Supplementary Information for Massive-mode polarization entangled biphoton
frequency comb

Tomohiro Yamazaki,! Rikizo Ikuta,!»? Toshiki Kobayashi,!»? Shigehito Miki,> *
Fumihiro China,® Hirotaka Terai,> Nobuyuki Imoto,?> and Takashi Yamamoto! 2
! Graduate School of Engineering Science, Osaka University, Toyonaka, Osaka 560-8531, Japan
2 Center for Quantum Information and Quantum Biology, Osaka University, Osaka 560-85381, Japan
3 Advanced ICT Research Institute, National Institute of Information
and Communications Technology (NICT), Kobe 651-2492, Japan
4 Graduate School of Engineering, Kobe University, Kobe 657-00183, Japan
(Dated: April 15, 2022)

Analysis of state generated from the singly resonant PPLN/WR
and its second-order cross-correlation function

We briefly summarize the theoretical analysis of photon pair generation by SPDC inside a cavity, called the cavity-
enhanced SPDC [1-8]. Then, we explain the fitting function used for the analysis of the cross-correlation function of
the photon pairs and its relationship with the spectral properties of the generated BFCs. A photon pair generated by
a cavity-enhanced SPDC is represented by

|T) = /dwidwsf(wi,ws)aT(wi)aT(ws) |0)
fwisws) x ap(wi + ws)h(Ak)A(w;) Alws). (S1)
f(wi, ws) represents the joint spectral amplitude (JSA) of the signal and idler photons, normalized by [ dw;dws] f(w;,ws) |2 =

1. ap(w; + ws) denotes the spectral amplitude of the pump light. In the CW pump regime, the linewidth of the CW
pump laser is sufficiently narrow, and we approximate it to a,(w; + ws) x §(wp —w; — ws). h(Ak) = Lsinc(LAk/2)
represents a function of the phase-matching condition, where Ak(w;, ws) = n(w; + ws) (w; + ws) — n(w;)w; — n(ws)ws, L
denotes the length of the nonlinear crystal, and n denotes the refractive index[9]. A(w) is a function that represents
the transmission spectrum of the cavity [10-12]; it is represented as

Aw) o Y ValC) (S2)

V(W) —i(w —mA(w))

m=0

for a symmetric cavity without internal losses, where A(w) = ﬁ L denotes the length of the resonator; we assume

that is equal to the length of the nonlinear crystal, and c represents the speed of light. The resonant frequencies
wy, for integers m, which are the peaks of the observed spectrum, are determined by the solutions of the equation
w =mA(w). The FWHM is Af; /o = v/m and the FSR is ﬁ, where ng(Ao) = n(Ao) — )\Odd—;; and Ao represent the
group index and the wavelength in vacuum, respectively.

The temperature-dependent Sellmeier equation described in Ref. [13] for the rough estimation of the refractive
index n()\g) is used to calculate the phase-matching function |h(Ak)|? shown in Fig. Sla. For the doubly resonant
configuration, where both signal and idler photons are confined by the cavity, photon pair generation in most frequency
ranges is suppressed because of the frequency dependency of the FSR, which is known as the “cluster effect” [14].
Figure Slc shows the simulation of the spectrum of the biphoton frequency comb in the doubly resonant configuration
from equation (S1), where the cluster effect appears clearly.

We realized a singly resonant configuration using mirrors whose reflectance is frequency-dependent, as shown in
Fig. S1b. Using these values of the reflectance, we simulate the spectrum of the biphoton frequency comb in our
experiment, as shown in Fig. S1d. The biphoton frequency comb is generated with a certain intensity in all frequency
ranges. The cluster effect does not appear if the singly resonant configuration is completely realized. However, this is
not realized around the degenerate point of 1560.48 nm in our experiments. The cluster effect around the degenerate
point causes a nonuniform shape in the spectrum of the biphoton frequency comb. The raw joint spectral intensities
in Fig. Slc and S1d are very sensitive to the frequency difference because of their fine comb shape. Thus, we need to
integrate these in the bandwidth for the measurement of 0.3 nm for comparison with the measurement results of the
JSI. Figs. Sle and S1f show the results after integrating Fig. Slc and S1d, in this range, respectively.
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Figure S1: Simulation of the frequency spectra of biphoton frequency combs. a Phase-matching function
|h(AK)|*. The refractive indices are calculated from Ref. [13], where we conveniently set the periodic polling period to satisfy
Ak = 0 at 1560.48 nm and the temperature to T = 69.95°C. b Frequency dependence of the reflectance of our waveguide
resonator. The two curves represent the reflectances of the front and back-end faces. ¢ Frequency spectrum of biphoton
frequency comb in doubly resonant configuration. We set the reflectance R, = ’r,ﬂ(l) ‘2 = 0.9 and v = —clog (r1)/2n(w)L
and neglected the internal loss. d Frequency spectrum of the biphoton frequency comb in the singly resonant configuration.
The insets in b and ¢, whose frequency ranges are [1577.30 nm, 1577.57 nm], show the periodic peaks at the resonant
frequencies. e (f) Results after integrating the JSI of ¢ (d) over a frequency range of 0.3 nm .



