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1 Granger causality analysis
The principle of Granger causality (GC) is based on the concept of precedence and predictability, where the improvement in
prediction quality of a time-series in the presence of the past of another time-series is evaluated and quantified, revealing the
directed influence between the two series1 investigated. As lsNGC is an extension of traditional multivariate GC (mvGC), the
basic concepts of mvGC are briefly described here.

Consider a system with N time-series, each with T temporal samples. Let the time-series ensemble X ∈ RN×T be
X = (x1,x2, ...,xN)

T , where xn ∈ RT , n ∈ {1,2, ...,N}, xn = (xn(1),xn(2), ...,xn(T )). The time-series ensemble X can also be
represented as X = (x(1),x(2), ...,x(T )), where x(t) ∈ RN×1, t ∈ {1,2, ...,T},x(t) = (x1(t),x2(t),x3(t), ...,xN(t))T .

We use multivariate vector auto-regression which is the most common prediction scheme used in GC analysis2, 3.

x(t) =
d

∑
j=1

A jx(t− j)+ e(t) (1)

Here, the matrices A j are the model parameters obtained by minimizing the mean squared errors in the estimate of X, where A j
is an N×N matrix with j ∈ 1,2, ...,d, and d is the lag order. We define X̂ as the predicted system (1) without the error term,
and E as the set of residuals defining the difference between the actual and predicted values of X.

x̂(t) =
d

∑
j=1

A jx(t− j) (2)

E = X− X̂ (3)

Granger causality (GC) analysis establishes a causal influence score from time-series xs to xr on the premise that, if the
predictability of time-series xr improves in the presence of the past of time-series xs, then xs Granger causes xr. GC analysis
estimates causal relationships in a multivariate sense by considering the full ensemble of time-series including confounding
time-series that neither represent xs nor xr. We obtain the influence of xs on xr by quantifying the reduction in prediction
quality of xr in the absence of time-series xs. Equations (2) and (3) obtain the prediction of all series when the full ensemble of
time-series is used. Next, we obtain the prediction error EX\xs , when series xs is removed from the ensemble X.

If the prediction quality of xr is higher when xs is used (2) rather that when it is not used for predicting time-series xr, then it
is said that xs Granger causes xr. The f -statistic can be obtained by recognizing that the two models can be characterized as the
unrestricted model and the restricted model, where the unrestricted model is eq. (2), and the restricted model is constructed in
the absence of time-series xs. Residual sum of squares (RSS) of the restricted model, RSSR, and residual sum of squares of the
unrestricted model RSSU are obtained. n is the number of observations in the regression, qU and qR are the number of parameters
to be estimated for the unrestricted and restricted model, respectively. For traditional multivariate GC, qR = d× (N−1) and
qU = d×N, respectively.

A measure of GC can be obtained using the f -statistic, given by:

FGCxs→xr =
(RSSR−RSSU )/(qU −qR)

(RSSU )/(n−qU −1)
(4)

FGCxs→xr quantifies the influence of xs on xr, by testing the equality of variances of errors in prediction of the xr by
both the models. If the variance of the error in predicting xr is lower when xs is used, then xs Granger causes xr. Significant
interactions can be obtained using the f -statistic.
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2 Implementation specifics for large-scale Nonlinear Granger causality (lsNGC)
2.1 Implementation specifications
Nonlinear Granger causality analysis has been investigated and theoretical work laying the foundation of mathematical
formulation to perform such an analysis has been studied4–6. However, while sound theoretical concepts are prerequisite,
practical implementation, especially for large systems having many nodes (time-series) is not always straightforward. In this
section, we briefly describe implementation specifications that increase scalability and reduce computation time significantly.

Let us say that we are interested to learn if xs influences xr. We first construct the phase space representation of xs with
embedding dimension d, as WWW s. The state at time t is wwws(t) = [xs(t− (d−1)), ...,xs(t−1),xs(t)], and t ∈ d, ...,T −1.

To perform a multivariate analysis, a phase space reconstruction is constructed, where prediction is performed using all the
time-series apart from xs whose influence is to be quantified. From the time-series ensemble X\xs we construct the phase space
reconstruction ZZZs. The state of this multivariate system at a given time-point is

zzzs(t) =


x1(t− (d−1)), ...,x1(t−1),x1(t), ...
x2(t− (d−1)), ...,x2(t−1),x2(t), ...

.

