Supplementary Information

A Preliminaries

A.1 Definitions

Let G be a connected, undirected network. In the context of our models, we often refer to the vertices of G
as players. Given a player u, we write N(u) the set of neighbors of u. Similarly, given a subset A of players,
we write N(A) the set of neighbors of A, that is

N(A) = | N(w).
u€A
The degree of a player u is the number of its neighbors, that is |N(u)|. We say that G has minimal degree A
if every player has degree at least A. A network is called A-regular if all the vertices have degree precisely A.
For two players u and v in G, let dg(u,v) denote the distance between w and v, that is, the number of
edges on the shortest path linking v to v in G. Similarly, given a subset A of players, we write dg(u, A) the

distance between u and A, that is
da(u, A) = mijr41 de(u,v).

ve
The diameter of G, is

diam(G) = Inax, de(u,v).

A bipartite network is a network G whose set of vertices can be divided into two disjoint sets U and V,
such that every edge connects a player in U to a player in V. It is a well-known fact that a network is

bipartite network if and only if it does not contain any odd-length cycles [1].

A.2 A result in graph theory

The following lemma (mentioned also in [2]) appears to be a basic result in graph theory, however, we could

not find a formal proof for it. We therefore provide a proof here for the sake of completeness.
Lemma 3. The shortest odd-length cycle of any non-bipartite network G is of length at most 2diam(G) + 1.

Proof. Consider a non-bipartite network G. Such a network necessarily has an odd-length cycle. Let 2k + 1
be the shortest length among the odd-length cycles in G, where k is an integer, and let C' = (uq, ..., u2k+1)

be such a cycle.

Claim 4. For every i,j € {1,...,2k + 1} such that dc(u;,uj) > 2, there exist £ # i, j and a shortest path

P between u; and u; such that P contains wu,.



Proof of Claim[] Assume by way of contradiction that we can find i < j such that no shortest path between
u; and u; has any intermediate vertex among {u1,...,us,+1}. Up to re-indexing the vertices of the cycle,
we can assume that j —i < k. Let (u; = v1,v2,...,vs, Us41 = u;) be a shortest path between u; and u;. By
assumption, {va,...,vs} N{u1,... , uspt1} =0, and s < j — i (otherwise (u;, wit1,...,u;j—1,u;) is a shortest

path). Consider two cases:
e If s and j — ¢ have different parities, then s + j — ¢ is odd. Moreover, s +j — ¢ < 2(j — i) < 2k, so
(V1 = W, Uit 1, - ooy Ujm1, Uj = Vg1, Vs, .- ., V2)
is an odd-length cycle shorter than C', which is a contradiction.

e If s and j —i have the same parity, then 2k+1+s—(j —1) is odd. Moreover, 2k+1+s—(j—1i) < 2k+1,
S0

(ui = V1,V2,... ,’Us,'USJrl = Uj,Uj+1, e ,u2k+1,u1, e ,Uifl)

is again an odd-length cycle shorter than C', which is a contradiction.
This concludes the proof of Claim [ O

Claim 5. For every i,j € {1,...,2k + 1}, there exist a shortest path P between u; and uj such that P

contains only vertices of C' — in other words, dc(u;, uj) = da(u;, uj).

Proof of Claim[5. We prove the claim by induction on de(u;,uj), the distance between u; and u; in C.
When de(ui, uj) =1, (u;,u;) is a path of length 1 between u; and u; containing only vertices of C'. Next, let
us assume that the claim holds for every pair of vertices whose distance in C' is at most 1 < d < k. Consider
i and j such that do(u;,u;) = d+ 1. By Claim 4] we can find ¢ and a shortest path P between u; and u;
such that P contains uy. By the induction hypothesis, we can find shortest paths P; between u; and wg, and
P, between u, and uj, such that P, and P, contain only vertices of C. By merging P; and P,, we obtain
a shortest path between u; and u; containing only vertices of C, which establishes the induction step. This
concludes the proof of Claim O

By Claim 5| ¥ = de(u1,up+1) = dg(ur, ups1) < diam(G), where the last inequality is by the definition
of diameter. Hence, 2k + 1 < 2diam(G) + 1. This concludes the proof of Lemma O

B Proof of Theorem 1

The goal of this section is to prove Theorem 1. In fact, we prove the more general theorem below.

