ,

k5,7 ! 0 ) hx5x7i= hx5ihx7i= R5R7 ,
k5,5,5 ! 0 ) hx3

5i=�2R3
5 +3R5hx2

5i ,
k5,5,7 ! 0 ) hx2

5x7i=�2R2
5R7 +R7hx2

5i+2R5hx5x7i .
If we make use of the zero-cumulant moment-closure approximation above in Eq. (S32) and Eq. (S33), we obtain Eq. (21) and
and Eq. (22), respectively. Similarly, for the second order moments we find the following equations

dhx2
5i

dt
= K(0)

FUSR2
5 +2K(5)

FUSR5hx2
5i�2K(7)

FUSR5hx5x7i�
1

16
K(0)

FIShx
2
5i

+2v50R5 �2v55hx2
5i�2

v55

K55
hx3

5i�µ0hx2
5i , (S37)

dhx2
7i

dt
= K(0)

FUSR2
7 +2K(5)

FUSR7hx5x7i�2K(7)
FUSR7hx2

7i�
1

16
K(0)

FIShx
2
7i

+2v70R7 +2v75hx5x7i+2
v75

K75
hx2

5x7i�2v77hx2
7i�µ0hx2

7i , (S38)

dhx5x7i
dt

= K(0)
FUSR5R7 +K(5)

FUS

⇥
R5hx5x7i+R7hx2

5i
⇤
�K(7)

FUS

⇥
R5hx2

7i+R7hx5x7i
⇤
� 1

16
K(0)

FIShx5x7i

+ v50R7 � v55hx5x7i�
v55

K55
hx2

5x7i

+ v70R5 + v75hx2
5i+

v75

K75
hx3

5i� v77hx5x7i�µ0hx5x7i . (S39)

If we now make use of the moment-closure approximation, the previous equations can be written as follows:

dhx2
5i

dt
= K(0)

FUSR2
5 +2K(5)

FUSR5hx2
5i�2K(7)

FUSR5hx5x7i�
1

16
K(0)

FIShx
2
5i

+2v50R5 �2v55hx2
5i�2

v55

K55
(�2R3

5 +3R5hx2
5i)�µ0hx2

5i , (S40)

dhx2
7i

dt
= K(0)

FUSR2
7 +2K(5)

FUSR7hx5x7i�2K(7)
FUSR7hx2

7i�
1

16
K(0)

FIShx
2
7i

+2v70R7 +2v75hx5x7i+2
v75

K75
(�2R2

5R7 +R7hx2
5i+2R5hx5x7i)�2v77hx2

7i�µ0hx2
7i , (S41)

dhx5x7i
dt

= K(0)
FUSR5R7 +K(5)

FUS

⇥
R5hx5x7i+R7hx2

5i
⇤
�K(7)

FUS

⇥
R5hx2

7i+R7hx5x7i
⇤
� 1

16
K(0)

FIShx5x7i

+ v50R7 � v55hx5x7i�
v55

K55
(�2R2

5R7 +R7hx2
5i+2R5hx5x7i)

+ v70R5 + v75hx2
5i+

v75

K75
(�2R3

5 +3R5hx2
5i)� v77hx5x7i�µ0hx5x7i . (S42)
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Section 3: Fitted parameters and sensitivity analysis
We have made use of the software Copasi (Version 4.30.240 for Linux) to perform parameter fitting with three different methods:
Levenberg-Marquardt, steepest descent, and Hooke and Jeeves methods51. The results converged in all three cases. In Table S1,
we summarise the best-fit parameters for the three models introduced in this paper.

