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S1 Realization with superconducting qubits

We consider the case of two superconducting transmon qubits with a fixed capacitive coupling g far less than the resonance
frequency of either qubit. The Hamiltonian of the system can be written as
A it & it

H=wm (t)a?al + Taralalal + aha;ag + 5 20,0202 —l—g(aJ{ag +a§a1), (S1)

where a; and o are the annihilation operator and anharmonicity parameter of qubit i and we work in units where # = 1. The
annihilation operator can be represented as a; = Y,,_; v/n|n — 1);{n|;, where n is an integer and |n); is a Fock state of qubit i.

We have [a;, aj] = aiaj' - aj'al- = 1. Each qubit’s resonance frequency and the coupling between them may be written as

; = \/8EjiEci — Ec; (S2)

g = Eee (EnEn iy
V2 EciEc:

provided Ej; > Ec;, where Ej; and E¢; = —q; are the Josephson and charging energies of qubit i respectively, with Ec,
the charging energy of the coupling capacitor'-2. Usually, qubits are designed so that @; is much larger than «; and g*. In
general, the role of the anharmonicity ¢; is to make uneven the intervals between energy levels of a qubit so that the unwanted
population transfers to higher levels, [n(> 2));, are reduced, when the qubit is driven by a resonant microwave pulse* (a
microwave pulse is not used in our control). When g is sufficiently smaller than ®;, mixing between higher levels |n(> 2));
and qubit states due to the coupling is negligible, because higher levels are energetically separated well from the states in the
qubit subspace. Then, we may truncate |n(> 2)); in the above Hamiltonian and obtain Eq. (1). In the truncation, we replace
a; by o; = |0);(1];, where o; satisfies {o;, Gf} = G,-G; + 0/ 0; = 1. To realize the scheme outlined in the main text, the most
straightforward approach is to use one tunable-frequency qubit with resonance frequency w; (¢) and one fixed-frequency qubit
with @,. We consider an asymmetric transmon for which the two Josephson junctions which comprise its SQUID loop have
different Josephson energies. The frequency of qubit 1 is tunable by varying the applied flux ® through the loop, given that

(83)

Eji(®) = EJi* cos (m>\/l+d2tan2 (@), (S4)
Py P
where EJ}™* is the total, maximum Josephson energy of the loop, ® is the magnetic flux quantum, and d is a measure of the
junction asymmetry>. The applied flux & may be varied in time to satisfy the requirements on the time-dependent frequency.
As an example, when considering the accelerated dynamics in Fig. 1f and the decelerated dynamics in Fig. 6b, the flux should
be smoothly tuned from ®(0) = 0 to ®(7r) = 0.5P in a time Tr = 0.9g~' or Tr = 1.1g~!. As one particular example, the
accelerated and decelerated dynamics can be closely replicated for a total evolution time on the order of 10?ns for Ef =
30GHz, Ej; = 27.7GHz, E¢» = 203MHz, Ec. = 107TMHz, g/2n = 9MHz, and d = 0.85, which is comparable to modern
gate times with transmon qubits and far shorter than standard relaxation and dephasing times typically on the order of tens of
microseconds.

In the section entitled “Inter-trajectory travel for shortcuts to adiabaticity”, a longer Tr is used. The largest value of Tr
used in this study is 7T = 30g~!. For the control with large Ti, we can chose a larger value of g so that the control duration is
sufficiently smaller than the coherence time. We can make g larger, e.g., by making the coupling capacitance characterized by
Ec. larger. For example, we have 30g~! = 0.16 us for g/27 = 30 MHz.
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S2 Single qubit

In this section, we show that the dynamics examined in the main text can be emulated by a superconducting transmon qubit
under a drive field. The Hamiltonian of the system is written as
H N
- = o(t)a'a+ %aTa'aa+2£Zcos(a)dt)(a+aT),
(85)

where ® and o are the angular frequency and anharmonicity parameter of the transmon, and Q and @y are the Rabi frequency
and angular frequency of the drive field. Now we move to a rotating frame with frequency @, and use the rotating wave
approximation (RWA) to obtain

Hrwa

5 A)a'a+ %aTaTaa—i—Q(a—}-aT), (S6)

where A(t) = 0(t) — wg. We assume that |A|, Q < |ap|. Then the system can be approximated as a two-level system for which
the Hamiltonian is represented as

hA
Hrwa = -0t nQoy, (S7)
where we shifted the origin of the energy by #A/2. This is effectively the same as the system for which the dynamics is
governed by Eq. (3). Therefore, the accelerated and decelerated dynamics examined in the main text can be emulated by this
single qubit system under a drive, although the detuning should be sufficiently smaller than o.