Theorem 6. Consider a network G with n players and minimal degree A. Assume that the following

conditions hold.
e Condition (i) Ey + pn < pa, and
e Condition (i) Ep, + pp - A > 1.

Then, for some constant ¢ > 1 (that depends only on € and not on G) the following holds.

e If G is not bipartite then with probability at least 1 — c%, in at most 3-diam(G) + 1 rounds, the system

will be in a configuration in which all players are cooperative, and will remain in this configuration

forever.



o If G is bipartite and A-regular then with probability at least 1 — C%, in at most diam(G) + 1 rounds,

the system will be in a configuration in which all players are cooperative, and will remain in this

configuration forever.

o If G is bipartite then with probability at least 1 — C%, in at most diam(G) + 1 rounds, the system will
be in a configuration in which all players are cooperative, and will remain in this configuration forever.

Before we prove Theorem |§| we note that in the third item, the probability bound of 1 — C% is tight for
bipartite graphs, up to replacing ¢ with another constant. Indeed, consider the bipartite graph which is
constructed by having A players in U, each of which is connected to each of the remaining n — A players
in V. Then, with probability (%A, for some constant ¢, all players in U are defectors initially. In this case,
it is possible to show that, regardless of the relationships between pg, pr and Ej, but as long as being a
defector is the best choice when all neighbors are defectors, the system keeps alternating forever, so that on

even rounds all players in U are defectors, and on odd rounds all players in V' are defectors.

Proof of Theorem [, We start with defining D; as the set of non-defector players at round ¢. The following
lemma describes the propagation of the non-defector state in the network. It says that a player u is a
non-defector at round ¢ + 1 if and only if at least one of its neighbors v is a non-defector in round ¢. Note,

however, that this does not imply that the neighbor v remains a non-defector in the next round as well.
Lemma 7. Under Condition (i), Dy11 = N(Dy).

Proof. First, we prove that N(Dt) - Dt+1. Let u € N(Dt). By definition, there exists a neighbor v of u
such that v is a non-defector at round ¢. We claim that for u, being a hypocritical in round ¢ 4 1 is strictly
more beneficial than being a defector. Indeed, as a hypocritical it will pay Ej, + pp - Az(u), and as a defector
it will pay pq - Ag(u). Since v is non-defector then Ajz(u) > 1, and hence:

En+ pn - Ag(u) < (Ep + pn) - Aglu) < pa - Ag(u),

where we used Condition (7) in the last inequality. Therefore, the cost of u as a defector is strictly higher
than its cost as a hypocritical. This implies that in the next round u will be either a hypocritical or a
cooperative player, i.e., u € Dy ;.

To prove the other inclusion, D;y1 € N(Dy), consider a player u ¢ N(Dy), i.e., having only defectors
as neighbors at round ¢, or in other words, at round ¢, we have Aj(u) = 0. If u chooses to be a defector
at round ¢ + 1, then it would pay Aj(u)pg = 0, which is less than what it would pay as a hypocritical
(En + Ag(w)pn = Ey,) or cooperator (1). Hence, u ¢ Dy . O

Lemma 8. Assume that Conditions (i) and (i) hold, and assume that for some round to all players are

non-defectors. Then, at round tg + 1, all players will be cooperative, and will remain cooperative forever.

Proof. Assume that at round tg all players are non-defectors. By Lemma [7] we know that every player will
remain non-defector for every round after ¢tg. It therefore remains to show, that at the end of round ¢, for
any t > tg, being a cooperative is strictly more beneficial than being a hypocritical.

Observe that since each player has at least A neighbors, and since all neighbors are non-defectors at
round ¢, then for every player u, we have Az(u) > A at round ¢. Therefore, being a hypocritical costs
En + pr - Ag(u) > Ep, + pp, - A. By Condition (i), this quantity is strictly greater than 1, hence more than
what a cooperative player would pay. It follows that, at the end of round ¢, being a cooperative is strictly
more beneficial than being a hypocritical, implying that all players would be cooperators at round ¢ + 1.
This completes the proof of Lemma [§] O



Lemma 9. Assume that Conditions (i) and (i) hold, and assume that for some round ty, we have Dy, N
N(Dy,) # 0, that is, there are at least two neighboring non-defectors. Then in at most diam(G) + 1 rounds
as of round ty, the system will be in the configuration in which all players are cooperative, and will remain
in this configuration forever.

Proof. By assumption, there exists two neighbors ug,uy € D;,. We define inductively a sequence of sets
{U,;};>0, setting Uy = {uo,up}, and for every j, defining U1 = N(U;).

