
Supplementary information

Mosquito-free equilibrium

Here, we want to establish the mosquito-free equilibrium point is e0 = {0, 0, 0, 0, 0, 0}. This
equilibrium point is not naturally realistic as it is trivial. However, useful inferences could be
achieved via the interactive model dynamics by investigate each of the three (u,w1, w2) mosquito
populations and how they would perform when the others are absent.

From the system of equations (2), we derive the reproductive number of the uninfected mosquito
population R0u and those with each infection status R0i as:

R0u =
ρu(1− φuu)ψτu
µu(µAu + τu)

=
ρuψτu

µu(µAu + τu)
,

R0i =
ρiηii(1− φii)ψτi

(µi + σi)(µAi + τi)
=

ρiηiiψτi
(µi + σi)(µAi + τi)

,

for iε{w1, w2} and where φuu = φii = 0. This is because CI does not affect the matings between
two equal pairs of mosquitoes. Additionally, we assume that ψ = 1/2 as the ratio of female to male
mosquitoe is approximately 1:1. Irrespective of the Wolbachia strains involved in the Wolbachia
single or double rollout dynamics, the basic mosquito reproductive number is independent of CI,
however, may be dependent on the Wolbachia infection loss σi at high temperatures.

(a) (b)

Figure S1: No mosquito equilibrium point. (a) Shows the stability of e0. We set ρu =
0.01, ρw1 = 0.12, ρw2 = 0.15 and R0u = 0.098, R0w1 = 0.6080, R0w2 = 0.6995. (b) Numerical
simulations showing the trajectories (in blue dashed curves with red arrows) in the (Fu, Fw1 , Fw2)
coordinates for when max[R0u, R0w1, R0w2 < 1]. The red ball point represents the stability point,
i.e. (Fu, Fw1 , Fw2) = (0, 0, 0)

If these reproductive numbers R0u, R0wi < 1, the populations of both uninfected and iε{w1, w2}
infected mosquitoes will go extinct. Otherwise, the mosquito populations will persist (see figure
S1).
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Three mosquito populations (uninfected, w1 and w2 infected mosquitoes)

The equilibrium point for the uninfected, w1 and w2 populations is

eu,w1,w2 =

(
2(µu − σw1f(F ∗u )− σw2g(F ∗u ))

τu
, F ∗u ,

2(µw1 + σw1)f(F ∗u )

τw1

, f(F ∗u ),
2(µw2 + σw2)g(F ∗u )

τw2

, g(F ∗u )

)
.

In the presence of any two competing strains iε{w1 (wAu), w2 (wMel/wAlbB)}, the effect of CI
is absent between crosses FiMu and FiMi (i.e. φiu = φii = 0). In the case of the uninfected
and iε{w1, w2} different Wolbachia-infected mosquito populations, we would like to consider two
contrasting Wolbachia strains, say wAu and wMel together with the uninfected mosquito popula-
tions. Apart from wAu, which has no CI effect, most (if not all) Wolbachia strains, have similar
characteristics but may differ in Wolbachia infection retention at high temperature. As such, we
consider the parameters guiding the wAu as σw1 = 0 and for wMel we use σw2 to adjust for the
differences in the other strains relating to wMel such as wAlbB/wMelPop/wPip. The effect of
unidirectional and bidirectional CI are also defined by φuw1 = φw2w1 = 0 and φuw2 = φw1w2 = 1.

On solving the iε{w1, w2} infected compartments in (2), we have

F ∗u =
F ∗w1

R0w1(Rw2|w1 − 1) + F ∗w2
R0w2

R0u(R0w1|u −R0w2|u)
= m(F ∗w1

, F ∗w2
). (1)

For F ∗w1
and F ∗w2

, we have that, on solving the uninfected and w1 infected compartments in equa-
tions (2),

F ∗w2
=

F ∗u
(
F ∗uµuR0u(Rw1|u − 1)− F ∗w1

µuR0w1(R0u|w1 − 1)
)

F ∗u

(
σw2R0w1|u +

ρw2

ρu
(1− ηw2u)µu

)
R0u + F ∗w1

(
σw2R0w1 +

ρw2

ρu
(1− ηw2w1)µuR0u

) = n(F ∗u , F
∗
w1

).

