Chemistry beyond the Hartree-Fock energy via quantum computed moments
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Supplementary Information

A. The Quantum Computed Moments
approach

We outline the background to the QCM method as fol-
lows. For a given Hamiltonian, the Lanczos recursion
tri-diagonalises the system starting with an appropriate
initial trial-state, |v1),

[vig1) = % [(H — aq)|vi) — Bicalvi—1)],  (SL1)
where a; = (v;|H|v;) and 8; = (v;41|H]|v;) are the diag-
onal and off-diagonal elements of the tri-diagonal ma-
trix respectively [62]. By introducing the cumulants,
¢p [26,54], of the Hamiltonian with respect to the trial
state |v1),
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a general expansion for the matrix elements was uncov-
ered [26],
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Here the continuous, positive parameter z is related to
the recursion index [26,33,63]. These general expres-
sions for the matrix elements allow for the expression
of the ground state energy in terms of an infimum the-
orem [33];

Ey = inf [a(z) — 26(2)] .

z>0

(SL4)

Truncating the z-expansion in terms of the moments to
Pmax = 4 produces the expression for the ground state
energy approximate used in the QCM method [55],
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where the first term is simply ¢; = (H) and the sec-
ond term, depending on the higher order moments,
provides a correction to this energy. In practice the
moments-corrected energy estimates are found to be
non-variational, likely due to the truncation to moments
of order 4. In the limit of infinite moments, the tri-
diagonal Hamiltonian would be expected to approach
the full Hamiltonian and variational behaviour would
be recovered.

B. Spin-degeneracy qubit reduction

Although trial state depth is potentially the most pre-
cious quantum resource in a VQE calculation, any re-
duction in the number of qubits required for the sim-
ulation, such as through qubit tapering [64], will al-
low reduction of the circuit depth since fewer gates will
be needed to generate a sufficiently entangled quantum
state over the reduced number of qubits. In addition,
any reduction in the number of qubits will likely de-
crease the number of measurements and therefore, the
number of trial state preparations required per energy
estimation.

There are several properties of the systems studied
here, the linear hydrogen atom chains, that allow the
reduction technique used in [21] to be applied. It should
be noted that these restrictions apply only to the qubit-
reduction technique not to the QCM method in general.
The restrictions are;

e The Hamiltonian of the system is not explic-
itly dependant on spin, while this is true for all
molecules in a vacuum, it is not true in the pres-
ence of an external magnetic field, which could po-
tentially limit the applicability of this technique.

e The trial state used to simulate the system con-
sists of a single Slater determinant. The Slater de-
terminant is often used in quantum chemistry as
a starting point from which more accurate states
can be constructed. However, as the objective of
the QCM method is to reduce the complexity of
the trial state, the use of a single determinant trial
state is a reasonable choice. Additionally, it is



seen that the use of the QCM method allows for
the recovery of energies below the Hartree-Fock
energy.

e The system is simulated in a singlet state, while
this can be done for any molecular system, the
ground state of paramagnetic materials, such as
oxygen gas (Os), is not a singlet. In these cases,
application of the qubit reduction would lead to
reduced accuracy.

The Slater determinant trial state can be written in
second-quantised form as;
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where P is a list of the basis states from which the de-
terminant is constructed, b;g is the fermionic creation
operator for state p and |0) is the vacuum state. In this
form, the antisymmetrisation of the state is encoded in
the anticommutation of the fermionic operators. The
single excitation operator bjb, will have vanishing ex-
pectation value with respect to the trial state unless
qr € P, in which case

(Up[bibr|Vp) = 34 (T p|¥p) — (Up|bb) ¥ p)
(SL7)

where the last step uses ¢ € P and (b})? = 0 to show
that the second term vanishes. From this point on, it
will be assumed that expectation values are taken with
respect to the trial state |¥p). Using the anticommu-
tation relations it can similarly be shown that the ex-
pectation value of a double-excitation operator is;
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(SL8)

and an arbitrary level excitation operator has the ex-
pectation value;
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It is worth noting that;

e Swapping two creation (annihilation) operators is
equivalent to swapping two rows (columns) in the
determinant. Both actions introduce a factor of
—1 as expected.

e If two creation (annihilation) operators act on the
same state, then two rows (columns) in the deter-
minant are equal and both sides of the equation
vanish.

e If a creation (annihilation) operator does not act
on a state in the Slater determinant, the equation
does not hold. In this case, a modified form of
the equation is required;

<bT bq’> <bJr br’>
(blbl .. bby) = <b?~bq’> (blby)

(SL.10)

When all indices are € P, equation SI.7 reduces
this to equation SI.9, but if any creation (anni-
hilation) index is ¢ P, then every entry in that
row (column) will be 0 and the determinant will
vanish, as required.