Claim 10. For every integer j > 0,
Uj € N(Uj) 3)

(each player in U; has at least one neighbor in U, ), and
Uj € D (4)
(each player in U; is non-defector at round to + j).

Proof of Claim[I0} The proof proceeds by induction. The base of the induction, corresponding to j = 0,
is true by the assumption on ug and uj. Next, let us assume that the claim holds for some integer j > 0.
By the induction hypothesis with respect to Eq. (), U; € N(U;), so N(U;) € N(N(U;)), and hence, by
definition, Uj+1 € N(U,+1). In other words, we have proved that Eq. holds at round j 4 1. Next, by the
induction hypothesis with respect to Eq. (), we have U; C Dy, so N(U;) € N(Dy,+;). By definition of
Uj+1, and by Lemma m we can rewrite this as Uj;q C Dt0+j+1, establishing Eq. at round j + 1. This
completes the induction step and concludes the proof of Claim O

A direct consequence of Eq. in Claim [10] and the definition of the sequence {U;}; is that U;y1 =
U; UN(Uj), and so, Uj41 is equal to U; together with all the neighbors of players in U;. As a consequence,
for every j > diam(G), the set U; contains all players. By Eq. of Claim this implies that from round
to + diam(G) onward, all players are non-defectors.

By Lemma |8 we conclude that from round ¢y + diam(G) + 1 onward, all players are cooperative. This
completes the proof of Lemma [9] O

Lemma 11. Assume that Conditions (i) and (ii) hold, and that G is not bipartite. If Doy # 0, i.e., if initially
there is at least one non-defector player, then in at most 3 - diam(G) + 1 rounds, the system will be in the

configuration in which all players are cooperative, and will remain in this configuration forever.

Proof. By assumption, G is not bipartite, or equivalently, G contains at least one odd-length cycle. Let
(u1,...,usps1) be ashortest odd-length cycle of G. Given s = dg(u1, Do), let (vg € Do, v1, ..., Vs 1,05 = U1)
be a shortest path from Dg to u;. By Lemma it follows by induction that for every t € {0,...,s}, v; € Dy,
and hence, u; € D, (note that, although v;_; € D;_1, it could be that v,_; ¢ D;). Similarly, for every
te{l,...,k}, urys € Dyyy and uspio_¢ € Dyyy. Hence, upy1 € Dy and upyo € Dyyp. In other words, we
have just showed that in round s + k, we have two non-defector neighbors.

By the definition of diameter, s < diam(G). By Lemma [3] we also have k < diam(G). By Lemmal[9] the
system needs at most diam(G) + 1 rounds after round s + k to reach full cooperation. We conclude that it
reaches cooperation in at most 3 - diam(G) + 1 rounds, as stated. O

Lemma 12. Assume that Conditions (i) and (ii) hold, and that G is bipartite. The set of players can be
partitioned into U and V such that UNNU) =V NNV)=0. If DonU # 0 and DoN'V # 0, then in at
most T = diam(G) + 1 rounds, the system will be in the configuration in which all players are cooperative,

and will remain in this configuration forever.



Proof. By assumption, G is bipartite. We define inductively a sequence of subsets of the set of players,
Uo = U N Dy, and for every k > 0, Uyy1 = N(N(U;)) — that is, Uy contains the neighbors (in U) of
the neighbors (in V') of the players in U,. Note that, as a consequence of this definition, Uy C Ugy;. Let
ko = |diam(G)/2].

Let us show that Uy, = U (and hence, that for every k > ko, Uy = U). For this purpose, consider a
player u € U. Let (ug,vo,u1,v1,...,Us—1,Vs—1,Us), where ug € Uy and us = u be a shortest path from Uy
to w. This path is of length 2s < diam(G), so s < k. Since ug11 € N(N(up)) for every ¢ < s, it follows by
induction on ¢ that for every ¢ < s, uy € Uy, and hence that u € U;. As we have seen, the sequence {Uy }
is non-decreasing and since s < kg, we obtain u € Uy,. This establishes that Uy, = U.

