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Details of the mathematical model

Overview

Cell i is assigned internal variables (S;(¢),;(¢),ci(t),k;(¢)), which directly affect the motion of cells: S;(7) is
the state variable, expresses the degree of differentiation; ¢ (¢) is the phase of the cell division cycle; c;(t) is
the intracellular calcium ions, which affects S; and ¢;; and the expression level of the desmosome k;(z), which
determines the strength of cell-cell adhesion and controls desquamation. These variables are influenced by yet
another set of internal variables, as described below.

Both the dermis and the basement membrane are composed of spheres (hereafter referred to as membrane
particles or dermal particles) with radius Rge; and Rpyemp, respectively. The basement membrane particles are
connected in the form of a triangular lattice. The motion of dermal or membrane particle i is specified by the
position vector r;(¢). An epidermal cell is modeled as a spheroid, whose flattening rate varies depending on S;. The
motion of cell i is specified by the position vector r;(¢) = (x;(¢),yi(¢),z(t)) and the direction of the short axis n; ().

The equations of motion
Let Qqer, Lmemb basal, Ldite be the sets of dermal particles, membrane particles, basal layer cells, and differentiated
cells, respectively. The positions of these particles are governed by the following equations:

%"i = —Haari (Uder +Umd + Uyan), i € Qer- (1)
d d .

Eri = _.uairi(Umd‘FUmm"‘Umc"‘Uwall)v 1e Qmemba 2)
d d .

Eri = _,UT"I (Ucc + Umc)y i € Qpagal, 3)
%"i = —MaariUcc, i € Qqiff. 4)

Individual interaction functions are explained below.

The dermis
Uger Tepresents interactions between dermal particles, which has been modified from the previous work>’:
ri—r;
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The function y describes weak adhesion when two particles do not overlap (x > 1) and the excluded volume
effect, i.e., the hard-core repulsion when two cells overlap (x < 1). The function u4(x) then describes short-range
repulsive and long-range adhesive interactions between two dermal particles; when overlapping (x < 1), they first
feel an elastic repulsion (1 — 8;/2Rger < x < 1) and then a hard-core repulsion (x < 1 — 8;/2Rger). For x > 1, the
two particles feel adhesive interaction with a cutoff range I*. The parameter §; determines the compressibility of
the dermis. The stiffness of the dermis can be controlled by varying the strength of the elastic interaction Kp. The

functional form of u4(x) has been changed from the previous work?® to incorporate this stiffness control.

The basement membrane
Unm represents the elastic interactions among the membrane particles, which are the same as the previous work?’:

rl‘ —r; ri —7r;

Unm = 2 |:Kstrustr <‘]H> + KbendUbend (Nl(l),NI(Z)):| + E Kexttex (H]H) , (8)

A 2R J J A 2R
(i,J)€EEm memb (i,))¢Em memb

where E,, represents the set of links of the basement membrane network; ug, and upe,g describe the stretching and
the bending energies assigned to a given link, respectively; The third term describes excluded volume interactions
between two membrane particles not connected by a link, which becomes relevant to avoid overlapping in the case
of large deformation. The functions ug, and upenq are given by

v (é) x < O,
s () = {58 (x—8)* + (1) Sn<x<1, ©)
_52 —
e e
1 2
Hpend (Nf})fo)) =3 (1 ~NY fo)) . (10)

Here ug;(x) is determined in such a way that the stretching elasticity is linear when the compression of the edge is
small (5, < x < 1 and nonlinear elasticity outside of this range, which prevents indefinite deformation by constant
(1) _ () —ry) (@) X —r)
U x| U || )

i
regions that are determined by link (i, j); rl(}) and rg) are the two membrane particles linked to both r; and r; both
of the normals are defined in such a way that they point outward (i.e., from dermis to epidermis).

Ung represents interactions between a membrane particle and a dermal particle, which has been modified from

the previous work>’:

external forces. N are unit normals for two adjacent triangular

Una = 8 amp(i Kimatt d(Hri_er>+K u <"ri_rj“> (1)
m j,nmp (i) Smd¥m Ri+Rj exUex Ri+Rj .