Parameter Cut-off Reduced Toggle-switch
K(0)

FIS 4.54 4.48 0.7723
K(0)

FUS 0.0032 0.0032 0.0039
v50 1.3⇥10�5 1.2⇥10�5 1.3⇥10�5

v50Nss 0.0050 0.0045 0.0050
v57 0.0040 0.0036 —
v77 0.0013 0.0010 0.0013
v75 0.0032 0.0039 0.00314
v55 0.0062 0.0058 0.0062
v70 1.2⇥10�6 — 1.2⇥10�6

S0 0.4389 — 0.1586
µ0 1.0⇥10�6 — 1.0⇥10�6

K(5)
FUS 2.0⇥10�6 — 1.8⇥10�6

K(7)
FUS 1.2⇥10�5 — 1.2⇥10�6

K55 — — 0.45
K55 — — 0.53

Table S1. Best-fit parameters obtained by three different methods as implemented in the software Copasi (Version 4.30.240
for Linux)51 for: i) the cut-off switch model defined by Eqs. (17)-(19) in the main text, ii) the reduced model defined by
Eq. (S44) and Eq. (S45), and iii) the toggle-switch model defined by Eq. (17), and Eqs. (21) All parameter values are given in
units of seconds�1.

We also used the Copasi built-in (relative) sensitivity analysis algorithm. Tables S2-S5 provide a summary of the results of
that algorithm for the three models used: cut-off switch model, toggle-switch model and the model in Ref.30. In each table, the
column Aggregated is the square root of the sum of the squares of each sensitivity. This measure (also computed by Copasi)
gives an idea of the most relevant parameters (highest value in that column). Mathematically, we have

Aggregated ⌘
q

S2
N +S2

R5
+S2

R7
. (S43)

Consider, for instance, the variable N and the parameter S0. The value showed in the table corresponds to

S0

SN

dSN

dS0
= 0.0005 .

That is, every order of magnitude that we increase S0 only produces an increase of 100.0005 ' 1.001 in the mean number of
endosomes (a mere ⇠ 0.1% increase). Thus, values close to 1 correspond, roughly, to a linear dependence between variable
and parameter and values close to -1, an inverse proportionality. In addition, we have added the column Normalised, where
we divide the Aggregated column by the maximum of all parameters. For instance, in Table S2, the maximum is 1.7294
corresponding to K(0)

FUS.
From Table S2 we can derive a simpler model, where we drop the less sensitive parameters, namely, S0, v70 K(5)

FUS and K(7)
FUS.

We have also set the number of endosomes to a constant, given by the steady state value of the full model. Thus, starting from
Eqs. (18)-(19) in the main text, the resulting model is given by the following equations

dR5

dt
= v50Nss � (v55 +µ0)R5 � v57R7 , (S44)

dR7

dt
= v75R5 � (v77 +µ0)R7 , (S45)

with parameters shown in Table S1 and sensitivities in Table S3. Note that, from Table S2, only K(0)
FIS and K(0)

FUS have strong
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Parameter SN SR5 SR7 Aggregated Normalised
K(0)

FUS -0.9986 -0.9984 -0.9984 1.7294 1.0000
K(0)

FIS 0.9990 0.9955 1.0007 1.7293 0.9999
v50 0.0000 1.4462 0.8411 1.6731 0.9674
v57 0.0000 -1.1510 -0.6141 1.3046 0.7543
v77 0.0000 1.0718 -0.3886 1.1401 0.6593
v75 0.0000 -0.7050 0.2265 0.7405 0.4282
v55 0.0000 -0.4462 0.1589 0.4737 0.2739
v70 0.0000 -0.2259 -0.2519 0.3384 0.1957
S0 0.0005 0.0005 0.0005 0.0009 0.0005
µ0 -0.0001 0.0007 -0.0003 0.0008 0.0004

K(5)
FUS < 10�4 < 10�4 < 10�4 < 10�4 < 10�4

K(7)
FUS < 10�4 < 10�4 < 10�4 < 10�4 < 10�4

Table S2. Sensitivity analysis of the mathematical model described by Eqs. (17)-(19), corresponding to the cut-off switch
hypothesis in Fig. 1 in the main text, as computed by three different methods implemented in the software Copasi (Version
4.30.240 for Linux)51. The column Aggregated is defined in Eq. (S43). The column Normalised is the value in Aggregated
divided by the maximum value in that column. The thin dotted lines are a guide to the eye to separate the most sensitive
parameters (top part of the table) and the least (bottom part).

sensitivities on the variable N. We can then safely assume that

Nss =
K(0)

FIS

4K(0)
FUS

.