Next, we prove by induction that for every k, U, C Doy This is true for k = 0 by definition. Assume
that this is true for some integer k > 0. We have

U1 = N(N(Ug)) € N(N(D2i)) = Dapyo,

where the second transition is by the induction hypothesis and the last transition is due to Lemma |7} This
concludes the induction proof. Since we have already proved that Uy, = U, we conclude that U C Doy, .
We can apply the same reasoning to V and obtain that V' C Day,. Thus, Day, contains all players. By
Lemma from round 2kg+1 < 2diam(G)+1 onward, the system will be in a configuration in which all players
are cooperative and will remain in this configuration forever. This concludes the proof of Lemma [12] O

Finally, we wrap the aforementioned lemmas to prove the theorem with respect to different networks.
Recall that initially, each player is set to be a defector with probability 1 — €, a hypocritical with probability
€/2, and a cooperative with probability €/2, for some fixed 0 < € < 1 independent of n. We consider three

families of networks.

e If G is not bipartite, then Lemma guarantees that the system converges to full cooperation in
3. diam(G) 4 1 rounds, provided that the initial configuration contains at least one non-defector. This
happens with overwhelmingly high probability, specifically, 1 — (1 —¢)® =1 — %, for some constant

¢ > 1. This completes the proof of the first item in Theorem [6]

e If G is bipartite, then the set of players in G can be split into two disjoint sets U and V such that
all edges are between U and V. Lemma [12| guarantees that the system converges to full cooperation
diam(G) + 1 rounds, provided that there is at least one non-defector in U and at least one non-defector
in V. Let us see what is the probability that the initial configuration satisfies this.

— If G is A-regular, then both U and V contain precisely n/2 players. This follows from the fact
that the number of edges outgoing from U, respectively V', is precisely A|U|, respectively A|V]|,
and these numbers are equal. In this case the probability that there is at least one non-defector
in U and at least one non-defector in V is (1 — (1 — e)"/2)2 >1-2(1—€"/2>1- 2, for some
constant ¢ > 1. This completes the proof of the second item in Theorem [6}

— For general bipartite G with minimal degree A, we have that both |U| and |V| are greater or
equal to A. Hence, the probability that there is at least one non-defector in U and at least one
non-defector in V is at least (1 — (1 — e)A)2 >1-2(1—-¢" >1- K, for some constant ¢ > 1.
This completes the proof of the third item in Theorem [6]

O



C Proof of Theorem 2

The goal of this section is to prove Theorem 2. In fact, we prove the more general theorem below.

Theorem 13. Consider a network G with n players and minimal degree A undergoing the two-order model,

so that the following conditions hold.
e Condition (i) as < B2, and
e Condition (ii) ay < ApBy.
Then the following holds for some constant ¢ > 1.

e If G is not bipartite then with probability at least 1 — c%, in at most 3-diam(G) + 1 rounds, the system
will be in a configuration in which all players are cooperative, and will remain in this configuration

forever.

o If G is bipartite and A-regular then with probability at least 1 — C%, in at most diam(G) + 1 rounds,

the system will be in a configuration in which all players are cooperative, and will remain in this

configuration forever.

o If G is bipartite then with probability at least 1 — C%, in at most diam(G) + 1 rounds, the system will

be in a configuration in which all players are cooperative, and will remain in this configuration forever.

Before we prove the theorem, we note that Condition (i) is necessary for the emergence of cooperation
on A-regular graphs, since having a3 > AfB; would imply that it is always beneficial to defect on the first
level.

Proof of Theorem[13 Consider a network G, and parameters a;, as, 81, and 2, satisfying Conditions (i)
and (i¢) in Theorem We first observe that under Condition (i), at any round ¢ > 1, no player ever
chooses to be a private cooperator in G. Indeed, if Ag(u) > 1, then a private cooperator would pay
a1+ Ag(u)fa > ar + Ag(u)as > a1 + ag, hence, more than the cost of cooperating, and when As(u) =0, a
private cooperator would pay a; > 0, hence, more than the cost of defecting. It follows that, although the
initial configuration may include private cooperators, this behavior completely disappears from the system
after the first round.

Next, we aim to prove Theorem by reducing it to Theorem @ Let G’ be a network identical to G,

undergoing the main model (for which Theorem |§| applies), taking the parameters:

_ B1+ B2

a1 + Qo

o) b1
E,=— = ———, and
h a1 + Qo Ph a1 + ao pd

()

A configuration C on G is an assignment of behaviors, namely, either defectors, cooperators, hypocritical, or
private cooperators, to the players in G. Recall that the initial configuration on G is sampled according to
the distribution ¢ (€), so that each player is initially chosen to be a defector with probability 1 — e, and any
of the three remaining behaviors with probability €/3.