To allow for a more general state preparation, the
basis states used in the construction of the Slater de-
terminant are allowed to vary from the basis in which
the second-quantised Hamiltonian is written. The trial
state basis will be represented by the creation (annihila-
tion) operators bf (b) while the Hamiltonian basis will
be represented by the operators af (a). The relation
between these bases can be written as;

al =" Ajgbl, (SL.11)
q

for appropriately normalised complex amplitudes A;q,.
The expectation value for an excitation operator in the
Hamiltonian basis is then
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Since the Hamiltonian contains only single- and
double-excitations, the qubit reduction as applied in
[21] required only the expression for double-excitation
operators, which had previously been determined in
[20]. The more general form here is required for use
with the Hamiltonian moments which can include up
to 8th level excitation operators.

Equation SI.12 allows the measurement of an ith
level excitation operator to be reduced to the measure-
ment of i single-excitation operators and the calcula-
tion of the determinant of an i X 4 matrix (as previously
derived in [65]). Since the system is being simulated in
the singlet state and the Hamiltonian does not depend
explicitly on the spin, any spin crossing 2-mode terms
must have vanishing expectation values and all down-
spin terms will have expectation values identical to the
corresponding spin-up terms:

(al; pages) =0,

<a](Lj7T)a(kaT)> = <azj,¢)a(k:,¢)>' (SI.13)

Using equations SI.12 and SI.13 any expectation value
required for estimating the Hamiltonian can be calcu-
lated by simulating and measuring only the spin-up
states (or equivalently only the spin-down states), al-
lowing the number of qubits required for simulation to
be reduced by a factor of 2.

While this procedure may seem expensive at first
glance, it is important to note that the level of the ex-
pectation values and therefore the size of the determi-
nants to be computed is dependant only on the level
of the moments correction used and not on the system
size. Additionally, there are only N2 /4 single-excitation
expectation values from which the determinants can be
constructed, for a simulation involving Ny spin-orbitals.
Each of these expectation values only needs to be mea-
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sured once and section D discusses ways in which the
number of trial state preparations can be reduced fur-
ther. From these O(NN2) expectation values, the 1-body
reduced density matrix can be constructed and all non-
vanishing fermionic expectation values can be written
as minors (determinants of a submatrix) of the 1-RDM.

C. The trial-state

When applying the VQE algorithm to examples from
quantum chemistry it makes sense to map the molecular
orbitals, constructed as linear combinations of atomic
orbitals (LCAOs), to each qubit. The molecular inte-
grals of Equation 1 can then be calculated with respect
to these orbitals. In this work, the STO-3G basis is
used to represent each atomic orbital by a linear com-
bination of 3 Gaussian orbitals, the molecular orbitals
and their corresponding integrals are then calculated
using the python package pyscf [56] through the giskit
package [66]. Because the molecular orbitals are pre-
optimised by pyscf, the solution to the Hartree-Fock
minimisation should trivially be the occupation of the
7 lowest energy spin-orbitals, where n = N/2 (for the
hydrogen atom chains) is the number of electrons. How-
ever if the molecular orbitals were not pre-optimised
(for example, the use of alternate bases can reduce the
number of terms in the Hamiltonian, see Appendix D)
then the optimal trial circuit parameters will need to
be found. The trial circuit used here is based on that
used in [21].

From the initial state, a series of parameterised
Givens rotations [47] is applied between neighbouring
qubits following the optimal layout determined in [48].
The resulting circuit (see Figure 2) has depth O(Nj)
and gate count O(N?2). The rotations used here are de-



fined in such a way that when the gate parameter, 6,
goes to 0, the Givens rotation reduces to the identity
operation and therefore a circuit with the parameter
set (0,0,0,...) will return the classically pre-optimised
Hartree-Fock state.