We further simplified JSA f(w;,ws) to analyze the cross-correlation measurements. The frequency windows of these
measurements in our experiment are up to 3 nm, which is sufficiently small to neglect the frequency dependency of
n(w) and vy(w) and the cluster effect within its frequency windows. Therefore, we replace mA by a resonant frequency
Wy When we set the pump frequency to satisfy wy, + wp >~ wy, and represent ¥(ws(;)) by 7s(i), we have

flwi,ws) x 6(wp — wi — ws) Z 1. . 1 —

m,m/’

zé(wp—wi—ws)z . L . L ) (S3)

— i — (Wi — wm) Vs + 1w — wm)

In the last equality, only the term about m' that satisfies wy, = wy, — wy, is left. The case v; = 7, corresponds to
the (equally) doubly resonant configuration, and the case v; — oo corresponds to the singly resonant configuration,
where only signal photons are confined.

In the measurement of the coincidence counts between the signal and idler photons with a finite temporal resolution,
the observed cross-correlation Cj ; is described by

%M () / dr'g 5, (r — )G (), (54)
where

G0V (1) = (Wag () ai(t + m)tas(t + 7)as () 0) (S5)

is a temporal second-order cross-correlation function, and

aelt) = —— e~ (56)

270 20

is a Gaussian function that approximates the finite temporal resolution of the two photon detectors used for coincidence
measurement. [3].
From equations (S1), (S3), and (S4),

efi(wpfws)rl

{'Yz - wm)}{’ys - i(ws - Wm)}
Zezme

(S7)
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—. (S8)
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h(7) represents the step function [7]. Equation (S8) becomes when we extract a single-frequency mode using BPF's:

O o) [ g 7 =) (77 () + 7 (=)

1 1
x 56(2%0)2_2%7—{1 —erf (—i + 2%0)} + 56(2%”)2”757{1 + erf (—i — 2750) }, (S9)

where erf(x) denotes an error function. When we extract many frequency modes enough to the approximation,

lwm‘f' 2 : 627r7,m To

m

x Zé (t" — nTy), (S10)

where Ty = 27 /FSR represents the round-trip time of the cavity. Equation (S8) then becomes
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Figure S2: Sagnac interferometer with cavity-enhanced spontaneous parametric down-conversion. The thick
red arrow represents the propagation of the pump laser and the thin yellow (orange) arrow represents the propagation of the
signal (idler) photons. The subscript r (1) indicates the photon exiting the right (left) side of PPLN/WR.
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Coincidence counts are represented by equation (S9) if the state is a statistical mixture of the photon pairs of the
different frequency modes. The cross-correlation can be described by considering a mixture of equations (S9) and
(S11) with a normalization factor with relative weight p as

(1—e M) (1 —e ") 41 29iYs  ~(1,1)
b 1 —e2(vit7s)T s,i,multi(T) + (1 - p) Yi s Cs,i,single(7->' (812)
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In our experiment, the best fit of this function in equation (S12) to the observed temporal second-order cross-
correlation in Fig. S4 leads to p ~ 1.

Analysis of the state generated from the Sagnac interferometer and its fidelity

We considered only one photon-pair state generated by the SPDC. As shown in Fig. S2; owing to the cavity structure
for the signal photons, H-polarized and V-polarized pump lights respectively generate photon pairs described by

gHei(prl+0(wp)) (tl |V>i,7" |V>s,7" + 7 ‘V>i,'r ‘V>s,l>’ (813)

gve ™ (1 V)os V) 7 V)i V) ). (514)

where gg (v, 0(w), and 7y represent the coupling constant proportional to the complex amplitude of the H (V)-
polarized pump light, frequency-dependent phase from a multiorder HWP, and propagation time of the left (right)
arm of the Sagnac interferometer in Fig. 52, respectively. #;,y and 7, represent the transmittance and reflectance
of the PPLN/WR when the light enters from the left (right) side, respectively, where |tl(r) |2 + |rl(r) |2 =1 holds. The
output state just before photon detection is represented by
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Figure S3: Correspondence of the arrival time, path, and polarization of the four output states. a
Experimental data of coincidence counts in four different polarization settings, HH (blue), VV (red), VH (green), and HV
(yellow), at wavelengths of 1580.48 nm and 1540.98 nm. VH (HV) photon pairs are detected earlier (later) than the VV and
HH photon pairs. b The paths of the polarizing photons in the Sagnac interferometer (see Fig. S2). The difference in the
arrival times is attributed to the difference in propagation paths.
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where 7)) represents the total loss in the optical circuit for the signal (idler) photons coming from the left (right)
side of the PPLN/WR. By setting the polarization of the pump light to satisfy ggni-tins- = gyvnit.nsi, we obtain