(2)
Rearrange (1) to make F ∗w2

the subject and equate to (2), we obtain:

F
∗
w1

=
F∗uR0u

(
(Rw1|u − R0w2|u) − F∗uR0w2

µu(R0w1|u − 1)
)

F∗uR0w1

(
R0w2

(1 − R0u|w1
)µu + R0u(R0w2|w1

− 1)

(
ρw2

ρu
(1 − ηw2u)µu + σw2

R0w1|u

))
− σw2

R0w1
−
ρw2

ρu
(1 − ηw2w1

)µuR0u

= f(F
∗
u )

(3)

Now, solving the uninfected and w2 infected compartments in equations (2), we obtain

aF ∗2w1
+ bF ∗w1

+ c = 0 (4)

where

a =

(
µuF

∗
uR0u|w1R0w1 + F ∗w2

(1− ηw2w1)
ρw2

ρu
R0u

)
b = F ∗uR0u

(
µuF

∗
u + (1− ηw2u)

ρw2

ρu
F ∗w2

)
+ ηw2w1

ρw2

ρw1

F ∗w2
R0w1

(
σw2F

∗
w2
− µuF

∗
u

)
c =

(
F ∗w2

+ ηw2uF
∗
u

) (
σw2F

∗
w2
− µuF

∗
u

)
F ∗w2

Rearrange (1) to make F ∗w1
the subject and substitute into (4), we obtain a real solution

F ∗w2
= F ∗u

R0u|w1R0w1R0w2µuρu
(R0w2|w1R0w1 −R0w2)R0uρw2

= g(F ∗u ) (5)
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Substitute (3) and (5) into (1), we obtain:

F ∗u = h(f(F ∗u ), g(F ∗u )). (6)

Therefore, making F ∗u the subject, we obtain:

F ∗u =
P

Q
. (7)

Where,

P = ρw2R0u(1− ηw2w1)(p1 + p2) + p3

Q = R0w1

(
ρw2R

2
0u(1− ηw2w1)(q1 + q2 + q3) + µuρuR0w1R0w2R0u|w1(q4 + q5)

)
p1 = µuρw2(1− ηw2w1)R

2
0u(R0w1|u −R0w2|u)

p2 = ρuR0w1(µ
2
uR0u|w1R0w2 +R0u(R0w1|u −R0w2|u)(σw2 + (R0w2|w1 − 1)))

p3 = µuρ
2
uσw2R

2
0w1
R0w2R0u|w1

q1 = µuρuR0w2(1−R0u|w1(R0w1|u −R0w2|u))

q2 = µuρuR0w2(R0w2|w1(R0w1|u − 1)−R0w2)

q3 = R0u(R0w1|u −R0w2|u)(R0w2|w1 − 1)(µuρw2(1− ηw2u) + ρuσw2R0w1|u)

q4 = µuρuR0w2(1−R0u|w1)

q5 = R0u(R0w2|w1 − 1)(µuρw2(1− ηw2u) + ρuσw2R0w1|u).

For euw1w2 to exist, R0w1|u > 1, R0u|w1 < 1, R0w1|u > R0w2|u, R0w2|w1 > 1.
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Figure S2: General model formation schematic of Mosquito-Wolbachia dynamics between uninfected mosquitoes and Wol-
bachia-infected mosquitoes with strains w1 and w2. The green red and blue represent the uninfected, w1-Wolbachia-infected and
w2-Wolbachia infected mosquito populations respectively. The solid lines describe how the populations progressed and the dashed lines repre-
sent the imperfect maternal transmission (IMT ). The φi,j , (i = u,w1, w2, j = w1, w2), represent the induction of cytoplasmic incompatibility
(CI), inhibiting the production of offspring. See Table 1 for the symbols’ descriptions
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Figure S3: Reduced (M = F ) and adjusted model formation schematic of Mosquito-Wolbachia dynamics between uninfected
mosquitoes and Wolbachia-infected mosquitoes with strains w1 (wAu-like) and w3 (wAlbB-like). The green, red, and grey
represent the uninfected, wAu-Wolbachia-infected and wAlbB-Wolbachia infected mosquito populations respectively. The solid lines represent
the population progression and the dashed lines indicate the imperfect maternal transmission (IMT ). The black colour represents deaths. The
cytoplasmic incompatibility (CI) induction which inhibits the production of offspring has been adjusted where required.
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Figure S4: Reduced (M = F ) and adjusted model formation schematic of Mosquito-Wolbachia dynamics between uninfected
mosquitoes and Wolbachia-infected mosquitoes with strains w2 (wMel-like) and w3 (wAlbB-like). The green, blue, and gray
represent the uninfected, wMel-Wolbachia-infected and wAlbB-Wolbachia infected mosquito populations respectively. The solid lines represent
the population progression and the dashed lines indicate the imperfect maternal transmission (IMT ). The black colour represents deaths. The
cytoplasmic incompatibility (CI) induction which inhibits the production of offspring has been adjusted where required.
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