The first term represents adhesion of dermal particle i to the nearest membrane particle nmp(i); 6 is the Kronecker
delta. The second term represents excluded volume interactions. The functions are given by

iegdervjegmemb [

0 x <1,
pa(¥) =3 3 (x=1)* 1 <x < (12)
2

%(;:wmb_l) r;emb <X,

vx)—y(l) x<lI,
= 13
”ex(x) { 0 1 <x (13)
where the adhesive interaction u,g has a cutoff at Hr,- — er =1 emb (Ri+R;) and vanishes when the distance

exceeds this range. The function ue expresses only the repulsive interaction.
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Uwan represents the interaction between a dermal or membrane particle and a boundary wall placed beneath the
dermis at z = 0 through the excluded volume interaction, as in the previous work>’:

ri— T
Uyan = Z Kexttex <H2R||> s (14)
iegder»gmemb i

where the position 7; is a mirror image of r; regarding the boundary wall at z = 0.

Cell adhesion to the basement membrane
Un represents interactions between basal cells and the basement membrane

_ Hri_er stem Hr"_er
Umc = iegbasa;jegmemb |:Kexlfiex (RI_MMJ + 6j,nmp(i)(1 —Xi )Kaduad m

+ 87 nmp(i) X Kbindlbind <Hr,—r,||> ] ' (15)

29.

Ri + Rmemb

The first term describes excluded volume interactions between basal cells and membrane particles. The second
and the third terms describe adhesion to the basement membrane for transit amplifying (TA) cells and stem cells,

respectively, where ™ = 1 when cell i is a stem cell, and x*“™ = 0 for a transit amplifying (TA) cell; and

0 x <1,

ta(x) = ¢ S5 — B <xar, (16)
w " <x,

Uping(X) = %(x— 1)% (17)

The two functions u,q(x) and uping(x) are defined in such a way that only TA cells can leave the basement mem-
brane, whereas stem cells are bound to the basement membrane. For TA cell i, the adhesive force vanishes at
Hr,- — Fomp(i) H = I*(R; + Rmemb). At this point the TA cell is regarded as differentiated, and S; starts to increase
(explained below).

Cell-cell interaction and cell division
U, represents the interaction energy between two cells, which consists of two parts:

r,—r; r
Ucc = Z Kexuex (M) +Kad Uad (I!eff+RJe‘f‘f)

i, JEQC,I<]
ij
where Q¢ = Qpasa1 U Qqifr 18 the set of cells, and Qgj, is the set of a pair of cells in a cell division process. The first two
terms in the bracket describe interactions between cells that are not involved with cell division, which are composed
of excluded volume interactions and adhesive interactions. Reflecting its spheroidal shape, a differentiated cell i

interacts with another cell j through the effective radii Reff and R‘;lff, as defined below. The coefficient K, (@)

modified from the previous work?’, and is given by the mean adhesion strength of two cells i and j:

Y Kauaw (||ri—ri]]) (18)

(i7j)Ede

P

Ky = 3 (t) 4 x5(0)). (19)
The differentiation-dependent adhesion strength k;(z) is described below. Supplementary Figure S1 shows the
functional form of the interaction potential between two cells i and j, KexUex(x) + Kutaq(x) when two cells are of
the same kind, &; = k; = k. Note that, for x < 1, u,q(x) vanishes and the two curves reduce to ucy(x), the excluded
volume interaction.
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Supplementary Figure 1. Interaction potential between two cells with parameter k. Plots are shown for two
basal cells (S; = 0) and two granular cells (S; = Ssi). The adhesion strength x for S; = 0 and S; = Ss¢ is obtained
from Eq. (29) as k = 4.5 and x = 200.475, respectively. Vertical dashed line represents the cutoff range of
adhesion (x = [*, above which the potential is constant. Note that the two curves completely overlap for x < 1,
described by uey(y)-

The third term represents cell division. The cell division process is modeled in the same way as in the previous
work?: Two dividing cells (i, j) are completely overlapped at the onset of division: they start to be separated by a
spring force whose natural length /(¢) increases in time from 0. Hence, u4;y and [(¢)

wa(3) = 5 (v 1), 20)
%l(t) — &R — 1(1)]. 1)

The division is complete when ||r;(t) —r;(t)|| > 1.8Rcen.