0) oc |V, (IV), + Bre™ ™2 |H),) + ¢ |H), (IH), + Bve™* |V),), (517)
where
TiMsi TrMsr
= — = —. 1
5H tlnsr7 by trnsi (S 8)

For A7 > 0, we obtain the maximally polarization-entangled state |®) = 1/v/2(|H); |H), + €' |V),|V),). However,
in our experiment, there is an overlap between |V), |H)_ and |®), as indicated in Fig. S3. To estimate these effects
on the fidelity, we consider the delay time dependency of the generated state as

() o Vat), (7B Vit 4 7), + Bare= 0+ e 1 A [H, 0+ 7),)

+ ¢ H 1), (¢77R(T) [H b+ 1), + Bre' e AR — An) Vit +7), ). (S19)



Here, we approximated the temporal shaping of the state by e™?". In our experiment, we selected the time windows
from 0 to AT, i.e.,

- AT 6H
) = dr [¥(7)) o< [®) + —=

e YATTIAD YN I S20
; NG V)i [H), (520)

We redefined this as

AT
H(V)), [H(V)), = / e [H(V), 80, [H(V), £+ 7). (s21)

Further, the randomization of the phase of the component |V), |[H) leads to

2
o <|<1>> (@] + 1L —zar g <VH|is). (522)

From the definition of fidelity, F'(p) = maxy (¥g|p|Wp), where |¥y) = 1/V2(|HH) + ¥ [VV)),

_ ‘6H|2 —2vAT -

holds. From these results, we estimated the fidelity expected in the case of A7 > 0 by multiplying F’ (pg)_1 with
the experimentally measured fidelity (Fig. 5 in the manuscript). From the best fit to the data of the temporal cross-
correlation in every polarization and frequency range, we extracted v and Sp, which are estimated as the ratio of the
amplitude between the VH and HH components.

Analysis of the generated polarization entangled BFC

In the manuscript, we discuss a simplified model for generating polarization-entangled BFCs. Here, we analyze the
polarization-entangled BFCs generated in the experiment using a more realistic model. As well as equation (S1), the
time evolution of the cavity-enhanced SPDC for arbitrary pump power is represented by

| W) o< exp {QH(V) /dwidwsfH(v) (wmws)az(v) (wi)a;{(v) (ws) = h.c.| |0) = Unv)|0). (524)

Equation (S24) is reduced to approximately equation (S1) when |g|* < 1 is satisfied. In the CW pump regime, the
JSA frv)(wi,ws) cannot be decomposed like > cr vy mfav)m (wi)f}{(v) . (Ws). Instead, we decompose JSA as

frwy (Wi, ws) < §(wp — wi — ws) Z CaHWY,mfHV)m(Wi)- (525)

CH(v),m represents the coefficient of each cavity mode and fz(v) ,(w;) is normalized by fdwi|fH(V)7m(wi)‘2 = 1.
We assume that each frequency mode is well separated from the others, that is, [ dwifl*{(v) (W) FH ) m (Wi) = Omme -
The generation processes of each cavity mode are independent.

Unvy|0) =~ [ [ exp |:gH(V)CH(V),m/dwifH(VLm(wi)aL(v)(wi)a;{(v) (wp — wi) — h-C-] 10) =[] Unqvym 10) . (S26)

Modifying equation (S17) for an arbitrary pump power using the above results, the state generated by our experi-
ments can be represented as

‘\I/> = H UH,mUV,m |0> ) (827)
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where we ignored the component of the reflected signal photons. In the case of | chH’m|2 + |gvcv,m\2 < 1, equa-
tion (S27) is approximately

1
W) ~

m \/1 + |9HCH,m|2 + |gVCv,m|2

<1 + gHCHm / dwifH,m(wi)aJ;{(Wi)aL(wp —Wi). + gvevm / dwifv,m(wi)ai/(wi)a;r/(wp — wz)) 0),,, - (528)

This state can be considered a frequency-multiplexed entangled photon pair, which is similar to the state in equation
(3) in the manuscript. When Zm(|chH,m|2 + |gvev.m|?) < 1, the state is approximately

1

V143 lgremml® + lgvevl?)

