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Appendix A Idea of decomposition of system
dynamics

The manifold M of dimension n is divided into two sub-manifolds Xm ⊂ Rm

and Hb ⊂ Rb, which meet conditions of being disjoint manifolds, i.e., Xm∩Hb =
∅. This leads to the following conclusions [1]:
1) M = Xm × Hb = Xm ⊕ Hb - the Cartesian product of sub-manifolds is

equal to direct sum of sub-manifolds.
2) TM = TXm × THb = TXm ⊕ THb - the Cartesian product of tangent

bundles of sub-manifolds is equal to direct sum of tangent bundles of sub-
manifolds.

3) TXm ∩ THb = ∅ - the tangent bundles of these sub-manifolds are disjoint
set.
The new state variables of the decomposed system are defined as[

xT(t) ξT(t)
]T

≜ ν(t) where x(t) ∈ Xm ⊂ Rm and ξ(t) ∈ Hb ⊂ Rb. Moreover,
taking into account some structural properties of the original system Σν and
assuming that the measuring equation is related only to the vector x(t), the
decomposed system yields:

Σd1
:



ẋ(t) = f(x(t), ξ(t), t) +
p∑

ip=1

bip(x(t), ξ(t))uip(t)

ξ̇(t) = f
′
(x(t), ξ(t), t) +

p∑
ip=1

b
′

ip
(x(t), ξ(t))uip(t)

x (t0) = x0

ξ (t0) = ξ0

y(t) = h(x(t))

, (A1)

where: ∀t ∈ T : f : Xm×Hb×T → TXm, ∀t ∈ T : f
′
: Xm×Hb×T → THb,

∀t ∈ T : bip : Xm ×Hb → TXm, ∀t ∈ T : b
′

ip
: Xm ×Hb → THb are smooth

maps whose connection with (1) is as follows:

φ(ν(t), t) ≜
[
fT(x(t), ξ(t), t) f

′T(x(t), ξ(t), t)
]T

ϑip(ν(t)) ≜
[
bTip(x(t), ξ(t)) b

′T
ip

(x(t), ξ(t))
]T .

Due to uncertain nature of φ(ν(t), t), the new φ̂(x(t), ξ(t)) : M →
TM being an exactly known (independent of parametric and unstructured
uncertainty) assessment of φ(ν(t), t) is introduced:

φ̂(x(t), ξ(t)) ≜
[
f̂T(x(t)) f̂

′T(x(t), ξ(t))
]T

,

where ∀t ∈ T : f̂ : Xm → TXm, and ∀t ∈ T : f̂
′
: Xm×Hb → THb are smooth

maps.
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Taking the above into account, (A1) can be written as:

Σd2
:



ẋ(t) = f̂(x(t)) +
p∑

ip=1

bip(x(t), ξ(t))uip(t)

+ρ
′
(x(t))∆(x(t), ξ(t), t)

ξ̇(t) = f̂
′
(x(t), ξ(t)) +

p∑
ip=1

b
′

ip
(x(t), ξ(t))uip(t)

+ρ
′′
(x(t), ξ(t))∆(x(t), ξ(t), t)

x (t0) = x0

ξ (t0) = ξ0

y(t) = h(x(t))

(A2)

where ∀t ∈ T : ρ
′
: Xm → TXm and ρ

′′
: Xm × Hb → THb are the smooth

maps.

By defining α(x(t), ξ(t)) ≜
[
ρ

′T(x(t)) ρ
′′T(x(t), ξ(t))

]T
, the following

phrase can be written:

α(x(t), ξ(t))∆(x(t), ξ(t), t) ≜ φ(x(t), ξ(t), t) − φ̂(x(t), ξ(t)). (A3)

Component ∀t ∈ T : ∆(x(t), ξ(t), t) : Xm × Hb × T → W ⊂ R with
∥∆(x(t), ξ(t), t)∥ = max {| ∆(x(t), ξ(t), t) | : t ∈ T} ≤ ∆ < ∞ may be con-
sidered as an additional bounded by ∆ input to system Σd2 . Moreover,
taking into account (A3) and interpreting ρ

′
and ρ

′′
as vectors parameterising

the uncertainty of the dynamics of the original system (A1) the component
α(x(t), ξ(t))∆(x(t), ξ(t), t) models the parametric and unstructured uncer-
tainty and thus represents (parameterised) unknown inputs of the system
(A2). It makes the vector of state variables x(t) independent of the impact of
uncertainty and vector ξ(t). In other words, the variables ξ(t) are not directly
affecting the part of system dynamics, which is associated with state variables
x(t). The unknown inputs expressed by ∆(x(t), ξ(t), t) are depended on ξ(t);
however, they are not considered as tangent mapping but as certain distinct
signals which coincide with the field α(x(t), ξ(t)). The idea of decomposition
presented above is also illustrated in Fig. A1.