This is confirmed in Fig. S1, where the number of endosomes quickly converges to its steady state.

Parameter SN SR5 SR7 Aggregated Normalised
K(0)

FIS 1.0000 0.9995 1.0001 1.7318 1.0000
K(0)

FUS -0.9990 -0.9992 -0.9991 1.7305 0.9992
v50 < 10�4 0.9991 1.0013 1.4145 0.8168
v57 < 10�4 -0.7805 -0.7288 1.0679 0.6166
v75 < 10�4 -0.7805 0.2704 0.8260 0.4770
v77 < 10�4 0.7556 -0.2928 0.8103 0.4679
v55 < 10�4 -0.1181 -0.3022 0.3245 0.1874

Table S3. Sensitivity analysis of the reduced model computed by three different methods implemented in the software Copasi
(Version 4.30.240 for Linux)51. The column Aggregated is defined in Eq. S43. The column Normalised is the value in
Aggregated divided by the maximum value in that column.

Finally, and for the sake of completeness, in Table S4 we summarise the sensitivity analysis for the toggle-switch model.

Section 4: Study of two previous models of Rab dynamics

Mathematical model in Ref.21

The authors in Ref.21 encoded the dynamics of Fig. 1 in the main text as a set of four ODEs, where each reaction term was
fitted to different mathematical equations. One set of functions, as documented in http://biomodels.caltech.edu/
BIOMD0000000174. provides the following equations (with t the variable describing experimental time)

d[Rab5�GDP]
dt

= v5�
[Rab5�GDP] · ke,5·t

T0+t

1+ ekg,5�[Rab5�GTP]·k f ,5
�k5 · [Rab5�GDP]

+
ke,57 · [Rab5�GTP]

1+ ekg,75�[Rab7�GTP]·k f ,57
+k7 · [Rab5�GTP] , (S46)
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Figure S1. Time course of the number of endosomes, N(t), for the cut-off switch model (solid red line) and its steady state
value, Nss, (black dashed lines). Note that N(t) grows rapidly in the first 40 seconds and reaches the steady state value of the
reduced model after 500 seconds. The numerical value is extremely close to the value given by Eq. (23) in the main text.

Parameter SN SR5 SR7 Aggregated Normalised
K(0)

FIS 0.9990 0.5301 0.8049 1.3881 1.0000
K(0)

FUS -0.9985 -0.5301 -0.8029 1.3866 0.9989
v70 < 10�4 < 10�4 0.6682 0.6682 0.4814
v77 < 10�4 < 10�4 -0.6632 0.6632 0.4778
v50 < 10�4 0.5307 0.1359 0.5478 0.3947
K55 < 10�4 -0.4688 -0.1193 0.4838 0.3485
v75 < 10�4 < 10�4 0.3318 0.3318 0.2390
K75 < 10�4 < 10�4 0.0764 0.0764 0.0550
v54 < 10�4 -0.0616 -0.0157 0.0636 0.0458
S0 0.0005 0.0003 0.0007 0.0009 0.0007
µ0 < 10�4 < 10�4 -0.0006 0.0005 0.0004

K(7)
FUS < 10�4 < 10�4 < 10�4 < 10�4 < 10�4

K(5)
FUS < 10�4 < 10�4 < 10�4 < 10�4 < 10�4

Table S4. Sensitivity analysis for the toggle-switch model computed by three different methods implemented in the software
Copasi (Version 4.30.240 for Linux)51. The column Aggregated is defined in Eq. S43. The column Normalised is the value in
Aggregated divided by the maximum value in that column. The thin dotted lines are a guide to the eye to separate the most
sensitive parameters (top part of the table) and the least (bottom part).
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Parameter SRab5�GDP SRab5�GT P SRab7�GDP SRab7�GT P Aggregated Normalised
k7 0.0022 28.8007 -1.0044 -7.8522 29.8688 1.0000