S3 Role of additional phase

We discuss the role of additional phase by showing how the relative phase between ¢, and ¢, influences the time dependence
of the population. Using Eq. (3), the time derivative of the population |¢,,|> can be written as

d
7710nl” = —i207,01+ ig0mdy (S8)

Equation (S8) can be rewritten as
d 2 oz
Z|¢m| = —280nd Sln(em - 6[)7 (S9)

where §,, and 6,, are the intensity and the phase of ¢,,, that is, ¢, = @,,e'®" where @,,, 6,, € R.

Thus, it is seen that the relative phase 6,, — ; affects the rate of change of the population as well as the intensity ¢,, and
coupling g. The intensity of the wave function and the coupling of the accelerated or decelerated dynamics are the same as in
the reference dynamics in our formalism. Therefore, deformation of the phase via additional phase is required for acceleration
and deceleration.

S4 Tunable coupling

The fast-forward scaling theory can be extended straightforwardly to the case in which the coupling strength is tunable. The
reference dynamics develops under time-dependent g and w,,. The Schrodinger equation is represented by

(1) = 8(0)011) + 0 (1) (1) $10)

We extend the formalism to obtain g and @,, which accelerate, decelerate, or reverse the system evolution relative to the
reference dynamics. If g and w,, can be perfectly controlled, we can use a trivial scaling property as explained later. However,
the controllability of the parameters is limited in speed and range by device parameters and control hardware. Therefore, it
will be meaningful to develop fast-forward scaling theory also for the case with a tunable coupling as the theory would then
provide various ways to generate a target state.

We assume that the wave function, ¢,EF(I), of the accelerated, decelerated, or reversed dynamics has the same form as
Eq. (4). We assume that ¢} is a solution of the Schrédinger equation:

i 08T (6) = grw ()01 (1) + 0} (0957 (1) st
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In the same manner as used for Egs. (8) and (9), we can obtain two equations:

o (t)g(1)Im[g, ¢r] = g™ (1)Im{ ¢, @ expli(fi — fin)]} (S12)
and

. dfm
op (1) = Re{j—’ (w)s() — g Oyexplitsi — fll) } + cl)m(Aw) ~ 22, (s13)
m
where [ # m, and @,,(;) and f,,;) abbreviate ¢,,;)(A(¢)) and f,, ;) (¢), respectively.
Equations (S12) and (S13) have a trivial solution g (r) = at(¢)g(1), @ F (t) = (1)@, (A(t)) and f,,(t) = 0. The corre-
sponding dynamics is simply scaled with respect to time without any additional phase. However, in general, g (¢) can be
chosen to be different from a(r)g(r). Thus, Egs. (S12) and (S13), which encompass the simply scaled dynamics, provide us

with various choices for the time dependence of the control parameters for acceleration, deceleration, or reversal.

S5 Gaps between trajectories
In order to examine the mechanism by which the gaps between trajectories manifest, we rewrite Eq. (8) as
a(t)b(t) = b(t) cos(fi(t) — fm(t)) +alt) sin(fi(t) — fu(1)), (S14)

where a(t) = Re[¢,,¢;] and b(t) = Im[¢,,¢], and ¢,,;) abbreviates ¢,,;(A(t)) in this section. Equation (S14) can be rewritten
as

D _ Gin(fi() — fult)+0(0)), (S15)

where r(t) = v/a(t)2+b(t)? and tan 0(t) = b(t)/a(t). Equation (S15) has at most two solutions of f;(¢) — f,,(t) for —7 <
1) = fin(t) < m. When ¢ ¢; is purely imaginary a(¢) =0, b(z) # 0, and /() = 1, two solutions are degenerate at f; — f,, = 0.

