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S1 Tuning t-SNE hyper-parameters

Perplexity is an important hyper-parameter of t-SNE. It describes the effective number of data points that are
considered as neighbors. The topology of the low-dimensional t-SNE projection can be highly sensitive to the choice
of perplexity [1]]. Generally, small perplexity allows to uncover fine structures in the data, while high perplexity
maintains the global structure of the data. Values recommended in the original t-SNE publication are between 5
and 50 [2], with a default value set to 30 in the scikit-learn implementation [3]]. Recently, a study done by Kobak
and Berens [4]] shed more light on how to set the perplexity for transcriptomics data. As a result, they proposed
to use perplexity equal to n/100, where n is the number of observations in the data. However, it is not clear
whether such rules will carry over to other types of data, or if there exists a yet better setting. Other important
parameters of t-SNE include: the learning rate which affects the gradient descent optimization, early exaggeration
which determines how strongly neighboring data points should be attracted to each other during the first few
iterations, or type of initialization. In this section, we demonstrate the potential of the proposed cost function to
optimize t-SNE hyper-parameters. We focus on the perplexity parameter.

The influence of the perplexity parameter on the quality of the resulting t-SNE projection is illustratively demon-
strated in Fig. We create a synthetic 3D dataset visualized in Fig. and we create an artificial dependent
variable, ¢, from a bivariate Gaussian function. In Figs. -c, we apply t-SNE to the synthetic dataset using per-
plexity=1 and perplexity=30 respectively. The cost associated with the projection corresponding to perplexity=1 is
L = 1.3 and corresponding to perplexity=30is £ = 0.9. The higher cost can be understood by looking at the projec-
tion colored by ¢, where the very fine thread-like structures grouped tightly together introduce increased variation
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in the dependent variable values at small length scales. The smaller cost associated with perplexity=30 is a result
of a much smoother change in the dependent variable values over the same manifold length scales. In Fig. [STd,
a comparison of the D(c) curves for the two t-SNE maps corresponding to two perplexity settings confirms that
setting perplexity=1 introduced more variance in ¢ at smaller manifold length scales than setting perplexity=230.
For comparison, with the red dashed line we also show the D(c) curve for the dataset in the original 3D space.

We now explore how the cost function ranks t-SNE projections when perplexity is changed discretely from 1 to
16 for another synthetic dataset. This time, the dataset is created as a uniform 2D grid and an artificial dependent
variable is again created from a bivariate Gaussian function. This synthetic dataset has 400 observations. Fig.
visualizes the resulting 2D t-SNE projections for each perplexity value, along with the costs, £. The highest cost
corresponds to perplexity=4, where the 2D projection fragments the data observations into smaller groups. Starting
from perplexity=6, the costs remain at a relatively same level, but for perplexity=15, we see another slight increase
in the cost value. The corresponding t-SNE projection has one corner of the 2D square grid turned “inside out”,
which changes the relative feature sizes on the projection. The smallest cost value happens for the perplexity="7
case. Fig. visualizes in closer detail the D(c) curves corresponding to the perplexity=7 case, and to the
perplexity=15 case. We have selected the perplexity=15 case to observe the effect of the visible “corner flipping”
on the D() curve, as compared to the D (o) curve corresponding to the smallest cost value. With the corner of the
grid turned “inside out”, the relative change in the largest feature sizes on a manifold is distorted and is reflected
in shifting the 0y, location to the left with respect to the perplexity=7 case.