.
xN−1(t− (d−1)), ...,xN−1(t−1),xN−1(t)

It should be noted that ZZZs does not contain any terms from xs. Let f and g represent two nonlinear functions. The two estimates
of X are given by:

X̂ = A1f(ZZZs)+A2g(WWW s) (5)

X̃\xs = B1f(ZZZs) (6)

In the above equations, A1, A2 and B1 are the weights or model parameters, obtained by minimizing the mean squared
errors in the estimate of all time-series in X. The time-series x̂r,s from X̂ and x̃r,s from X̃\xs are the estimates obtained for xr.
The subscript (r,s) denotes that these are estimates of xr obtained to investigate the influence of xs on xr. The two constructed
models, given in eq. (5) and (6), are the unrestricted and restricted model, respectively. The RSS of the two models gives
us an f -statistic measure. In this study, we use the generalized radial basis function (GRBF) neural network as nonlinear
transformations f and g.

2.2 Nonlinear transformation using Generalized Radial Basis Function
In this work we adopt the Generalized Radial Basis Function (GRBF), originally described by7, as the nonlinear transformation
f and g. Cluster centers VVV T ∈ Rcg×d are calculated for the state space WWW s, where cg is the number of clusters obtained with
k-means clustering. Activation function g in (5) is calculated as follows:

gi(wwws(t)) =
e−||wwws(t)−vvv(i)||2/σ2

∑
cg
j=1e−||wwws(t)−vvv( j)||2/σ2

(7)

where, i ∈ {1, 2 ... cg} and σ is the kernel width, set to the average spacing between the centers8. Analogously, cluster
centers UUUT

s ∈ Rc f×(N−1)d are calculated for the state space ZZZs, where c f is the number of clusters obtained with k-means
clustering. Activation function f in (5) and (6) is calculated as follows:

fi(zzzs(t)) =
e−||zzzs(t)−uuus(i)||2/σ2

∑
c f
j=1e−||zzzs(t)−uuus( j)||2/σ2

(8)
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Algorithm 1 Large-scale nonlinear Granger causality algorithm

1. Z-score the data, i.e. normalize the time-series to have zero mean and unit standard deviation. Focusing solely on system
dynamics.

2. Using the order d, obtain phase space reconstructions of ZZZ. Here, ZZZ is obtained using all the time-series in the system,
ZZZ ∈ RNd×(T−d).

3. From ZZZ, obtain c f number of cluster centers with k-means clustering. The cluster centers are obtained using the mean
of the samples in each cluster. Cluster centers UUU can be thought of as parameters of the hidden layer of a Generalized
Radial Basis Function (GRBF) network having dimensions Nd× c f .

4. Set the width of the kernel as the mean distance between cluster centers.

5. Iterate through all N time-series from 1 to n where n ∈ N, selecting one time-series (xs) whose influence on other
time-series is to be investigated.

(a) Obtain phase space reconstructions ZZZs ∈ R(N−1)d×(T−d). States in this phase space do not contain information
about xs.

(b) Obtain WWW s ∈ Rd×(T−d), the phase space reconstructions of xs, having embedding dimension d.

(c) Obtain cg number of cluster centers in the phase space WWW s with k-means clustering. Set the width of the kernel as
the mean distance between cluster centers. These parameters, VVV , have dimensions d× cg.

(d) Calculate activations for each of the cg neurons using equation (7), given by g(WWW s), from each of the states in WWW s.

(e) From UUU , eliminate those dimensions corresponding to xs. For example, if xs is the first time-series in the system,
eliminate the first d dimensions of the cluster centers UUU . In general, if it is the n-th time-series, eliminate d indices
starting from and including nd− (d−1). This results in cluster centers UUU s.

(f) Calculate activations for each of the c f neurons using equation (7), given by f(ZZZs), from each of the states in ZZZs.

(g) Predictions in the presence of xs: Obtain X̂
(h) Predictions in the absence of xs: Obtain X̃\xs

(i) Calculate the influence of xs on every time-series in X using the f -statistic.