Figure S1 shows In|BFF| for various values of Tg for fi(t) = 0. In Fig. Sla for Tr = g~ !, there is a trivial trajectory at
Jf> =0 given that a(¢r) = 1. This trajectory corresponds to the reference dynamics. The intersections of the trajectories at
f> =0in Fig. Sla correspond to the degeneration points where ¢, ¢; is purely imaginary. The intersections are disconnected
and the gap between the trajectories opens in Fig. S1b—e where o(r) # 1 for 0 < ¢ < Tg. The gap between the trajectories
opens horizontally for the decelerated dynamics as seen in Fig. S1b and Slc which correspond to () < 1. On the other
hand, the gap between the trajectories opens vertically for the acceleration as seen in Fig. S1d and Sle which correspond to
o(t) > 1. This is because there are two solutions of f>(r) for a(r) < 1, while there is no solution of f>(¢) for a(z) > 1, when
@, ¢ is purely imaginary.

S6 Shift of w

We show that differences between @ (7) and @, (r) give rise to changes in the overall phase of the wave function. We assume
that ¢, satisfies Eq. (3). Now, we introduce ¢,,(¢) defined by

Gn(1) = Om(1)e’®), (S16)
where 0(¢) is independent of m. Using Eq. (3), we obtain
d _ . _
i On (1) = 80u(1) + (On (1) = (1)) $n (1), (S17)

This result represents that the wave function simply acquires additional global phase when ; (¢) and @, (7) are shifted by the
same amount, —6 (t).

S7 Robustness

We examine the robustness of our method against errors in control parameters for the control discussed in the section entitled
“Acceleration". We consider the control parameters with error, defined by

@, (1) = [}, (1) — Om(A(1)] + On (A1), (S18)
where & is a parameter which characterizes the accuracy of the modification of the control parameters. In Eq. (S18), the

last term represents the control parameter for the unmodified control, while the first term proportional to & represents the
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Figure S1. Gap opening between speed-controlled trajectories. (a)—(e), In|BFF| as a function of f> and ¢ for 7 indicated in
the panels. Other parameters used are the same as in Fig. 1b. On the brown lines, f> = 0 and f» = +27, in (a), B (t,5) =0
(In|BFE (¢, f2)| = —oo). These lines correspond to the reference dynamics. (b),(c) correspond to deceleration, and (d),(e) to
acceleration. The arrows in (b) and (d) represent the direction in which the gap between the trajectories opens.

auxiliary part introduced for the speed control. For & = 1, the control parameters do not have any errors. For & < (>)1, the
auxiliary part of the control parameters is too small (large). For & = 0, there is no auxiliary part, and thus Efnp(t) coincides
with @,,(A(?)), and the control is identical to the unmodified control. Figure S2 shows the dependence of the fidelity of the
control on &. It is seen that the fidelity is higher than the one for the unmodified control in the range of & considered here.

In an analogous manner, we examine the robustness for the control discussed in the section entitled “Inter-trajectory travel
for shortcuts to adiabaticity". We consider the control parameters with error defined by

@, (1) = &[0 (1) — Om(1)] + Om(t). (S19)

As explained above, & is a parameter characterizing the accuracy of the control parameters. Figure S3 shows the dependence
of the fidelity of the control on &. The fidelity is higher than the one of the unmodified control in the range of & considered
here.
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Figure S2. Dependence of fidelity on £ in Eq. (S18) for the control discussed in the section entitled “Acceleration". & is a
parameter characterizing the accuracy of the control parameters. The control parameters do not have an error for & = 1; the

control is identical to the unmodified control for & = 0. The other used parameters are the same as in Fig. 1.
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Figure S3. Dependence of fidelity on £ in Eq. (S19) for the control discussed in the section entitled “Inter-trajectory travel
for shortcuts to adiabaticity" wtih Tz = 20g~!. & is a parameter characterizing the accuracy of the control parameters. The

control parameters do not have an error for £ = 1; the control is identical to the unmodified control for & = 0. The other

parameters are the same as in Fig. 3.
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S8 Multi-level systems