(1 + Z (chH,m / dwifH,m(wi)a}{(wi)aL(wp —w;), +9vevm / dwifv,m(wi)ai/(wi)ai/(wp — wl)>> [0). (S29)

¥)

After removing the vacuum state, this state may correspond to that in equation (2) in the manuscript. The difference
between these states discussed here and the simplified model in the manuscript is that the spectral correlation between
the signal and idler photons remains in each mode in these states; this often has unfavorable effects on the interference
between independent photon pairs.

We have to use a pulsed-pump regime to generate the exact frequency-bin entangled state, which is expressed
as M~1/2 Zn]\le |wi m) |ws,m). This is approximately attained in the doubly resonant configuration by making the
FWHMs of the cavities for the signal and idler photons considerably smaller than the FWHM of the pump laser
because the frequencies of the signal and idler photons are determined independently and almost exclusively by the
FWHMs of the cavities, respectively. In the singly resonant configuration, the exact frequency-bin entangled state itis
also approximately attained by making the FWHM of the cavity for the signal photon considerably smaller than the
FWHM of the pump laser. Then, the frequencies of the signal and idler photons are determined almost exclusively
by the FWHMs of the cavity and pump laser, respectively. In this case, the FWHMs of both photons would differ
significantly from each other.

Theory of the autocorrelation function and the cavity mode in CW pump regime

Ref.[15] reported that a value ¢ relevant to g(®(7) of the signal or idler photon of a photon pair in the pulse
pump regime is related to the number of effective modes of a photon pair. The effective mode indicates the Schmidt
mode of continuous variable Schmidt decomposition [16, 17]. Under the assumption of a uniform spectral amplitude,
the relationship between ¢(®) and the number of effective modes N is expressed as ¢ =1+ % A similar discussion
is held in the CW pump regime [7], wherein g(z)(O) ~ 14 % is derived with the assumption that detectors have a
finite temporal resolution, where M represents the number of cavity modes. These results yield the same formula
and have been applied in many experiments using pulse lasers [18, 19] and CW lasers laser [20-22]. Here, we present
another formula for the CW pump regime, which is independent of the temporal resolution of the detectors.

From equation (S3), we define f(w;) and fy,(w;) as

M
flwi,ws) = 0(wp —w;i — ws) f(wi) = 6(wp —w; — ws)\/% Z Jn(wy), (S30)

m=1

f(w;) and f,,(w;) are normalized. f,,(w;) represents the normalized spectral amplitude of each cavity mode, and
we assume that each cavity mode is orthogonal. We calculate the second-order autocorrelation function of the idler
photons of the photon pairs as

G (r) = (Play(®) ai(t + 7)Tas(t + T)ai(t)|¥). ($31)



Using the second-order term in equation (S24) without polarization dependency as the lowest-order approximation
for |¥), we obtain

G2 (r)
| 2
o lai(t + T)ai(t)/dwil /dwzaf(wu)f(wig)az(w“)al(wp — wir)a! (wi2)al (wp — wiz) |0)
2

- H % / i /dwi?f(“’il)f(wiz)(eiw"” + e al (wp —win)al(wp — wiz) |0)
- (;)Q [ [ dwal Pl (2 + e 4 itonwnr)

2 2
- % U/dwif(wi)|2 + ‘/dwi|f(wi)|2€_iw” ]

2

- [1 + 2] F[1 £ wi) ] )] ] s32)

where F [| f (wz)ﬂ represents the Fourier transform of the spectral intensity of the idler photon. When we define
the normalized autocorrelation function as g(2) (r) = Ggi) (T)/GE? (T — 00), we obtain

62 () =1+ 21| F[ )] )] (53)

(2)

This result shows that g;; (0) = 2, which is independent of the spectral characteristics of photon pairs. In the single

mode case [7], equation (S33) is calculated as

2

g2 =1+

(%e—’ys\Tl — ,yse—’nlﬂ)

S34
Yi — Vs ( )

(2)

In the multimode case, g, (1) becomes more complex, and therefore, we alternatively define

Agl) = / ar (92 () - 1). (S35)

The range of the temporal integral is assumed to be sufficiently large. From equation (S33),

80 = on [arlFlr@PIo| = 2n [dulrenl (530

Substituting equation (S30) to equation (S36), we obtain
A 2T dw;] fim (w;)|
9ii = M2 Z Wi frm (Wi

o /d 1 1 {/d 1 1 }‘2
= — w W
M (72 +w?)? (12 + w?)® 2+ wia? 4 w2

_ 17+ 3yl
M yivs(vi +7s)

: ('Ys = 'Vi)
= 2715M . (S38)
P (vs < 71)

(S37)




Table S1: Estimated properties of the generated frequency comb. The FSRs and FWHMSs of the generated
frequency combs in different frequency ranges are estimated from the best fit to the temporal cross-correlation measurements.
Finesse (FSR/FWHM) and Q factor (frequency/FWHM) are calculated from these values. () indicates the data of the idler
photon in the doubly resonant case.

