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ABSTRACT

In this Supplementary Information we present a full description of the transfer matrix method used to calculate the band
structure of guiding potentials in 2D Dirac materials with tilted Dirac cones.

Numerical Model of a Waveguide in a 2D Dirac Material with Tilted Dirac Cones
In order to confirm the results of the main text, we discretize smooth waveguides and numerically calculate their band structure
using the transfer matrix method. We begin by determining the wavefunction in a single 1D square well for a Dirac material
with tilted cones, as an extension to the graphene case1. An arbitrary number of square wells are placed one after another to
approximate the smooth waveguides discussed in the main text. For the system of sequential wells we set up a transfer matrix
which links the wavefunction components in the leftmost and rightmost well. Bound states yielding the band structure are
found numerically by placing boundary conditions on the transfer matrix. The boundary conditions ensure the wavefunction
has plane-wave solutions inside the waveguide and decaying solutions at the edges of the system.

Solution to the Dirac Equation with Tilted Dirac Cones in a Square Well
The Dirac equation for electrons in a 2D semimetal with tilted Dirac cones subjected to the potential U(x,y) has the form

vx
(
stσ0 p̂y + sT σy p̂y +σx p̂x

)
Ψ(x,y) =

(
ε −U(x,y)

)
Ψ(x,y), (S1)

with energy ε , momentum p̂i where i = x,y, Fermi velocity vx, tilt parameter t, anisotropy parameter T and valley index s =±1.
The identity matrix is σ0, the Pauli matrices are σx and σy, and the spinor wavefunction is Ψ(x,y) = (φ A(x,y),φ B(x,y))⊺

which is written in the basis of the Bloch sums of the Dirac material. We wish to find the wavefunction of the jth well where
j = 1,2, ...N. Each well has finite depth U j with arbitrary width along the x′-axis (x′j−1 ≤ x′ ≤ x′j) and is invariant along the
perpendicular y′-axis (see Fig. 1 of the main text). Next we perform a coordinate transformation on the momentum operators
p̂x = p̂x′ cosθ − p̂y′ sinθ and p̂y = p̂x′ sinθ + p̂y′ cosθ before inserting their definition p̂i′ = −ih̄∂i′ , where i′ = x′,y′. Due to

the invariance along the y′-axis we can insert a plane-wave solution along this axis Ψ j(x′,y′) = Ψ j(x′)e
iky′ y

′
. It is at this point

that we introduce an arbitrary length scale L allowing us to define the dimensionless parameters ξ = x′/L, Vj = U jL/h̄vx,
E = εL/h̄vx and ∆ = ky′L. Let the wavefunction in the jth well be of the form Ψ j(ξ ) = (φ A

j ,φ
B
j )

⊺eib jξ , where b j is in general a
complex number. All preceding steps yield the eigenvalue problem(

st
(
b j sinθ +∆cosθ

)
−
(
E −Vj

)
b j cosθ −∆sinθ − isT

(
b j sinθ +∆cosθ

)
b j cosθ −∆sin(θ)+ isT

(
b j sinθ +∆cosθ

)
st
(
b j sinθ +∆cosθ

)
−
(
E −Vj

) )(
φ j,A
φ j,B

)
= 0, (S2)

where 0 is the null vector. We define the above eigenvalue problem as [H j −σ0(E −Vj)](φ
A
j ,φ

B
j )

⊺ = 0, where for non-trivial
solutions we must ensure |H j −σ0(E −Vj)|= 0. This step yields two solutions (±) for the complex parameter

b j,± =

[
st(Vj −E)+(1+ t2 −T 2)∆cosθ

]
sinθ ±

√
(t2 −T 2)∆2 +2st∆(Vj −E)cosθ + l2(Vj −E)2

l2 − t2 sin2
θ

, (S3)



Figure S1. (a) Schematic of the waveguide V (ξ ) ∝ −1/cosh(ξ ) approximated by N square wells. The depth of the jth well is
Vj and the leftmost and rightmost wells (V1 and VN) are arbitrarily wide as it is assumed ξ0 →−∞ and ξN → ∞. The waveguide
has a depth of Vmin and will terminate at the edges with a potential of Vmax. Panels (b) and (c) represent the regions of
wavevectors and energies where the waveguide has bound states in valley s = 1, for waveguide orientations θ = 0 and π/2
respectively, when |T |̸= 1 and 0 <|t|<|T |. The results for the second valley s =−1 can be found from the s = 1 case by
replacing ∆ with −∆.