Cell division cycle
We assume that stem cells divide infinite number of times and TA cells divide Ng;, times. For both types of cells, a
cell division cycle has two stages: in the deterministic stage, the cell division phase ¢;(¢) is governed by?’

d 2n
E‘Pi

=7 1 BeR(ci—co)], (22)

where R(x) is the ramp function defined by R(x) = x®(x) and O is the Heaviside function. Starting from ¢ = 0,
cell division occurs when ¢ (¢) reaches 27 from 0; Without calcium ions, the period is given by Tgiy. After that,
the cell enters a stochastic process, where division occurs following the Poisson process with the division rate 7giy.
The average waiting time for division in the stochastic process is y(ivl. We chose y(ivl = To/3, so that the overall cell
division cycle on average is (4/3)Tgiy. After the cell division, the phase is reset to ¢ = 0.

Cell differentiation
The degree of differentiation for cell i is expressed by the state variable S;(z): S;(¢) = 0 for a basal cell, 0 < S; < Ssg
for a spinous cell, Ssg < S; < Sgc for a granular cell, and Ssc < S; for a cornified cell.

Cell i is regarded as a basal cell when a nonzero adhesive force to the basement membrane exists, as explained
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above. When starting differentiation, S;(z) obeys

BaBi
d o5+ BsR(c; —co) + Lo 0< S <S8
dg )0 BsR(ci —co) Bo-+ B! i < Ssg 23)
dt
o Ssc < Si,

where the differentiation speed is assumed to be accelerated by calcium ions c;(¢) and a stimulant B(¢). Dynamics
of ¢;(t) are described below. Dynamics of B(t) are governed by

B —B;

(24)
I —rJHZ

d
Pl —kgBi+vx()+ Y, D, —
'
JEA;

Without B(z), the model of S; is the same as the previous work?®. Release of B(t) is assumed to occur ( (i) = 1)
when cell i is a cornified cell that has at least one granular cell adhesively connected to it; otherwise, x (i) is set to
zero. A, is a set of all cells adhesive to cell i, through which B(¢) diffuses.

Cell deformation
When differentiated, cell i starts to flatten into an oblate spheroid with the flattening rate o;(¢), with which the
radius of the short and the long axes given by Rgmm)

constant. The rate ¢;(¢) depends on S;(¢):

=R;/a? and ngmax) = o;R;, respectively, keeping the volume

1+ Otﬂgidx Bﬂdt(S /Ss(})p“all

o;(t) = (25)
)= T B8/ Ss0)
which increases drastically when cell i becomes a granular cell (S; > Ssg).
For differentiated cells, the unit vector of the short axis n;(t) obeys”®
~ At vi(t ) )
n—— —n;(t) | +n(t), (26)
’ <||vz-<t>|| ) o)
ni(t+At) = HN Tk 27
l
where v;(t) = dr;(t)/dt. n; is normalized for each time step Az.
The effective radius of cell i, when interacting with cell j, depends on n; and @; as
(eff) (min) 2 (max) . 2
Ry =/ (R cos ;) + (R, sin 6;)2, (28)

where cos 6;; = ((r;—r;)/||ri—r;||) - n. Note thet Rf[" # R%[" in general. For basal cell i, R(mm) =R™ =R, and
the effective radius is R(eff) R;.

Desquamation
In the basal, spinous, and granular layers, the adhesion strength x; depends on differentiation state S;:

S, Padh
x(0) + K(max)ﬁadh < i >
SsG

Si Padh
1 -
+ ﬁadh < SSG >

In the cornified layer, we adopt the following desquamation model*®. Cornified cells adhere to each other
by corneodesmosomes. Corneodesmosomes are decomposed by degradation enzyme kallikreins (KLKs), which

Ki(r) = (29)
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are expressed and released when cells differentiate from a granular cell to a cornified cell. The activity of KLLKs
is inhibited by binding with Kazal-type-related inhibitor (LEKTI), depending on the pH gradient in the cornified
layer: binding is strong when pH is high as in the deep cornified layer and weak when pH is low as near the surface
of the cornified layer. As increasing KLKs, corneodesmosomes decompose and cornified cells peel off from the
epidermis.