’WavelengthH FSR ‘ FWHM ‘Finesse‘ Q factor ‘

1560 nm (3.5 GHz| 516(453) MHz|  7(8)|3.7(4.2) x10°
1570 nm (3.5 GHz|243(1043) MHz| 15(3)|7.9(1.8) x10°

1580 nm||3.5 GHz 126 MHz 28 1.5 x10°
1590 nm||3.5 GHz 85 MHz 41 2.2 x10°
1600 nm||3.5 GHz 57 MHz 62 3.3 x10°

Therefore, if ; and v, are known, the number of cavity modes can be estimated using this formula. In addition to
equation (S4), the actual value obtained from the measurement is expressed as

0(2 /dT 935 (T = T/)Ggi»)(T/). (S39)

After integration over time, we obtained Aggi-) in equation (S35) as

/ ar(c2(r) = cF (7 > ) / ar(GUV (1) = GV (r = o0)) o Agl?) (S40)

1,7

Therefore, Agﬁ) can be measured without depending on the temporal resolution of the detector.

(1, 1)(

In our experiment, we estimate the value of G; 7 — 00) from the best fit to the data far from the point of 7 = 0,

as indicated by the orange lines in Fig. 4. We then calculated Agfi) as 2.1 ns and 0.17 ns, respectively. Combining
the values of 5 obtained in Table. S1, we estimate the number of modes M to be 1.2 and 14.9, respectively.

Full data of time histogram of coincidence counts and estimated property of frequency comb

We measured the time histogram of coincidence counts in each frequency range by setting the central wavelength
of the BPFs to (1560.48 nm, 1560.48 nm), (1570.48 nm, 1550.61 nm), (1580.48 nm, 1540.98 nm), (1590.48 nm,
1531.59 nm), and (1600.48 nm, 1522.43 nm), and by setting the bandwidths of the BPFs to 3.00 nm and 0.03 nm.
Figure S4 shows all the results of the fitting obtained using equation (S12) for the bandwidth of 3.00 nm and
equation (S9) for the bandwidth of 0.03 nm. The fitting results indicate that p ~ 1 in equation (S12), and the results
of the fitting using equation (S12) are almost the same as the results of the fitting using equation (S11). The properties
of the generated frequency comb, which are estimated by the best fit to the data, are summarized in Table S1. The
FWHM depends on the frequency because it is related to the frequency-dependent reflectance of PPLN/WR [23].

Another method for generating the polarization entangled state using all polarization components

From equation (S17), we can utilize the entire state as the polarization-entangled state by setting the length of the
arms of the Sagnac interferometer to the same values: 7,, = 7; with the stabilization of the relative phase. The inner
product of the two terms in equation (S17) satisfies

(VI + Bie (H|) (1H), + Bre™ [V),) ocrite(nZ = nZ,), (S41)

where we used the relation r;t, + ¢;r, = 0. Therefore, in the symmetric loss case, that is, ng = 1., the state in
equation (S17) represents a maximally entangled state. However, asymmetric losses degrade orthogonality and cause
a decrease in the fidelity to the maximally entangled state. The lower bound of its fidelity is
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Figure S4: Full data of the temporal second-order cross-correlation. The delayed coincidence counts between the
signal and idler photons with 4-ps time resolution, which correspond to the temporal second-order cross-correlation function.
Their polarization is HH, but the results for the polarization of VV are almost the same as those shown in Fig. S3a. The
bandwidths of the BPFs are a-e 3.00 nm (~ 100 frequency mode) and f-j 0.03 nm (single-frequency mode). The wavelengths
are a, f (1560.48 nm, 1560.48 nm), b, g (1570.48 nm, 1550.61 nm), ¢, h (1580.48 nm, 1540.98 nm), d, i (1590.48 nm,
1531.59 nm), and e, j (1600.48 nm, 1522.43 nm). The data recordlng time is 1000 s.
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In the second equation, |ry| = || = |r|, [te] = |ts] = |t], |r]>+ [¢t)* = 1, and 1 — BBy = 1 — rpr/toty = || 2
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This lower bound is almost 1 in the typical experiments, and this method works well. This approach has twice the
generation rate and does not require a temporal distinction.
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