ITT can be applied to multi-level systems with more than two levels. In this section, we show ITT for shortcuts to adiabaticity
in multi-level systems. We consider an N-level system for which the Schrédinger equation is written as

lem
Z g1 (1) + @ ()P (1), (S20)

where ¥, (¢) is the wave function corresponding to the mth level. In Eq. (S20), g,; is assumed to be constant for sim-
plicity. If the control parameters @ = {@;, @, -+, @y} are changed slowly enough and if the initial state is in an energy
eigenstate, the system remains in the same instantaneous energy eigenstate, and the wave function is written as W¥,,(f) =

_ L[ E(G I . . . . . .
O (@(t))e #NEGO  Here ¢,,(®) is the wave function of an instantaneous energy eigenstate, which satisfies the time-
independent Schrédinger equation,

Z gmi91(®) + Oy P (®) = @%(5’)7 (821)

and E(@) is the eigenenergy We aim at finding the control parameters which drive the initial state, ¢,,(@(0)), to the target

state, @, (®(Tg))e Jo"E(@ ()dr’ i a short time Tf.
In FEST?, we assume that the wave function of the speed-controlled dynamics has the form

PR (1) = G ((1))e /Wi E@ENA (S22)

m
and ¢}F is a solution of the Schrodinger equation:

d

i~ 0 Z gm0 (1) + @, ()9, (1)- (S23)

In the same manner as earlier, we can obtain

dd)mdt Z gmi 9 (@(1))sin[f;(1) = fn(1)], (S24)
and
Ol () = @ (1) + Z e SE {1 —costit) o)) — 2, 525)

where we assumed that q)m((?)(t)) is real. Equation (S24) is used to calculate the additional phase, f,(¢), while Eq. (525) is
used to calculate the control parameter, @' . We set fi(t) = 0 as we did in the main text.

As an example, we consider a three-level system with gjo = g23 = g, g13 = 0 and g,y = g;,,- This system can also
effectively describe the dynamics of three qubits coupled by strengths g;;, when there is no interaction between qubits 1 and
3 and when the dynamics of the system is confined in the subspace spanned only by three states, [100), |010) and |001). (The
Schridinger equation (S20) can also describes the dynamics of Bose-Einstein condensates in an optical lattice®8.) The time
dependence of the control parameters in the unmodified dynamics is given by @, (t) = m®(t), where

@(1) = AT—C: (: - ZT—; sin(Zm/Tp)> + . (S26)
We set Aw = 3g and @y = —1.5g. The initial state is in the ground state. The time dependence of @, and the population,
|§|?, of each level for the ground state (target state) are presented in Fig. S4. Figure S5 shows the time dependence of
the population, |¥,,|?, of each level in the unmodified control with @,,(t) for Tz = 6.0g~! and 2.6g~!. It is seen that the
populations deviate from the ones of the ground state. The fidelity of the unmodified control is 0.94 for Tz = 6.0g~" and 0.66
for Ty = 2.6g~!, respectively.

We define ﬁg&') as

Be (. f2) = %?(t))—g%(@(t))sin[fz], (S27)
B0 fonf) = YOO e @(0)sinlf] — 505(0)) snfafal, 529)
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Figure S4. Time dependence of ®,, (a) and the population |¢m|2 of each level for the ground state (target state) (b). The

used parameters are Aw = 3g, @y = —1.5g.

Time (g71)

(b) 0.8

Population

.5 1 1.5 2 2.5

Time (g7 1)

9 — unmodified

A1 target

9 —unmodified
|\I}2 ‘ - -target

9 —unmodified
W3] target

Figure S5. Time dependence of the population of each level in the unmodified control with @,,(z) for Ty = 6g~' (a) and
Tr = 2.6g~! (b). The dashed curves are for the populations of the ground state (target state). The used parameters are

Aw =3g, @y = —1.5g.