Hence, in the cornified layer, we consider the following model for the adhesion strength x; depending on the
released KLKs, denoted by Ki(r):

(max) / -(r)

k K./ )Pdesq

i;q: desq (K7 ) K. (30)
Baesa + (KL s

Desquamation occurs when k; < Ko and fewer than Non, cells are adhesive to cell i.

(1)

The dynamics of K~ are described as follows. In the granular layer, we consider the produced and released

KLKs, Kl.(p) and Ki(r), respectively; and produced and released LEKTI, LEp) and Lfr), respectively. Their dynamics
are dependent on S; and c¢;:

d

K = (K — K fynoalci, 5) = K fra(ci. ), 31
%Ki(r) = K frei(ci, 1), (32)
%LEP) = (Lr(ggx - L,(p))fprod(cia Si) — Ll(p)ﬁrel(ciy Si), (33)
%L,@ = Lgp)ﬁel(ciasi>a (34)

where the constant Kr(,?a)x and LE}?QX mean the maximum concentration of intercellular KLKs and LEKTI, respectively,
and fpr04 and fre describe the production and release of KLKs and LEKTI, respectively:

Foroa(c,S) = k"jd (1 + tanh <S ;f“)) (1 + tanh <C*G:C)> , (35)
kel S—S8sc c—c*
frei(c,8) = e <1 +tanh< . >) <1 +tanh< o >> . (36)

Here the production and the release start to increase when a cell becomes a granular cell (S > Ss;). Normally, in
the granular layer, calcium levels are small (¢ < ¢*), so that the production is dominant; when ¢; exceeds ¢* due to
calcium excitation occurs during cornification, the production stops and the release becomes dominant.

In the cornified layer, Ki(r), ngr)7 and Kl.(bmd), the concentration of the KLLKs bound to LEKTI, are considered.
The process of binding and decomposition of KLKs and LEKTTI are described by

d ~
dtK,“”“d =~ fo(SIK"™ + Fon($)KLY, (37)
(r) (r)
d in -~ r K; _Ki
L = fou(S ) (bind) — fou(8)K; ) ()-i- Y Driksii——7 (38)
jeagem ||ri_er
) _ 40
d & in > s L; _Li
L = fnSHK" — fon(Sok LY + Z Digkrit——3, (39)
@ & P
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where S; = (S; — Ssc)/Sa, AS°™ is the set of cornified cells adhesive to cell i, and

maX xp
Son() =K 5=, (40)
D
Fora () = k(max) (1 - /31 p) @1)
X

We have assumed that the diffusion of the KLKs-LEKTI complex is negligible and that, when a cell moves outward
(as S; becomes larger) Ki(bind) decreases and both Ki(r) and ngr) increase, due to the decrease of pH, which are
described by fyu(x) and pr(x). Therefore, in the deep cornified layer, the LEKTI-bound KLKs are dominant,
whereas near the surface of the cornified layer, isolated KLLKs become dominant, which decreases the adhesion
strength k; and induced desquamation.

Calcium dynamics

The model for calcium dynamics is the same as the previous work?®. The dynamics of ¢;(¢) (intercellular calcium),
A(t,x) (the extracellular ATP concentration), P;(t) (the concentration of IP3), /;(¢) (the inactivation factor), w;;(t)
(the activity of the gap-junctions between cell i and cell j), and B;(¢) (the stimulant substance) is governed by

A dei
7:d AA—KaaA QCG sy = ) 42
Ay, N <r r d;> 42)
dpP,;
= Z dpwiil(S)(P; — P) + Fp(A,S;) — K, p P, (43)
JEA;
dC,'
L= X dewiha(S)(e; — i) + FolPocis i, B), (44)
JEA;
dh; 1
—_— = F i7hi ) 45
dt Tn(Sk,) aleishi) -
dW," 1
d[J = aFw(Wijvciacj% (46)
dB;
= —kgB; Dpr———5 47

JEA;
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where

dc; dc;

G(r,ri, ) Ky O(R; —||r —ri||)R (dt)’ (48)
(1+tah<S SSG)), (49)