D. Problem scaling

While the QCM method provides a technique for the
suppression of noise for VQE, which in turn was devel-
oped to take advantage of near-term quantum hardware
while reducing the impact of errors, a possible limita-
tion of VQE and, by extension, the QCM method is
the potentially rapid growth of the number of terms
present in the Hamiltonian which determines the num-
ber of measurements and hence the number of state
preparations required of the quantum processor. In the
usual molecular orbital basis the number of terms in the
quantum chemical Hamiltonian scales as O(N2) (where
N, is the number of spin-orbitals) which is then am-
plified by the exponentiation required for the moments
correction. The scaling problem in VQE has led to vari-
ous methods designed to reduce the number of measure-
ments required. These can be split into two categories.
The first class of methods are those that aim to reduce
the number of terms in the Hamiltonian, for example
by transforming the operator into a different basis in
which the number of terms scales better than the usual
O(N2) [67-69] or by neglecting Hamiltonian terms with
a weight below a certain threshold, such as interaction
terms between spatially separated wavefunctions (or-
bitals). The second class of methods are those that
aim to reduce the number of measurements (but not
the number of terms) by partitioning the Hamiltonian
terms into groups of mutually commuting, and there-
fore simultaneously measurable, operators. There are
a variety of methods through which this grouping can
be performed such as mapping to a minimum clique
cover problem [70] or using an identity-operator sorting
algorithm [25].

In this work, we make use of the fact that only the
single-excitation operators need to be measured. For a
system represented by N, spin-orbitals this already lim-
its the number of expectation value measurements to
O(N?). A refinement performed in [21] further reduces
the necessary number of measurements to Ng/2 + 1.
Here, since the exponentiation of the Hamiltonian scales
as O(N216) at worst, the O(N;) method is not performed
and an alternative that scales as O(N2) but that avoids
any need for virtual swapping or circuit recompilation,
is employed instead. In comparison to the cost of calcu-
lating the moments formulae, the O(N2) measurement

cost is deemed acceptable.

To form TPB groupings the 2-mode operators are
first transformed to qubit operators using the Jordan-
Wigner transform [60]. For real-valued orbitals and

J <k
1
(a}a;& = Z(< N ijlXijLi,l . Zklekale e >
+ {1 Zjgr o Zpa Yl ).
(S1.14)

For the j > k case, j and k can be exchanged on the
right-hand side of the equation. Each 2-mode operator
can be characterised by a distance, d = |j —k|. By mea-
suring the Pauli strings consisting of X on every qubit
and Y on every qubit, all distance, d = 1, operators
can be reconstructed. Likewise measuring the strings
XZXZ...,YZYZ ..., ZXZX ... and ZYZY ... al-
lows for the reconstruction of all distance, d = 2, opera-
tors. Continuing this pattern, it can be shown that ev-
ery d € (0, Ns/4] operator can be reconstructed by mea-
suring 2d strings. For operators with d € [Ng/4, N5 /2]
the operators are less local but there are fewer possi-
ble operators and the number of string measurements
required is Ng — 2d. For the cases considered here,
N,/4 is always an integer since the singlet state re-
quires an even number of hydrogen atoms and the spin
degeneracy introduces a further factor of 2. In the
special case of d = 0 the expectation value becomes
<a;{aj> = 1(1—(Z;)) and can be reconstructed from the
four measurements made for the d = 2 case. The total
number of measurements required is then,

N./4—1 N./2—1

N2
M= ) 2+ ) (N,—2d)==>,

d=1 d=N,/4
(Ns >4, Ns/4€Z).

(SL15)

Compared to the naive method of measuring each term
in the moments formulae individually which scales at
worst as O(N16), the O(N?2) cost is a significant im-
provement.

In terms of computation time, the code used to
perform the calculations will require further develop-
ment and optimisation before meaningful comparisons
to classical methods can be drawn.

E. RDM purification

In the Hartree-Fock approximation, the one-body re-
duced density matrix (1-RDM), R, is expected to be
idempotent (R = R?). In practice, the presence of er-
rors in the application of gates or in readout, as well as
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Figure SI.1: Scaling of the number of terms in the fourth moment for the one-dimensional hydrogen chains. The
blue line is the observed number of terms in H* (before grouping commuting operators) while the red line represents
the worst-case scenario of raising the number of terms in H to the power 4. The dotted black line is the number of
measurements required by the method described in Appendix D, n?/2 where n is the number of atoms.

the statistical effects of shot noise lead to the calculated
1-RDM being only nearly idempotent. In this work, the
McWeeny iterative purification method [20,21] is used
to correct for these errors. A brief motivation of the
procedure is given below;

The error in the RDM (in the sense of its distance
from idempotency) can be quantified by D = R? — R in
which case the objective of the purification is to reduce
all elements of the matrix D to 0. By framing this as a
minimisation problem with cost function

C=>(Dy)?
ij
the RDM can be purified by gradient descent with a
step size § according to;
R' =R - 6Vg(0), (S1.16)

where R and R’ are the current and updated 1-RDMs
respectively and Vg (C) is the gradient of the cost func-
tion with respect to the matrix R;
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In the case of real-valued orbitals, the error matrix
D inherits the symmetry of the 1-RDM and so the cost
function can be rewritten using the identity

> (Dyj)P = Tr(DP),

ij

(SL17)

for symmetric matrix D and non-negative integer p:

C = Tr(R* - 2R® + R?).