3 Data
3.1 Complex system with three nodes:
The coupling parameters of this system are set such that they show fan-in and fan-out motifs.

x j(t +1) = x j(t)
(

γ j j− ∑
i=1,2,3

γ jixi(t)
)
, j = 1,2,3 (9)

Here γ ji are the coupling parameters. Again, we adopt parameter values from9. In the fan-out case, γ11 = 4, γ22 = 3.1,
γ33 = 2.12, γ21 = 0.21 and γ31 = −0.636, the other parameters are zero (3-fan out). In the fan-in case, γ11 = 4, γ22 = 3.6,
γ33 = 2.12, γ31 = 0.636 and γ32 =−0.636, the other parameters are zero (3-fan in). Uniformly distributed random numbers
between [0, 1] are used as initial conditions and the first 50 time points are discarded.

3.2 5-node linear network
The linear implementation of interactions between the 5-node network time-series (whose network structure is the same as in
example 3 of reference10) is provided here:

x1(t) = x1(t)+0.95
√

2x1(t−1)−0.9025x1(t−2)
x2(t) = x2(t)+0.5x1(t−2)
x3(t) = x3(t)−0.4x1(t−3)

x4(t) = x4(t)−0.5x1(t−2)+0.5
√

2x4(t−1)+0.25
√

2x5(t−1)

x5(t) = x5(t)−0.5
√

2x4(t−1)+0.5
√

2x5(t−1)

(10)
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3.3 5-node nonlinear network:
Equations governing the non-linear 5-node network (5-nonlinear) are as follows:

x1(t) = x1(t)+0.95
√

2x1(t−1)−0.9025x1(t−2)

x2(t) = x2(t)+0.5x2
1(t−2)

x3(t) = x3(t)−0.4x1(t−3)

x4(t) = x4(t)−0.5x2
1(t−2)+0.5

√
2x4(t−1)+0.25

√
2x5(t−1)

x5(t) = x5(t)−0.5
√

2x4(t−1)+0.5
√

2x5(t−1)

(11)

4 Results
4.1 5-node time-series results
The true connections of the 5 node network can be summarized as follows, x1→ x2, x1→ x3, x1→ x4, x4→ x5 and x5→ x4,
for the linear and non-linear case. LsNGC in the linear case clearly assigns high scores to the right connections, Figure 1.
LsNGC correctly assigns a high score to x1→ x2, x1→ x3, x1→ x4, x4→ x5 and x5→ x4 and assigns low scores to the rest of
the connections which rightly correspond to non-existent connections. The high median AUC, specificity and sensitivity of
1, as shown in Figures 4 and 5 of the main paper, demonstrate that the correct network graph was recovered in most of the
cases. LsNGC does not perform as well in the nonlinear case as compared to the linear one. Here, connections from x1→ x3
and x4→ x5 are detected well. However, the other connections were weaker. Quantitatively, this weak separation between the
scores estimated by lsNGC for absence and presence of connections corresponds to the lower AUC, specificity and sensitivity
values, as shown in Figures 4 and 5 of the main paper.
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Figure 1. Histogram of scores (normalized between 0 to 1) obtained by lsNGC for the 5-node, linear (5-linear) network over
50 different sets of the simulation. Generated with MATLAB R2016a11.
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Figure 2. Histogram of scores (normalized between 0 to 1) obtained by lsNGC for the 5-node, nonlinear (5-nonlinear)
network over 50 different sets of the simulation. Generated with MATLAB R2016a11

5 Comparative methods for evaluating lsNGC
In this section we briefly summarize the two comparison methods used to evaluate the performance of lsNGC.

5.1 Causality analysis with local models
An example for the use of local models (LM) to estimate casual relationships between time-series in a system is described in12.
First, the attractor manifold of a time-series is constructed from time-delayed versions of itself and embedded into a state-space
reconstruction (SSR). Such a space of embedded points transforms the observed time-series into a manifold13, 14 representing
the evolution of states, i.e., its dynamics. The basic idea here is to build local models (using nearest neighbors) of the state
space dynamics for every time-series, which cross-predicts the trajectory of an influencing time-series. Where, cross-prediction
implies predicting say x1 from the states of x2. If x2 cross-predicts x1 well, then x1 influences x2.

5.2 Peter-Clark momentary conditional independence
The Peter and Clark momentary conditional independence (PCMCI) is a causal network inference method based on the
graphical causal model framework15 for large time-series featuring linear and nonlinear dependencies. The PC-based method,
PCMCI, addresses the particular challenges of autocorrelated high-dimensional and nonlinear time series data based on a
condition-selection step (PC), followed by the momentary conditional independence (MCI) test. The method is a non-parametric
test designed for high-dimensional linear and nonlinear settings with time-delayed causal influences and strong autocorrelations.
The PCMCI approach is also based on the conditional independence framework and adapts it to the highly interdependent time
series case. The method consists of two stages: (i) PC condition selection to identify relevant conditions for parents of a node
for all nodal time series variables and (ii) the momentary conditional independence (MCI) test to test whether there is a causal
link between nodes16, 17. In our simulations, we used partial correlation tests, and we used the toolbox available in PCMCI
toolbox.