Fp(A Ky
P(A,S) = p(S)Ho—i—A (50)

s—k Ss — S;
Kpa(Si) = kg g (1+tanh< SG5 )> (51)
k
1P (1—o0p)c Ye Kp.B?
F.(P,c,h,B) =K h— 2 , 52
(P.c,h, B) f<y0+Ku+P) <O‘O+ Kitc K+c Pt (52)
s S _Si
T(S) = T 4+ 2% <1+tanh< o >> (53)
T

K2
Fy(c,h) = ——2——h 54
n(c, ) K22+C2 ) (54)

1 —lei—c;
Fulwijscine)) = —wij+ 3 <1 +tanh (W)) . (55)
w0

Here ATP is released by calcium excitation described by the function G, and diffuses in the extra-cellular regions.
IP3 increase is caused by ATP as described in Fp and diffuses through gap junctions, which appear when cells dif-
ferentiate into granular cells. Calcium excitation is caused by the presence of IP3 and a stimulant B and suppressed
by the inactivation factor /; as in F.(P,c,h,B). The conductivity of the gap junctions w;; is determined by calcium
concentrations. The stimulant B is released upon cornification () (i) = 1) and diffuses into adjacent cells. When
calculating A(¢,x), we impose periodic boundary conditions in the x and y directions and the Neumann boundary
condition in the z direction.

Intercellular lipids

The model for intercellular lipids are the same as the previous work?®. The production and release of lipids by cell
(r)

i vl(p) and v; ’, respectively, depend on S; and ¢;:
d
dtv(p) = (vmax =) (e1,80) = vP £ (ci,5y), (56)
iv(r) = v(p)f(r) (¢iySi), 67
dt 1 4

where

k(®) Si—S c*—ci
P (e §)= Qi 7 9SG i
e, S)) 2 <1 + tanh ( o >> <1 + tanh < o >> , (58)
k™ Si—S ci—c”
O(p ¢y = i — 9SG f
(i, Si) 1 <1 + tanh ( o >> <1 + tanh < o >> . (59)

Thus, the production of lipids starts when cell i becomes a granular cell (S; > Ssg); when the calcium level ¢;(¢)
exceeds ¢*, the production ceases and the produced lipids start to be released.

Simulation setup

The system size we consider is [0, L,] % [0,L,] x [0, L.], with periodic boundaries in x and y directions. In z direction,
a boundary wall is placed at z = 0, with which dermal particles interact through Uy, described above. The L, value
is chosen so that the whole epidermis never reaches z = L,. Nger particles are randomly packed on the z = 0 plane,
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and the basement membrane composed of Nyemp particles forming a triangular lattice is placed on top of it. Nsgepm
stem cells are placed on the initially flat basement membrane. In numerical simulations, we have used two sets of
system size: L, = 150 [um], L, = 150 [um], L, = 300 [um], Nger = 7200, Npemp = 16560, and Ngem = 16 for Figures
1,2,3,and 4; and L, = 300 [um], L, = 300 [um], L, = 625 [um], Nger = 115200, Npemb = 66240, and Ngem = 64
for Figure 5. The simulation time step is Ar = 0.01. We adopt multi-scale simulations, which separates timescales
for calcium dynamics [Eqgs. (42)-(46)] and all others (main dynamics)?®. We compute the main dynamics with a
constant calcium level. When 20 cells undergo cornification, we switch to the computation of calcium dynamics
until reaching a steady state. Then we return to the main dynamics with a renewed calcium level.

Parameter values used in the model equations are listed in Supplementary Table.1. Parameters that appear in
the equations of motion for particles and cells are taken from Reference 29, and those in cell division cycle, cell
differentiation, and calcium dynamics are taken from Reference 26. In these references, parameter values have
been chosen so that numerical simulations could produce dermal protrusions with reasonable sizes and epidermal
layers with well-defined boundaries. In this work, we have chosen smaller sizes of dermal particles and membrane
particles, which resulted in the change of interaction strengths regarding the dermis and the basement membrane.
To obtain numerical results consistent with the previous work, we modified parameter values in Reference 29. For
the parameters that do not appear in these references, their values have been determined so that we could obtain
reasonable numerical results. We should note that the parameter values in this work have not been directly verified
by experiments.

We have chosen the non-dimensional unit of force by setting the mobility pt = 1, whereby the unit of other
parameters is expressed by length [um] and time [h].

Supplementary Table 1. Model parameters.