k1,7 0.0021 28.7917 -0.0055 -7.8498 29.8426 0.9991
v7 -0.0018 -27.1203 1.0046 7.57364 28.17588 0.9433

ke,7 -0.0018 -26.6033 0.0045 7.4276 27.6207 0.9247
kg,7 0.0007 9.4375 -0.0020 -2.5938 9.7875 0.3277
kg,57 0.0004 4.3526 -0.0010 -1.1988 4.5147 0.1512
k f ,57 0.0003 3.3470 -0.0007 -0.9223 3.4718 0.1162
kg,75 -0.0005 0.2003 0.0012 1.6523 1.6643 0.0557
h7 0.0003 1.2028 -0.0007 -0.3313 1.2476 0.0418
k5 0.9998 0.0216 0.0002 0.2905 1.0414 0.0349
v5 -0.9989 -0.0135 -0.0003 -0.2928 1.0410 0.0349

k f ,75 -0.0002 0.0541 0.0006 0.6927 0.6948 0.0233
ke,57 0.0001 -0.5757 0.0001 0.1589 0.5972 0.0200
ke,5 -0.0002 0.0205 0.0002 0.2908 0.2915 0.0098
ke,75 0.0001 -0.0133 -0.0002 -0.2268 0.2272 0.0076
kg,5 < 10�4 -0.0074 -0.0001 -0.1559 0.1561 0.0052
k1,5 < 10�4 -0.0068 -0.0001 -0.1354 0.1355 0.0045
k f ,5 < 10�4 -0.0007 < 10�4 -0.0661 0.0661 0.0022
T0 < 10�4 0.0053 < 10�4 -0.0390 0.03938 0.0013

Table S5. Sensitivity analysis of the model in Ref.21 (corresponding to Eqs. (S46)-(S49) of Section 2 in Supporting
information) obtained by three different methods implemented in the software Copasi (Version 4.30.240 for Linux)51. The
column Aggregated is defined in Eq. S43. The column Normalised is the value in Aggregated divided by the maximum value in
that column. The thin dotted lines are a guide to the eye to separate the most sensitive parameters (top part of the table) and the
least (bottom part).

d[Rab5�GTP]
dt

=
[Rab5�GDP] · ke,5·t

T0+t

1+ ekg,5�[Rab5�GTP]·k f ,5
�

ke,57 · [Rab5�GTP]
1+ ekg,57�[Rab7�GTP]·k f ,57

�k5 · [Rab5�GTP] , (S47)

d[Rab7�GDP]
dt

= v7�
[Rab7�GDP] · ke,7 · [Rab7�GTP]h7

kg,7 +[Rab7�GTP]h7

�
ke,57 · [Rab7�GDP]

1+ ekg,57�[Rab5�GTP]·k f ,57
�k7 · [Rab7�GDP]

+k1,7 · [Rab7�GTP] , (S48)

d[Rab7�GTP]
dt

=
[Rab7�GDP] · ke,7 · [Rab7�GTP]h7

kg,7 +[Rab7�GTP]h7

+
ke,5 · [Rab7�GDP]

1+ ekg,5�[Rab5�GTP]·k f ,5
�k1,7 · [Rab7�GTP] . (S49)

Although this model looks clearly more complex than our model (see Eqs. (18)-(19)), numerical integration of these equations
(as shown in Fig. 1B in the main text) shows that the variables [Rab5-GDP] and [Rab7-GDP] are almost constant (not shown).
Hence, Eqs. (S46)-(S49) are identical to Eqs. (18)-(19) in the main text, after linearisation of the equations for [Rab5-GTP] and
[Rab7-GTP], with the following approximations:

[Rab5�GDP] · ke,5·t
T0+t

1+ ekg,5�[Rab5�GTP]·k f ,5
! v50N ,

and
ke,5 · [Rab7�GDP]