where l =
√

1− (1−T 2)sin2
θ . The first term of Eq. (S3) is always real whilst the second term can be either real or imaginary

depending on the parameters. We shall now introduce the subscript ± corresponding to the two roots of b j,±. Inserting these
solutions back into Eq. (S2) allows us to define φ B

j,± = Λ j,±φ A
j,± where

Λ j,± =
−st

(
b j,± sinθ +∆cosθ

)
+(E −Vj)

b j,± cosθ −∆sinθ − isT
(
b j,± sinθ +∆cosθ

) . (S4)

The wavefunction in the region ξ j−1 ≤ ξ ≤ ξ j, where ξ j = x′j/L can be written as a linear combination of the forward and
backward propagating plane-wave solutions:

Ψ j(ξ ) =C j

[
φ

A
j,+

(
1

Λ j,+

)
eib j,+ξ +φ

A
j,−

(
1

Λ j,−

)
eib j,−ξ

]
, (S5)

where C j is a normalization factor. This can be written as Ψ j(ξ ) = Ω j(ξ )(α j,β j)
⊺ where

Ω j(ξ ) =

(
eib j,+ξ eib j,−ξ

Λ j,+eib j,+ξ
Λ j,−eib j,−ξ

)
, (S6)

where α j =C jφ
A
j,+ and β j =C jφ

A
j,−.

Transfer Matrix
We now consider a smooth waveguide approximated by N square wells as sketched in Fig. S1a. The analytics will be limited to
a simple waveguide that terminates at the same maximum potential to the left and right, i.e., V1 =VN =Vmax, but the analysis
can be readily extended to the general case. We must first consider our conditions for a bound state. From the perspective
of single wells, our bound state must have a plane-wave solution in the deepest well, Vmin, which means that in this region,
Im(b j,±) = 0. Additionally, we must ensure that the wavefunction decays in the leftmost and rightmost wells, Vmax, meaning
Im(b1,±) = Im(bN,±) ̸= 0 so that it disappears as ξ →±∞. These two criteria are satisfied by the condition

{E <Vmin + f1∆+ f2 |∆| ∪ E >Vmin + f1∆− f2 |∆|} ∩ {E >Vmax + f1∆+ f2 |∆| ∩ E <Vmax + f1∆− f2 |∆|}, (S7)

where

f1 =
stcosθ

l2 , (S8)
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and

f2 =−|T |
√

l2 − t2 sin2
θ

l2 . (S9)

For the reader’s convenience these regions have been sketched for two waveguide orientations (see Fig. S1b and c).
Now that we have established the requirements for bound states in the waveguide, we need to match the wavefunctions of

each square well at their boundaries. If we begin on the right side of the waveguide, we must match the wavefunctions Ψ j(ξ )
in regions j = N −1 and j = N at the interface ξN−1. This will allow us to write the wavefunction components of region N as a
function of the components in region N −1:(

αN
βN

)
= Ω

−1
N (ξN−1)ΩN−1(ξN−1)

(
αN−1
βN−1

)
. (S10)

Iterating this process will allow us to write the components of the wavefunctions in the right region ( j = N) as a function of the
components of the left region ( j = 1) as (α1,β1)

⊺ = T(αN ,βN)
⊺, where the transfer matrix is defined as

T =

(
Tαα Tαβ

Tβα Tββ

)
=

N−1

∏
j=1

Ω
−1
j (ξ j)Ω j+1(ξ j). (S11)

To ensure the wavefunction decays at ξ →±∞ we set α1 = 0 and βN = 0, hence(
0
β1

)
=

(
Tαα Tαβ

Tβα Tββ

)(
αN
0

)
. (S12)

This places a constraint on the transfer matrix Tαα = 0. Therefore, bound states can be found as energies E and wavevectors ∆

that satisfy the criteria defined in Eq. (S7) and that ensure Tαα = 0, which can be found numerically.
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