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Appendix
In this appendix, we will introduce more about the Fuchsian differential equation and Heun equation.
The Fuchsian equation is a linear homogeneous ordinary differential equation with analytic coefficients whose singular points are all regular singular points on the complex plane. The well-known Hilbert’s 21st problem is to find a Fuchsian equation with prescribed singularities and prescribed monodromies. One specific expression of the Fuchsian equation is [46]:
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Where:
	
	

	(105)







And  are regular singular points at which solutions have local monodromies and  is a polynomial of degree . For each singularity , the characteristic exponents are roots of the characteristic equation, which is an algebraic equation of degree n. We denote characteristic exponents by . Then we have Fuchs relation [47]:
	
	

	(106)


The differential equation of the standard level-two monodromy method (18) belongs to the Heun equation which is the known Fuchsian equation with four singularities [47, 48]. One famous canonical form of the Heun equation presents as follows:
	
	

	(107)





Obviously, the differential equation has four regular singularities at 0, 1, a, ∞. It is necessary to assume the condition  to ensure the regularity of the point at ∞. We call parameter a the singularity parameter, , exponent parameters. The remaining quantity , known as the accessory parameter of the equation, involves global monodromy properties of (107). So there are six free parameters in total in the Heun equation. Mathematically, it can be proved that all other homogeneous linear differential equations of the second order, which have four regular singularities in the Riemann sphere, can be transformed into equation (107). Another form of the Heun equation known as the normal form behaves as follows [49]:
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Above two forms can be linked by the substitution , where:
	
	

	(109)



And the condition . There are also other various forms of the Heun equation such as the trigonometric form, doubly-periodic forms, etc., which we will not discuss here.
A power series solution of equation (107) is the Heun function:
	
	

	(110)



Where  and other expansion coefficients are defined by a recursive relation:
	
	

	(111)


In this paper we are interested in studying a realization of the Fuchsian equation, decoupling equation, in 2d CFT and discussing some of its consequences. In 2d CFT, the differential equation of the standard monodromy method (18) that occurred in the normal form (108), the differential equaion of other-level monodromy method (41) and (88) have been discussed in this paper. Besides the monodromy method, the Fuchsian equation has many other physical applications. For instance, the solution of the problem of adding three quantum spins is given in terms of a product of two Heun functions. Fuchsian equations also appear in the black hole scattering theory [50, 51], lattice systems in statistical mechanics [52, 53], and solutions of the Schrodinger equation [54-56].
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