5.3 Multivariate transfer entropy
We use multivariate transfer entropy18 with Kraskov nonlinear estimator19 using the IDTxL toolbox20. The IDTxl employs a
greedy or iterative approach that builds sets of parent sources for each target node in the network by maximizing a conditional
mutual information criterion21. This iterative conditioning is designed to both remove redundancies and capture synergistic
interactions in building each parent set. The conditioning thus automatically constructs a non-uniform, multivariate embedding
of potential sources21 and optimizes source-target delays22. Rigorous statistical controls (based on comparison to null
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lsNGC LM PCMCI TE KGC
2-Logistic 1, [1, 1] 1, [1, 1] 1, [1, 1] 1, [1, 1] 1, [1, 1]
3-Fan Out 1, [1, 1] 1, [1, 1] 1, [1, 1] 0.93, [0.93, 1] 1, [1, 1]
3-Fan In 1, [1, 1] 1, [1, 1] 1, [1, 1] 1, [1, 1] 1, [1, 1]
5-Linear 1, [1, 1] 0.87, [0.86, 0.88] 1, [1, 1] 1, [0.90, 1] 0.82, [0.76, 0.88]
5-Nonlinear 0.94, [0.90, 0.97] 0.62, [0.58, 0.67] 0.80, [0.72, 0.86] 0.95, [0.89, 0.99] 0.93, [0.91, 0.95]
34-Zachary1 0.79, [0.77, 0.81] 0.81, [0.79, 0.82] 0.74, [0.73, 0.76] 0.58, [0.57, 0.59] 0.53, [0.51, 0.56]
34-Zachary2 0.84, [0.82, 0.86] 0.88, [0.85, 0.89] 0.82, [0.79, 0.84] 0.72, [0.70, 0.74] 0.51, [0.48, 0.54]

Table 1. AUC values from Figure 4 of main manuscript. Each entry corresponds to Median AUC [25th percentile, 75th
percentile] for all methods

distributions from time-series surrogates) are used to gate parent selection and provide automatic stopping conditions for the
inference, requiring only a minimum of user-specified settings20. The code is from IDTxL toolbox. Based on the experimental
analysis, we used the best parameters to maximize network discovery’s success using multivariate transfer entropy on datasets.

5.4 Kernel Granger causality (KGC)
Kernel Granger causality (KGC) was proposed in 200823. It calculates Granger causality in the feature space of kernel functions.
In this work, we use radial basis function kernels for KGC.10 We used the publicly available KGC toolbox to perform this
analysis.

6 Estimating significance of connections from networks obtained
Measures of significance using lsNGC can be obtained from the f -statistic (equation (3)) and details regarding obtaining
significance of connections with KGC can be found in23. Unlike lsNGC, KGC and PCMCI, LM and TE cannot be used directly
to glean significance measures. Significance is calculated by establishing a null distribution, which was obtained by estimating
LM (or TE) measures between non-interacting pairs of surrogate time-series. The surrogates used for LM were generated by
using the Iterative Amplitude Adjusted Fourier Transform24 algorithm generated with the Chaotic Systems Toolbox25. For TE,
IDTxL provides the necessary software to perform such tests. Sensitivity and specificity were calculated on the connectivity
matrix thresholded at p < 0.05, followed by multiple comparisons correction using False Discovery Rate, where the null
hypothesis is generated by estimating connections between non-interacting surrogate time-series.