] parameter name ‘ value ‘ comment ‘
Rer 2.5 [um] modified from Ref. 29
Riemb 2.5 [um] modified from Ref. 29d
Riax 5.0 [um] modified from Ref. 29
Ky 1.125 [um*h— 1 modified from Ref. 29

Ksp 0.08 (normal) or 20.48 (stiffened) assumed
Oy 0.4 X Rer modified from Ref. 29
I 1.17 modified from Ref. 29
Ky 1.125 [um*h~ 1] modified from Ref. 29
Kbend 281.25 [um*h~1] modified from Ref. 29
Kex 1.125 [um®h~ 1] modified from Ref. 29
Om 0.25 modified from Ref. 29
am 0.16 modified from Ref. 29
Kmd 6750 [um”h ] modified from Ref. 29
I b 1.1 modified from Ref. 29
Kaa 590.625 [um*h~1] modified from Ref. 29
Kpind 2531.25 [um*h~ ] modified from Ref. 29
Kiv 22.5[h 1] modified from Ref. 29
e 0.63 [h~1] modified from Ref. 29
Ty 4.0 [day] modified from Ref. 29
Bo 50.0 modified from Ref. 26

co 0.122 Ref. 26
SsG 3.0 modified from Ref. 26

Ssc 22.0 Ref. 26
og 2.025x 10> [h 1] modified from Ref. 26
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0.536625 [h~]

modified from Ref. 26

5 0.010125 [h~1] assumed
n 10.0 assumed
By 1.0 assumed
a, 0.0225 [h~1] modified from Ref. 26
kz 0.135[h~ 1] assumed
Y5 9.0[h™ 1] assumed
Dg 11.25 [pmzh_l] assumed
Otégiax) 1.4 assumed
Brat 1.0 assumed
Pflat 7.0 assumed
Ty 222.222 [h] assumed
x© 4.5 [pmzhfl] assumed
ic(max) 984.375 [um*h~!] assumed
Badn 0.25 assumed
Padh 10.0 assumed
k((;enszx) 0.18 [h™1] assumed
Ddesq 6.0 assumed
Baesq 5.0 assumed
Kot 337.5 [pmzhfl] assumed
Neonn 16 assumed
Kr(npa)X 1.5 assumed
Lﬁggx 1.5 assumed
Kprod 0.225[h 1] assumed
kel 0.45[h 1] assumed
O 0.1 assumed
o, 0.001 assumed
c* 0.35 assumed
Dxixs 0.1125 [pmzh_l] assumed
Dy exTi 0.1125 [pmzh_l] assumed
k(max) 0.1575[h~ 1] assumed
p 8.0 assumed
B 2.5 assumed
f(max) 1.8[h 1 assumed
P 4.0 assumed
B 0.005 assumed
Sq 7.56 assumed
da 1.0 Ref. 26
Ko 0.5 Ref. 26
K 0.002 Ref. 26
dy, 0.1 Ref. 26
K, 0.3 Ref. 26
Hy 0.5 Ref. 26
kg 4.0 Ref. 26
kg 6.0 Ref. 26
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S 1.0 Ref. 26
d, 0.01 Ref. 26
S 1.5 Ref. 26
K/ 8.1 Ref. 26
Lo 0.567 Ref. 26
Ui 0.1 modified from Ref. 26
K, 0.05 Ref. 26
o 0.11 Ref. 26
Ki 0.7 Ref. 26
y 2.0 Ref. 26
Ky 0.1 Ref. 26
B. 0.02 Ref. 26
Kpe 0.48 modified from Ref. 26
H, 0.01 Ref. 26
T, 0.2 Ref. 26
T 1.0 Ref. 26
5; 1.0 Ref. 26
K, 0.7 Ref. 26
T 1.0 Ref. 26
W4a0 0.1 Ref. 26
€40 0.1 Ref. 26
kg 0.18 [h~ 1] modified from Ref. 26
Ys 9.0[h~ 1] modified from Ref. 26
Dp 2.8125 x 1072 [um’h~ 1] modified from Ref. 26
VSIIQX 1.0 Ref. 26
k®) 0.25 [h~ 1] assumed
k®) 0.45[h 1 assumed
01 0.1 assumed
() 0.001 assumed
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