As discussed in the Methods section in the main text, before computing the cost function, we always scale each
manifold parameter, #;, to a [0, 1] range, which we refer to as a “unit box” scaling (we note here that this is different
from scaling the training dataset). One more interesting observation that can be drawn from Fig. [S2|is that when a
projection is scaled to a unit box before computing the cost function, the rotation of a manifold can affect the cost
value. The reason for this is that by first rotating the projection, and then scaling it to a unit box, we effectively
compress the global feature sizes on a projection. Thus, at the same length scale, ¢, we can detect more variance
when feature sizes are compressed. The lowest £ in Fig. is observed for perplexity=7, where the rotation of
a projection is such that the square structure of the projection aligns with the vertical and horizontal axis. Thus,
the edge length of the square structure of the projection is close to 1. In comparison, for perplexity set to a value
between 8 and 14, the rotation of the projection is such that the edge length of the square grid structure becomes
smaller than 1. With the same dependent variable coloring the projections, the same variance is occurring at smaller
length scales on projections corresponding to perplexity between 8 and 14 than corresponding to perplexity=7.
Nevertheless, manifold rotation is expected to have a benign effect on £, as compared to non-uniqueness or varying
feature sizes.

We note that the verdict given by £ on the best projection is entirely related to the dependent variable assessed
on a projection. The potential strength of our proposed quantitative cost function is that even when no relevant
dependent variable exists a priori for a given manifold, an artificial dependent variable can be created by the user,
as we have done in this example.

Finally, we perform a brief exploration of setting the perplexity parameter to a value dependent on the total
number of observations in a dataset, as per the methodology proposed by Kobak and Berens [4]. We use the
categorical MNIST dataset with varying total number of observations, n. We create varying n by subsampling the
MNIST dataset and taking 500, 1000, 1500, 2000, 3000, 4000, 5000 and 6000 samples from each of the ten classes.
For each n, we set the perplexity to: n/1000, n/500, n/250, n/200, n/150, n/125, n/100, n/90, n/80 and n/70.
We then measure the cost of the resulting 2D t-SNE projection. Fig.[S3|shows the costs, £, for the class labels as
the only dependent variable (similarly as we have done in Fig. 8 in the main text). The value n/100 is the one
proposed in [4] for categorical transcriptomics datasets and is marked with the red circle in Fig. The perplexity
value corresponding to the smallest £ is marked with a shaded outline for each n. There is a generally decreasing
trend in the cost function with increasing the perplexity value. This suggests that settings such as /1000 or 7 /500
are too small for the MNIST dataset. We note that while the setting #/100 never leads to the smallest £ in Fig.
the value 7/100 lies in the region where the costs plateau. This suggests that #/100 can be a good approximation
for the perplexity value. We note that the results reported in Fig. are tied to the MNIST dataset, and might
not generalize to other categorical datasets. Similar test as we have done here can be performed for continuous
dependent variables. Future work can include testing the perplexity setting on other categorical datasets, such as
the transcriptomics data used in [4]. We note that more comprehensive tests should be performed to satisfactorily
address the question of setting the perplexity parameter as dependent on the number of data observations. Since the
cost function takes information about the relevant dependent variable(s), the choice of the dependent variable can
potentially affect the verdict for the perplexity setting. In addition, several questions still need to be addressed in



future work when applying the cost function to categorical data. We have briefly pointed those out in the Discussion
section in the main text.
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Figure S1: Topologies of t-SNE projections can be very different depending on the perplexity parameter. a A synthetic 3D
dataset and its 2D t-SNE projections with b perplexity=1, and ¢ perplexity=30. It can be seen that small perplexity uncovers
fine structures in the data, while a higher perplexity maintains the global structure of the data. The cost corresponding to
the manifold obtained using perplexity=1 is higher in comparison. d Comparison of the D(c) curves for the t-SNE maps

corresponding to two perplexity settings. The D(c) curve for the original 3D parameters is shown with the red dashed line for
reference.
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Figure S2: Ranking of 2D t-SNE projections of a synthetic dataset while varying the perplexity parameter. a 2D t-SNE
projections when perplexity is varied from 1 to 16 with the cost value, £, reported for each projection. b Comparison of costs,
L, and D(c) curves for two example t-SNE projections corresponding to perplexity=7 and perplexity=15.
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Figure S3: Setting the perplexity parameter to a value dependent on the total number of observations, 7, in a dataset.
We show costs, £, obtained for 2D t-SNE projections of the MNIST dataset with varying number of total observations, n. The
dependent variable are the class labels. # is varied from 5,000 to 60,000 through selecting between 500 to 6,000 samples from
each class. We test ten different perplexity settings, ranging from 7 /1000 to 7/70. With the red circle we mark the perplexity
setting 11/100, proposed by Kobak and Berens [4]. With the shaded outline, we mark the smallest cost that happened for any of
the ten perplexity settings.