We next define a mapping f, transforming each initial configuration C on G to an initial configuration
C’ on G’. The mapping is very simple: All players in G’ remain with the same behavior as in G except
that private cooperators are turned into defectors. It is easy to see that given the distribution t(e), this
mapping induces the distribution ¢’ (¢’) on the initial configurations in G’, where ¢ = 2¢. Indeed, under this
mapping, a player in G’ is initially chosen to be a defector with probability 1 —e+¢/3 =1 —¢€, a cooperator
with probability €/3 = €’/2, and hypocritical with probability /3 = €'/2.



At this point, we address a technicality that concerns the randomness involved in breaking ties. That
is, recall that at any round ¢, if the minimal cost is attained by several behaviors then the player chooses
one of them uniformly at random. One way to implement this is by considering a certain order between
the behaviors, and sampling a number uniformly at random r € [0,1]. For instance, consider the following
ordering: cooperator > hypocritical > defector (as we saw, in the regime of parameters we consider, a private
cooperator in the two-order model never attains the minimal cost, and hence it is never considered as an
option). If a player needs to choose, say, between being a cooperator or a defector, then it chooses to be a
cooperator if r is in [0,0.5], and otherwise, it chooses to be a defector. This means that given a sequence
of random numbers {r;}$2,, where r; € [0, 1], the behavior of a player is deterministically described by the
behaviors of its neighbors at each round.

Consider a fixed sequence of random numbers {r;}2,, where r; € [0, 1]. Let Cy be an initial configuration
in G, and let C; denote the configuration Cy at round ¢, with the costs defined according to the two-order
model on G, and using the sequence {r;}32; to break ties if necessary. Let Cj = f(Cp) be the mapped
configuration on G’, and let C; be the corresponding configuration at round ¢ > 1, with the costs defined
according to the parameters mentioned in Eq. (f]), and using the same sequence {r;}52; to break ties if

necessary.

Claim 14. For everyt > 1, we have
Cé - Ct7

Proof of Claim[Ij} Our goal is to show that at any round ¢ > 0, a player u in C; is a defector, a cooperator
or a hypocritical, respectively, if and only if it is a defector, a cooperator or a hypocritical, respectively, in
7, and that a private cooperator in C; is a defector in C;.
Let us prove this claim by induction. By definition, the claim holds for ¢ = 0. Assume that it holds for
some integer ¢ > 0. By the induction hypothesis, for every player u, the set As(u) in G is equal to Az(u)

in G’. Hence, with our definitions of E}, p, and pg in Eq. , we argue that the cost of being a cooperator

1
a1tao

hypocritical, defector). Indeed, a cooperator in C; pays

in C; (respectively hypocritical, defector) is times the cost of being a cooperator in C; (respectively

1
1= — ,
a1 + Qo (o +az)

while (ay + ag) is what it pays in C;. A hypocritical player in C{ pays

o As(u) B1

By + Ag(u) - pr = —22— 4 Ag(u)——
h d() Ph a1 + Qo a1 + Q2

while (ag + As(u) - 1) is what a hypocritical pays in C;, and a defector in C; pays
) b1+ B2

Aaw) pa = Dafu)- 22,

while Ay (u) - (81 + B2) is what it pays in C;.

Moreover, recall that no player in G ever chooses to be a private cooperator in rounds ¢ > 1. Hence, the
behavior that minimizes the cost in G is the same as in G’. It follows that at round ¢ + 1, all players choose
the same behavior in G as they would in G’, which establishes the induction proof, and concludes the proof
of Claim [[4 O

Next, we prove that with our choices of Ej, p;, and pg in Eq. , Conditions (i) and (%) in Theorem



imply Conditions (i) and (i) in Theorem [6}

ag < B = ar+ 1 < P+ B
o B1 <ﬁ1+/32
a1 + Qo @1 + Q2 a1 + Qo

— En+pn < pd,

and

A'51>051 s OZQ+A'51>OQ+O[2
QAL B1
ay + o ai + ag

<~ Ep+pn-A>1.

>1

Hence, we can apply Theorem |§| to the mapped process on G'. It follows that in the number of rounds and

probability guarantees as stated in Theorem @, G’ converges to the configuration in which all players are

cooperators, and remains in that configuration forever. By Claim this holds for G as well, concluding

the proof of Theorem
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