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Appendix 1
Bayesian Optimization
Like other kinds of optimization methods, BO is a framework to find the maximum value for the following problem with
unknown function f : x∗ = argmaxx∈A f (x) where A denotes the search space of x. BO is a very effective method for solving
optimization framework assuming that evaluating the function f (x) is computationally expensive or does not have a closed-form
expression. What makes BO different from other optimization methods is the BO optimizes a random function f (x) without the
requirement of an explicit expression of the function f (x). The essential philosophy of BO is construction of a probabilistic
model for f (x).

Bayes’ theorem1 is used to consider the uncertainty in the estimation of f (x). BO uses posterior information of function f (x)
for maximization, where the posterior information is acquired by combining its prior distribution with the sample information
(evidence). The prior distribution is not an objective basis. It is often based on subjective beliefs, where BO assumes a prior
distribution of f (x) as a Gaussian process, which is well-suited prior distribution and is highly flexible and easy to handle1.

Because of the non-convexity nature of function f (x), evaluating and optimizing f (x) is non-trivial. Therefore, methods
for finding the optimal solution are point-based evaluations and not gradient or Hessian based evaluations. Optimizing within
the search space A needs to take into account both exploration (search new sample in the space with high uncertainty) and
exploitation (searching new sample in the space with high expected values)2. This trade-off between exploration and exploitation
helps to decrease the number of point evaluations and improve the performance of BO. BO maximizes the function f (x) by
maximizing acquisition function so that the large value of the acquisition function u corresponds to the high value of the
function f . This acquisition function is a trade-off between exploration and exploitation during the determination of the next
sample point to maximize the acquisition function.

Algorithm 1 shows the BO structure as an iterative approach. The idea of classic BO is composed of two parts. First, the
posterior distribution was updated using GP. Second, the next point is determined by maximizing the acquisition function.
BO starts with random solution (x0,y0). At iteration t, GP updates the posterior distribution of f (x) to develop acquisition
function using observed sample information D. Then, the acquisition function tries to find the next point xt corresponding to
the maximization of the acquisition function. After that, the new point xt is evaluated to calculate real value f (xt) as yt in step
3. Then, we augment observed sample information D with a new sample. GP updates the posterior distribution at the next
iteration. The whole procedure is continued until the maximum number of iterations T is reached.

Algorithm 1 Bayesian optimization

1: Input: Data set D = {(x0,y0)}. T as maximum number of iterations.
2: Output: A local optimal solution x∗ ∈ R1×p.
3: Step 0: Set incumbent solution x∗ = x0. Set K, σ , and u as type of kernel, set of kernel parameters, and acquisition function.

4: for t = 1 to T do
5: Step 1: Use GP to update the posterior probability f̂ and construct acquisition function u.
6: Step 2: Find xt by optimizing the acquisition function u over function f : xt = argmaxx u(x|D).
7: Step 3: Sample xt to calculate the objective function yt = f (xt) and augment the data D = {D,(xt ,yt)}.
8: Step 4: Update incumbent solution x∗ = xargmax(y).
9: end for
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Gaussian Processes
GP as a stochastic process is a generalization of the Gaussian distribution such that any finite subset of which has a multivariate
Gaussian distribution3. Distribution over functions f (.)∼ GP(µ(.),k(., .)) is Gaussian Process, where mean function µ(.) and
covariance kernel k(x,x′) for any pairs of input points x,x′ ∈ R1×p are defined as follows,

µ(x) = E[ f (x)], k(x,x′) = E[ f (x)−µ(x))( f (x′)−µ(x′)].

For a given finite set of input points (X = {x1,x2, ...,xn}, f (X) = { f (x1), f (x2), ..., f (xn)}), their associated random
variables have distribution  f (x1)

...
f (xn)

∼ N


µ(x1)

...
µ(xn)

 ,
k(x1,x1) · · · k(x1,xn)

...
. . .

...
k(xn,x1) · · · k(xn,xn)


.

For convenience, BO assumes the zero-mean Gaussian process (µ(.) = 0), and the GP’s power to fit posterior distribution
relies on the shoulders of the covariance function. For the covariance function k, various types of kernels have been defined.
The most popular ones are:

Squared Exponential Kernel: k(x,x′) = σ
2
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where σ f is a signal standard deviation parameter, σl is a characteristic length scale parameter and x,x′ ∈R1×p are pair of input
points. At each iteration, BO uses the observed samples D = {(X , f (X))} to fit posterior probabilities for new query point x̂ by
applying GP. A new query point and observed samples have the same Gaussian distribution as follows,[

f (X)
f (x̂)

]
∼ N

([
µ(X)
µ(x̂)

]
,

[
k(X ,X) k(X , x̂)
k(x̂,X) k(x̂, x̂)

])
.