S2 Extended results for the relation between £ and the nonlinear regres-
sion performance

Fig. is analogous to Fig. 7 presented in the main text, but the cost function is measured based on 3D PCA
and t-SNE projections. Nonlinear regression using ANN and kernel regression is thus performed based on three
independent manifold parameters. We report Spearman correlation coefficient between £ and MAE. The same
observation as was made for 2D projections applies here, that correlations are higher for ANN regression than for
kernel regression.

Figs. contain the same results as Fig. 7 from the main text and Fig. |S4| respectively, but show each scaling
technique on a separate scatter plot. Figs. thus allow to better observe the non-negligible impact that data
normalization has on the manifold topology, and consequently, on the nonlinear regression performance.

3D PCA projections, ANN regression 3D PCA projections, kernel regression 3D t-SNE projections, ANN regression 3D t-SNE projections, kernel regression
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Figure S4: Relating the cost function to nonlinear regression predictions based on various low-dimensional projections
of the atmospheric pollutant dispersion data. Scatter plots of £ versus MAE from ANN and kernel regression predictions of
Scy. We show predictions based on 600 different 3D PCA projections, and based on 600 different 3D t-SNE projections as the
independent manifold parameters. We test a few selected scaling techniques applied to the atmospheric dispersion data; legend
applies to all figures.
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Figure S5: Relating the cost function to nonlinear regression predictions based on various low-dimensional projections
of the atmospheric pollutant dispersion data. Scatter plots of £ versus MAE from ANN and kernel regression predictions of
Scy. This figure contains the same results as Fig. 7 in the main text, but we present each scaling technique separately. Each
scatter plot contains 100 data points.
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Figure S6: Relating the cost function to nonlinear regression predictions based on various low-dimensional projections
of the atmospheric pollutant dispersion data. Scatter plots of £ versus MAE from ANN and kernel regression predictions of
Sc;. This figure contains the same results as Fig. but we present each scaling technique separately. Each scatter plot contains
100 data points.



S3 Sensitivity to data sampling

With the high computational cost for computing the normalized variance derivative, D(c), on large datasets, we
pointed the reader towards data sampling as a possible mitigation strategy. In this section, we shed some light
on how the cumulative cost value, £, changes when the observations on a manifold are randomly sampled at 5%,
20%, 50%, and 80%. We compare these costs against taking a full set of observations (100%). Fig.[S7] visualizes
this change in cost value across various data scaling techniques and across datasets considered in the main text:
reacting flow (originally 14,550 observations), argon plasma (originally 201,400 observations) and atmospheric
pollutant dispersion data (originally 18,540 observations). For each dataset, we compute costs for 2D and 3D PCA
projections. Since the argon plasma dataset is large, sampling was performed at 5%, 20%, 50% only, where 50%
matches the sampling taken in the main text for that dataset. For the reacting flow dataset and the atmospheric
physics dataset, we observe subtle changes in £ when at least 50% of the data is taken. Generally, the largest change
in the cost value happens when subsampling the data at 5% or at 20%, and usually when the cost for the entire
dataset is high. This suggests that non-uniqueness might be more strongly affected by random data sampling and is
in line with the reasoning presented in [5]]. It is important to note however, that these results might not generalize
to any dataset. They are merely meant to shed some light on how severely the cost function might respond to
random sampling of observations from the manifold.
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Figure S7: Sensitivity of the cost function to random sampling of the various datasets used in the main text. The costs
are computed for 2D and 3D PCA projections and for various data scaling options. The same legend applies to all figures, where
the red crosses mark costs corresponding to taking the full dataset and the percentage values represent 5%, 10%, 50% or 80%
random samples from the full data.
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