1+ ekg,5�[Rab5�GTP]·k f ,5
! v70N .
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Mathematical model in Ref.30

For completeness, we reproduce here the system of equations in Ref.30. Note that the first two terms in Eq. (17) in the main text
are equivalent to those in Eq. (S53).

dRab5ee

dt
=�Rab5ee

dN
dt

1
N
� kGAP(Rab5ee)Rab5ee + kGEF(Rab5ee)rab5ee , (S50)

drab5ee

dt
=�rab5ee

dN
dt

1
N
+ kGAP(Rab5ee)Rab5ee � kGEF(Rab5ee)rab5ee

+ k1rab5cyt � k�1rab5ee , (S51)
drab5cyt

dt
=�k1rab5cyt + k�1rab5ee , (S52)

dN
dt

=�kfus(Rab5ee)N2 + kfis(Rab5ee)N . (S53)

Note that, as according to our model, the number of endosomes reaches quickly a steady state, the terms proportional to dN
dt are

negligible in comparison to the other terms. Similarly, as shown in the Supporting information in Ref.21, the inactive rab5ee is
also almost constant. Thus, we can reduce the equations above to the following system

dRab5ee

dt
=�kGAP(Rab5ee)Rab5ee + kGEF(Rab5ee)rab5ee ,

dN
dt

=�kfus(Rab5ee)N2 + kfis(Rab5ee)N , (S54)

where our notation kGAP(Rab5ee),kGEF(Rab5ee),kfus(Rab5ee) and kfis(Rab5ee) implies that these rates are functions of the
variable Rab5ee. Our analysis has shown that the source term, proportional to S0, and the death term, proportional to µ0, are
only important in the initial and transient regime. So Eq. (17) and Eq. (18) in the main text can be written as:

dR5

dt
= v50N � (v55 +µ0)R5 � v57R7 ,

dN
dt

=�1
2

K(0)
FUSN2 +

✓
1
8

K(0)
FIS �K(5)

FUSR5 +K(7)
FUSR7

◆
N , (S55)

which are analogous to Eqs. (S54). In our case, the inclusion of the variable R7 (not included in Ref.30) can explain the need to
choose more sophisticated mathematical functions for kGEF and kGAP in the equations above. To illustrate this point, in Fig. S2
we show Rab5 as a function of Rab7 for both the experimental data (circles) and the fitted model (solid line). This allows us to
conclude that Rab5 depends non-linearly on Rab7. If we describe Rab5, without reference to the dynamics of Rab7, as done
in Ref.30, one would require an equation for R5 containing non-linearities. In particular, if we denote by kGAP(Rab5ee), the
coefficient of Rab5ee and by kGEF(Rab5ee), the coefficient of rab5ee, one can see that the dependence on R7 in the first case
and on N on the second one, are equivalent to the non-linear functions of R5 in Eq. (S54).

Finally, and as shown in Figures S1a-S1b from Ref.21, the best-fit for the fusion rate is almost independent of Rab5 (note the
large bars in logarithmic scale), while the best-fit for the fission rate consistently changes as a function Rab5. In our framework,
this dependence is encapsulated in the factor K(0)

FIS/8�µ0 �K(5)
FUS +K(7)

FUS multiplying the variable N in Eq. (17) in the main
text, and the constant coefficient K(0)

FUS multiplying N2. So the we can identify

kfis(Rab5ee)! K(0)
FIS/8�µ0 �K(5)

FUSR5 +K(7)
FUSR7 ,

in Eq. S54. This identification clearly shows that kfis(Rab5ee) is a non-linear function of R5 since R7 = R7(R5) (see Fig. S2).
This completes the connection between the mathematical framework presented here and previous mathematical models of
endosome maturation.
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Figure S2. Phase-diagram of Rab5 and Rab7. Circles: experimental data. Solid line: fit to Eqs. (18)-(19) in the main text.
This shows that R5 can be expressed as a non-linear function of R7. Thus, linear terms of R5 and R7 can be misidentified with
non-linear functions of R5 alone.
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