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8 x 8 Kane model and material parameters

We use the Kane Hamiltonian!™ to obtain the subbands of the QWs described in this work. This Hamiltonian it is written in

the basis |T'g, §,£3). |Ts,3,£3), ['s,3,4+3) and |T7,4,+1) and reads as
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Here, all the parameters depend on the coordinate z, which is set along the QW growth direction. E. and E, correspond to
the energies at k, = k, = 0 of the |I's) and |I'g) bands, respectively, and A quantifies the split-off energy separation, i.e., the
energy between |I'g) and |I'7) bands. Here, [A, B] = AB — BA denotes the commutator between the A and B operators while
{A,B} = AB+ BA denotes their anti-commutator. P is the Kane parameter, my is the free electron mass, ¥; are the Luttinger
parameters’, which together with k and F accounts for the effective mass correction due to the remote bands.



Effective 2D model coefficients

The coefficients for the effective 2D model®” are calculated from the k - p method in the basis of single QW eigenstates from
the (ky, ky) = 0 numerical solutions of the 8 x 8 Kane model, which we express here as

A = Hy + Hik + Hyky + Hok? + Hy k2 + Hykok,, &

such that the indexes u in each H,, indicate their corresponding k, and k, powers, while their z and k; = —id. dependence
is implied within each term. This notation is useful to express the matrix elements in the following discussion by explicitly
showing the (ky,k,) terms, while omitting the z directions that is integrated on each matrix element.

Following the Lowdin partitioning, we calculate the effective model defining a set A of eigenstates from the E1 and H1
solutions for the QW v, which we label as A = {’Hf’ ) ‘E ', )}, and a set B of remote bands as all remaining eigenstates |b).
In practice, the sum over the remote bands b € B is truncated up to ~ 20 eigenstates above and below the Fermi energy, and
its convergence is verified. Additionally, we emphasize that the basis sets A and B are extracted from single QW models of
#788 while, in the matrix elements below, .7#%*3 is set as the triple QW. Therefore, the basis states are only approximately
eigenstates of Hy. The resulting model was shown in the main text, and up to second order in Lowdin’s perturbation, the matrix
elements of the effective Hamiltonian for a € A are
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Above, the §Cy, and OM, terms are higher order corrections that arise because the single QW basis states are not exact
eigenstates of the triple QW Hy. In practice, these corrections converge slowly and we consider 0C, and dM, as free
parameters to adjust the band edges. For the results presented in the main text, we have neglected these corrections in Fig. 3,
since it does not affect the results qualitatively. In contrast, in Fig. 5(a)-(b), near the phase transition, we have used these
parameters to adjust the band edges, since it is critical to recover the correct phase.

Table S.1. Parameters used in the 8 x 8 Kane Hamiltonian for HgTe/Hg; ,Cd, Te heterostructures. For a concentration x the
alloy gap is Eg(x) = (1 —x)Eg£" +xECTe —0.132x(1 —x), while all other parameters follow a linear interpolation with x.
Additionally, we have P?> = h2 p/Zmo, E.=E,+E,u=(1—10)/2. 7= (B+1)/2 &= [a®T —a(x)]/a(x), and

&, = —2C1&x/C11.

Parameter \ HgTe \ CdTe H Parameter \ HgTe \ CdTe

E,[eV] | 188 | 18.8 alA] 6.46 | 6.48
Eg[eV] | -0.303 | 1.606 || a[eV] | -2.380 | -2.925
E, [eV] 0 |[-0570 || a,[eV] | 131 0
AleV] 1.08 | 091 b [eV] 15 | -12
F 0 -0.09 || Ciy [GPa] | 53.6 | 53.6
% 4.1 147 || C12[GPa] | 366 | 37
P 05 | -0.28
% 1.3 | 003
K 04 | -1.31
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For the inter-well couplings v, (k) the coefficients depend upon the eigenstates from neighboring QWs, which we label as v
and V' next. For instance, for 4 = LC we consider single QW eigenstates from v = L and v/ = C. Thus, generically, these
coefficients read as

Apiu =2(EY:|Ho ‘Elvi>, (S.17)
At p =2<H1V1|H0‘H1Vi>, (S.18)
oy =2 (EY.| H, H,V;>, (S.19)

with Ap1y = Aoy +Azp, and Agy = Ao —Ag .

Semi-metallic phase

In the main text, Fig. 1 shows the band structure for = 3 nm and varying dyp = {5,6,7,8.5} nm. Complementary, here, Figure
S.1 shows the band structure in the semi-metallic regime for # = 3 nm and dyp = 12 nm.
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Figure S.1. Band structure calculated with the 8 x 8 Kane model for barrier width # = 3 nm and large quantum well width
do = 12 nm. As can be seen from Fig. 2(a) from the main text, for large dj the E subbands cross the second set of H subbands
and the figure shows only the H subbands near the Fermi level Ef = 0 meV. In this case the indirect gap is closed and the
system is in the semi-metallic regime.

References
1. Bir, G. L. & Pikus, G. E. Symmetry and strain-induced effects in semiconductors, vol. 484 (Wiley New York, 1974).
2. Bastard, G. Wave Mechanics Applied to Semiconductor Heterostructures (Les Editons de Physique, Paris, 1988).

3. Voon, L. C. L. Y. & Willatzen, M. The kp method: electronic properties of semiconductors (Springer Science & Business
Media, 2009).

4. Winkler, R. Spin-orbit coupling effects in two-dimensional electron and hole systems, vol. 191 of Springer Tracts in Modern
Physics (Springer-Verlag, Berlin, Heidelberg, 2003).

5. Luttinger, J. M. & Kohn, W. Motion of Electrons and Holes in Perturbed Periodic Fields. Phys. Rev. 97, 869-883, DOI:
10.1103/PhysRev.97.869 (1955).

6. Michetti, P, Budich, J. C., Novik, E. G. & Recher, P. Tunable quantum spin Hall effect in double quantum wells. Phys. Rev.
B 85, 125309, DOI: 10.1103/physrevb.85.125309 (2012).

7. Michetti, P. & Trauzettel, B. Devices with electrically tunable topological insulating phases. Appl. Phys. Lett. 102, 063503,
DOI: 10.1063/1.4792275 (2013).

3/3


10.1103/PhysRev.97.869
10.1103/physrevb.85.125309
10.1063/1.4792275

	References