7/9



(@) o0 (b) s 0

sl 1E: st IRE:
— -0 . —~ -10
T4 115 = 7 4r TE4-15 E
24 Mogz 2o | e
= ol | -25 >_E £ A ] -25 ;;1}
— -30 (o -30

Tr P4 1M -35 1 ¥ |js

0 : : s s . -40 0 s : : s . -40

o f2 0 o Afso 0

Figure S6. (a) In |[3§TF[§1)(t,f2)| as a function of # and f>. (b) In |ﬁ§€f) (¢, /2(1),Af32)| as a function of ¢ and Af3,, where f>(z)

was chosen to be a solution of [35&1) (¢, f2) = 0. The arrows indicate the relevant speed-controlled trajectory, which satisfies

£2(0) = f>(Tr) = Af32(0) = Afs2(Tr) = 0. The used parameters are Aw = 3g, @ = —1.5g and Tr = 6.

where Afs; is a variable corresponding to f3 — f» of Eq. (S24). f>(¢) and Af3; (), which satisfy BSFTF[S) = ﬁ;:TF/gz) =0, cor-
respond to a viable speed-controlled trajectory, because Eq. (S24) holds for such f5(¢) and Afsy(¢). Figure S6(a) shows
In |ﬁSFTF/§])(t7f2)\ as a function of ¢ and f, for Tz = 6g~!. Figure S6(b) shows In |ﬁ§£§2) (¢, /2(t),Af32)| as a function of ¢ and
Afz, where f>(t) was chosen to be a solution of ﬁg&l)(n f2) = 0. It is seen that there is a set of f>(¢) and Af3,(¢) which
satisfies ﬁgﬁ” = ﬁSFTFI§2> =0 and £»(0) = fo(Tr) = Af32(0) = Afp(Tr) = 0. Therefore, there is a viable speed-controlled
trajectory for T = 6g~ 1.

In contrast to the case of Ty = 6g~!, there is no viable speed-controlled trajectories for 7y = 2.6g~'. In Figs. S7(a) and
S7(b), \B;:TFX)(t, f2)| is presented as a function of ¢ and f, for Tr = 2.6g~!. We introduce a virtual trajectory for f>, defined by
fa(t)= —171(2) exp[—néz> (t —Tr/2)?] with nl(z) =1.35and néz) =3.33g2, where ni(z) was chosen so that fOTF \ﬁg&” (2, f2(2))|dt
is minimized. Figures S7(c) and S7(d) show | 55&2) (¢, f2(t),Af32)| as a function of t and A f3,, where f>(f) was chosen to be the
virtual trajectory of f;. Now, we introduce a virtual trajectory for Af3,(t), defined by Af3(f) = fn1(32> exp[fnz(ﬁ) (t—Tx/2)?]
with n1(32) =1.29 and nfz) = 3.16g%, where 77,'(32) was chosen so that fOTF |ﬁSFTF/§2> (¢, f2(t),Af32())|dt is minimized.

Control parameters @f" in Eq. (S25) are obtained using the viable and virtual trajectories for T = 6g~! and Ty = 2.6g~!,
respectively. Figure S8 shows the time dependence of @fF. The modulation of the control parameters for T = 2.6g~! is rapid
compared to that for 7z = 6g~' due to the rapidly changing f;. The fidelity of the control with FFST for 7 = 6g~! and the
control with ITT for Ty = 2.6g~! is unity and 0.998, respectively, while the fidelity of the unmodified control is 0.94 and 0.66
for Tr = 6g~! and T = 2.6, respectively, as mentioned earlier.
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Figure S7. (a.b). In|BEr\" (¢, f2(t))] and |Bers (¢, f2(t))| as a function of ¢ and f3. (c.d), In| Bt (¢, f2(t), Afsa)| and

| BSF%Z) (t,/2(t),Af32)| as a function of t and Af3,, where f>(¢) was chosen to be the virtual trajectory of f>. The inset of panel

(c) is a closeup, which shows a narrow gap between trajectories. The used parameters are Aw = 3g, &y = —1.5g and
Tr = 2.6871 .
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Figure S8. wf" as a function of # for Tz = 6g~! (a) and 7r = 2.6g! (b). The used parameters are Aw = 3g and @ = —1.5g.
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