7 Application to fMRI data:
7.1 Resting-state fMRI data:
Functional MRI scans were obtained from human subjects at the Rochester Center for Brain Imaging (Rochester, NY, USA)
using a 3T, Siemens Magneton TrioTim scanner. The study protocol included: (i) High-resolution structural imaging using
T1-weighted magnetization-prepared rapid gradient echo sequence (MPRAGE, TE = 3.44 ms, TR= 2530 ms, isotropic voxel
size 1 mm, flip angle = 7◦). (ii) Resting-state fMRI scans using a gradient spin echo sequence (TE = 23 milliseconds, TR
= 1650 milliseconds, 96 × 96 acquisition matrix, flip angle of 84◦). The acquisition lasted 6 minutes and 54 seconds, and
250 temporal scan volumes were obtained. A total of 25 slices, each 5 mm thick, were acquired for each volume. During
acquisition, the subject was asked to lie down still with eyes closed. The data were acquired as part of a NIH sponsored study
(R01-DA-034977). Prior to computation of connectivity measures, the fMRI data used in this study was preprocessed using
standard methodology. For each dataset, the first ten (of 250) volumes of functional magnetic resonance images were eliminated
to analyze only those that reached steady-state imaging. Next, motion correction, brain extraction and correction for slice
timing acquisition were performed. Additional nuisance regression was carried out to remove variations due to head motion
and physiological processes. Each dataset was finally registered to the 2 mm MNI26 standard space using a 12-parameter affine
transformation27. All preprocessing steps were carried out using the C-PAC software28 and its corresponding dependencies in
FMRIB Software Library (FSL)29. Finally, the time-series were normalized to zero mean and unit standard deviation to focus on
signal dynamics rather than amplitude30. Based on the commonly used Automated Anatomic Labeling (AAL) template31, the
registered MRI volumes were divided into 90 regions, excluding the brain stem and cerebellar regions, 45 in each hemisphere.
A representative time-series for each region was computed by averaging the time-series of all voxels within it.

Subjects in this study were recruited as part of a NIH funded study (R01-DA-034977) at the University of Rochester
Medical Center. In total, 15 healthy controls (mean age 42 ± 10 years) and 14 HIV positive subjects with symptoms of HIV
associated neurocognitive disorder (HAND, mean age 45 ± 16 years) were recruited as part of this study. A standard battery of
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neuropsychological (NP) tests was used to assess cognitive abilities of subjects, covering six cognitive domains: executive
function, speed of information processing, attention, memory, learning, and motor function. These scores were converted to age
and education adjusted z-scores. An overall z-score combining the scores from individual domains was generated and used
to assess HAND32. All participants provided written informed consent prior to participation as per protocol approved by the
institutional IRB.

Figure 3. Plot of AUC and accuracy results for different number of retained features. Figure generated with MATLAB
R2016a11. Shaded regions above and below each solid line, corresponding to the mean AUC/accuracy, represent the 95%
confidence interval of the AUC/accuracy value. The general trend observed here is that lsNGC is able to discriminate between
the two subject groups well.

7.2 Results
First, matrices of interaction using lsNGC, connectivity matrices, were obtained from the fMRI time-series of every subject
in this study. LsNGC produced connectivity profiles conveying different information about interactions amongst regional
time-series for every subject. These connectivity matrices were vectorized such that data from each subject was represented as
an F dimensional vector of interactions, which can be viewed as features to train a classifier. Since, the number of features
were large (∼ 8000 for N = 90, where N is the number of regions defined by the AAL template) compared to the number of
subjects in our study, before vectorizing the connectivity matrices, we symmetrized them such that F = N(N−1)/2, reducing
the number of features to 4005 for each subject.

To further reduce the number of redundant and/or noisy features, we performed feature selection, using Kendall’s τ

correlation coefficient33 . Feature selection aims at estimating interactions that best discriminate subjects presenting with
HAND symptoms and controls and reduces the computational complexity of a classifier. Feature selection was performed
independently for every set of training/test set split. Feature ranking estimated by Kendall’s coefficient feature selection
approach was used to select s features where s ∈ {2,3,5,8,10,15,20,25,50,80}.

The ranked features were classified with the AdaBoost34 classifier. It is an ensemble classifier that uses an ensemble of
weak classifiers, such as decision stump classifier, to produce a strong classifier. The WEKA35 implementation of AdaBoost
was imported into MATLAB 2016 and used in our analysis.

We ensured a strict split between training and testing data, with 90%/10% train/test separation within an iterative cross-
validation scheme with 100 different data splits. The training data was used for both feature selection and training the classifier.
Classification accuracy and the AUC were adopted to evaluate performance. An AUC of 1 indicates perfect classification while
an AUC of 0.5 indicates random classification. The classifier for discriminating subjects with HAND and healthy controls
achieved best mean AUC = 0.88 and accuracy = 0.77 with 15 features (Figure 3) which suggests that lsNGC was able to
characterize the network structure well, hence the classifier was able to learn discriminate characteristics well.
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