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POVM elements for FRIO discrimination

The POVM elements used in the FRIO discrimination have been labeled as IT;, I, and Ilp, where IT;(,) corresponds to the
successful (failed) identification of the state [@;,)), and Iy is associated to the inconclusive outcome. The general expression
for these POVM elements is given by rank-1 unnormalized projectors
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Here, a and b are the coefficients of the non-orthogonal states to be discriminated |¢;(5)) = a|0) £b|1). s = a* — b? is the inner
product between |¢;) and |¢2), and pj 2, 712, 1 2 are the success, error and inconclusive probabilities for the discrimination
procedure of |¢1(2)>. Clearly, these POVM elements satisfy the completeness relation ITy +I1; +I1p = 1. This POVM can
describe any strategy between unambiguous discrimination and minimal error. For instance, when gq; = ¢ = 0, the minimal
error discrimination is recovered (Ilp = O while IT; is orthogonal to IT5).

To implement the POVM elements experimentally, we recall the Neumark dilation theorem, which states that a generalized
measurement on a quantum state of dimension d can be described as a projective measurement performed on a larger Hilbert
space'. Since the non-orthogonal states are encoded in the polarization degree of freedom of single photons, we resort to a
two-path Sagnac interferometer to coherently couple the polarization with spatial path modes, increasing the dimensionality
of the quantum state. After passing single photons through the interferometer, we can obtain three spatial modes coupled
with different polarization modes defined by a specific operation inside the interferometer. This process can be described by
a total unitary transformation given by U = C(63) -CNOT - C(6,) - CNOT - C(6,), where 0}, 6, and 05 are the angles of the

wave-plates placed at the interferometer” ™ (see the main text for more details). Then, the three POVM elements can be written
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in terms of these wave-plate angles and are given by
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