By applying Bayes’s rule to compute the posterior probability, we have f̂ (x̂)∼ Pr( f (x̂)|x̂,(X , f (X))) = N(µ f (x̂),Σ f (x̂)),
where µ f (x̂) = µ(x̂)+ k(x̂,X)k(X ,X)−1( f (X)−µ(X)),Σ f (x̂) = k(x̂, x̂)− k(x̂,X)k(X ,X)−1k(X , x̂). Instead of the scalar value
for new query point x̂, GP returns the probability distribution over all possible values of f (x̂) such that if the D is large enough,
GP can provide a close estimation of the function f (x̂) distribution.

Acquisition Functions
After construction of posterior distribution of the function f (x), BO tries to find the new test point x̂ in order to maximize
the function f . For this purpose, BO utilizes the acquisition function u to determine the next test point x̂ by considering the
uncertainty in posterior distribution and trade-off between exploration and exploitation. Maximizing the acquisition function is
equivalent to maximizing the function f . In general, the acquisition function u relies on the previous sample observations and
GP hyperparameters. Several acquisition functions have been defined as follows:

Probability of Improvement as an intuitive utility function that maximizes the probability of improving over the incumbent
solution x∗4 is defined as follows,

PI(x̂) = Pr( f (x̂)≥ f (x∗)) = φ(
µ f (x̂)− f (x∗)

Σ f (x̂)
),

where φ(.) is the cumulative distribution function of the standard normal distribution. The idea of this acquisition function
is intuitive because it takes sample x̂ from the areas near the incumbent solution x∗ which is the optimal solution of exiting
acquisition function. Therefore, as one of its drawbacks, it focuses on the exploitation and takes the sample in limited ranges,
and it falls into local maxima easily. To address this drawback, a parameter ε is added to acquisition function PI such that
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difference between values of next sample point x̂ and incumbent solution x∗ is equal and greater than ε . Hence, the PI function
is:

PI(x̂) = Pr( f (x̂)≥ f (x∗)+ ε) = φ(
µ f (x̂)− f (x∗)− ε

Σ f (x̂)
).

Expected Improvement maximizes the expected degree of improvement over the incumbent solution x∗, where the degree
of improvement is I(x̂) = max{0, f (x̂)− f (x∗)} as the difference between values of next sample point x̂ and incumbent solution
x∗4. Therefore, the expected improvement acquisition function is defnined as

EI(x̂) = E(I) = Σ f (x̂)[Zφ(Z)+ϕ(Z)],

where Z equals to µ f (x̂)− f (x∗)
Σ f (x̂)

, and ϕ(.) is probability density function of the standard normal distribution. Comparison between
PI function and EI function shows that EI function is less prone to fall into the local maxima.

GP Upper Confidence Bound as the recent acquisition function is a trade-off between exploiting lower confidence zone
or exploring near incumbent solution x∗ with a higher expected value4. This acquisition function is defined as

UCB(x̂) = µ f (x̂)−KΣ f (x̂),

where parameter K indicates the balance between exploitation and exploration.

Appendix 2
Figures 1-25 present complementary information to the autoregressive model’s performance on the estimating weighted average
parameters values in the proposed framework.

Figure 1. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 1, Logan, Illinois.
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Figure 2. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 2, Logan, Illinois.

Figure 3. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 3, Logan, Illinois.
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Figure 4. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 4, Logan, Illinois.

Figure 5. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 5, Logan, Illinois.
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Figure 6. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 1, Greene, Indiana.

Figure 7. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 2, Greene, Indiana.
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Figure 8. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 3, Greene, Indiana.

Figure 9. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 4, Greene, Indiana.
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Figure 10. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 5, Greene, Indiana.

Figure 11. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 1, Keokuk, Iowa.
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Figure 12. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 2, Keokuk, Iowa.

Figure 13. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 3, Keokuk, Iowa.
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Figure 14. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 4, Keokuk, Iowa.

Figure 15. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 5, Keokuk, Iowa.
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Figure 16. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 1, Boone, Iowa.

Figure 17. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 2, Boone, Iowa.
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Figure 18. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 3, Boone, Iowa.

Figure 19. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 4, Boone, Iowa.
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Figure 20. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 5, Boone, Iowa.

Figure 21. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 1, Obrien, Iowa.

13/16



Figure 22. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 2, Obrien, Iowa.

Figure 23. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 3, Obrien, Iowa.

14/16



Figure 24. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 4, Obrien, Iowa.

Figure 25. The autoregressive model’s performance in predicting weighted average parameter values for nine parameters at
location 5, Obrien, Iowa.
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