So the gradient evaluates to
Vr(C) = 4R? — 6R?* + 2R.
Substituting this into SI.16 and choosing the step size

to be § = 1/2, the expected McWeeny purification for-
mula is recovered

R =3R* - 2R (SL18)
Once the 1-RDM has been measured
(afao)  (abar)
R=| (alao) (ala) (SL19)

equation SI.18 can be applied iteratively to obtain a cor-
rected 1-RDM that more accurately represents a single
Slater-determinant state. Using the results of Section
B, the energy can then be calculated from the elements
of this corrected 1-RDM.

F. Sample measurement data

Data for the Hy molecular Hamiltonian calculated at a
bond length of 0.74Ausing the minimal STO-3G basis is
presented in table 1. Table 2 contains sample data from
the quantum processor ibmg_sydney and from which the
1-RDM for molecular hydrogen (with circuit parameter
6 = 0) can be constructed. Figure SI.2 presents esti-
mated energies for the Hy chain for 97 sets of random
circuit parameters for both direct and moments-based
measurement.



Fermionic operator | (H) [ (%) | (®% | (HY) |

abao -1.2533 | 1.5708 | -1.9687 | 2.4674
alay -0.4751 | 0.2257 | -0.1072 | 0.0509
alas -1.2533 | 1.5708 | -1.9687 | 2.4674
akas -0.4751 | 0.2257 | -0.1072 | 0.0509
alalayag -0.4825 | 0.2443 | -0.142 | 0.1089
alalasag -0.6748 | -0.247 | 2.3385 | -6.6903
abalasa -0.1812 | 0.3777 | -0.7094 | 1.3164
alalaga, -0.6637 | 0.6301 | -0.7642 | 1.009
abalasag -0.1812 | 0.3859 | -0.6222 | 0.9001
akalasay -0.1812 | 0.3859 | -0.6222 | 0.9001
alalazag -0.6637 | 0.6301 | -0.7642 | 1.009
alalagag -0.1812 | 0.3777 | -0.7094 | 1.3164
alalasa -0.6977 | 0.3548 | -0.1216 | -0.0501
akalasas -0.4825 | 0.2443 | -0.142 | 0.1089
abalalazarag 1.3926 | -3.913 | 8.7428
akalalasarag 0.6637 | -1.1088 | 1.4847
akalalasazag 1.3926 | -3.913 | 8.7428
atalalasaza, 0.6637 | -1.1088 | 1.4847
ajasalalazasaiag 2.4195 | -5.4784 | 10.9158

Table SI.1: Fermionic operator weights for molecular hydrogen calculated in the STO-3G basis at equilibrium bond
length (0.74A). Molecular orbitals are ordered from 0 to 3 as spin-up bonding, spin-up anti-bonding, spin-down
bonding, spin-down anti-bonding

(afaj) | j=0,21]j=1,3 (ala;) | j=0,2];=1,3
i=0,2| 096 |-0.0114 i=0,2 | 0.9619 | -0.0082
i=1,3 | -0.0114 | 0.0236 i=1,3 | -0.0082 | 0.0229

(ala;) | j=02];=13 (ala;) | j=02];=1,3
i=0,2 | 0.9647 | -0.0036 i=0,2 | 0.9675 | -0.0095
i=1,3 | -0.0036 | 0.023 i=1,3 | -0.0095 | 0.0262

Table SI.2: Four sets of 1-RDM elements for the hydrogen molecule (6 = 0) calculated on ibmg_sydney with ~ 2000
shots each. The ordering of orbitals matches that used in table 1.
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Figure SI.2: Cumulative frequency plot for the Hy molecular chain. 100 sets of uniform random parameters were cho-
sen and the energy was evaluated both directly and by the QCM method on the quantum processor ibmg_montreal.
The vertical axis is the cumulative frequency, i.e. the fraction of points with a measured energy below a given value.
In the ideal case (that the FCI energy is recovered regardless of the parameter values) the resulting plot would be
the step function at the FCI energy (black line). Of the 100 random points, only 97 are represented in the plot.
The remaining 3 points were rejected due to large variations in the QCM energy when repeated, e.g. standard
deviations of the same scale or larger than the energy measurements. These anomalous results are likely due to the
combination of a poorly conditioned point and errors in the device leading to non-physical density matrices. The
large deviations are seen to vanish when McWeeny purification is applied.
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