Appendix B Deliberation of observability of
uncertain system in view of
triangular observability form

In [2], by applying the method of indistinguishable state trajectories (indis-
tinguishable dynamics), the authors presented an alternative approach to
proving that a non-linear system with known (control) inputs in dynamics
is (uniformly) observable, as established in [3]. By showing that the trian-
gular observability form of ’error system’ (8) dynamics is distinguishable,
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Fig. A1 The idea of decomposition of the considered system dynamics.

the ’observability map’ (4) must be injective and its Jacobi matrix (6) must
have full rank [4]. Taking into account that in [5–7] the system dynamics
in the new coordinates is triangular with respect to known and unknown
inputs, an interesting challenge arises. Namely, whether by using the method
of indistinguishable state trajectories it is possible to prove that the con-
ditions for the existence of an unknown input sliding mode observer hold.
Thus, whether the equivalence of the considered methods for verifying the
observability/detectability of a system with unknown inputs can be stated.

Let us introduce a triangular observability form for the MISO sub-class
of affine system with unknown input (similar to (3)). After coordinate trans-
formation ν̃(t) = Φ(ν(t)) between manifolds M and M̃, the following is
obtained: 

˙̃ν(t) = Ãν̃(t) + θ̃(ν̃(t),u(t)) + ρ̃(ν̃(t))∆(ν(t), t)

y(t) = C̃ν̃(t)

ν̃ (t0) = ν̃0

, (B4)

where Ã ∈ R(m+b)×(m+b), C̃ ∈ R1×(m+b) are the matrices of state and
measured output, respectively, in canonical Brunovsky controllability form [8]:

Ã =

[
0(m+b−1)×1 I(m+b−1)×(m+b−1)

0 01×(m+b−1)

]
, C̃ =

[
1 0 ... 0

]
. (B5)

The smooth mappings θ̃ : M̃×Up → TM̃ and ρ̃ : M̃ → TM̃ are derived
by utilising formulas presented in [5–7]. These mappings must meet:

∂θ̃imb

∂x̃imb+1
̸= 0,

∂ρ̃imb

∂x̃imb+1
̸= 0, imb = 1,m + b− 1, (B6)

what is related to the invertibility property [2, 3, 6].
By invoking to the method of indistinguishable state trajectories presented

in Sections 2.2 and 6.2, the ’error system’ dynamics is derived as follows:



Springer Nature 2021 LATEX template

4



˙̃ε1(t) = ε̃2(t) + θ̃1(ν̃1(t),u(t)) + ρ̃1(ν̃1(t))∆(ν(t), t) − θ̃1(ν̃1(t)

−ε̃1(t),u(t)) − ρ̃1(ν̃1(t) − ε̃1(t)) [∆(ν(t), t) − δ∆(ν(t), z(t), t)]

˙̃ε2(t) = ε̃3(t) + θ̃2(ν̃1(t), ν̃2(t),u(t))

+ρ̃2(ν̃1(t), ν̃2(t))∆(ν(t), t) − θ̃2(ν̃1(t) − ε̃1(t), ν̃2(t) − ε̃2(t),u(t))

−α̃2(ν̃1(t) − ε̃1(t), ν̃2(t) − ε̃2(t)) [∆(ν(t), t) − δ∆(ν(t), z(t), t)]

...

˙̃εn(t) = θ̃n(ν̃(t),u(t)) + ρ̃n(ν̃(t))∆(ν(t), t) − θ̃n(ν̃(t) − ε̃(t),u(t))

−ρ̃n(ν̃(t) − ε̃(t)) [∆(ν(t), t) − δ∆(ν(t), z(t), t)]

0 = ε̃1(t)

ε̃ (t0) = ε̃0

,

(B7)
where ε̃(t) ≜ ν̃(t)− z̃(t) and δ∆(ν(t), z(t), t) are understood in the same way
as their analogues in (24).

By imposing that ∀t ∈ T : ε̃1(t) = 0 and ˙̃ε1(t) = 0 the components
θ̃1(ν̃1(t),u(t)) and α̃1(ν̃1(t)) are always equal to their analogues related to
z̃(t). Hence, the first equation in (B7) transforms into:

ε̃2(t) = −ρ̃1(ν̃1(t))δ∆(ν(t), z(t), t). (B8)

By invoking to proof presented in [2], all states ν̃(t) are observable if all
errors ε̃(t) are zero. In a situation when the unknown input ∆(ν(t), t) is not
in the system dynamics, the subsequent errors ε̃imb

(t), imb = 2,m + b become
zero by recursive solving of all algebraic state derived equations of the tri-
angular observability form established after the reduction of subsequent error
derivatives. Taking into account that if the unknown input matching condition
(7) must hold, then the mapping ρ̃1(ν̃1(t)) cannot be equal to zero ∀t ∈ T.
Therefore, there arises a very interesting instance in a general view of observ-
ability/detectability analysis. To make ε̃2(t) equal to zero, and, what thereafter
follows, for the observability of all state components δ∆(ν(t), z(t), t) must be
equal to zero. This indisputably leads to the conclusion that the uncertainty
∆(ν(t), t) is in some way able to be ’estimated’. This particular claim can be
considered oppositely. If ε̃2(t) is always zero, then δ∆(ν(t), z(t), t) must be
undoubtedly too. Hence, the observability of all states and the unknown input
is ensured. It means that the particular members of ∆(·) must be distinguish-
able (and indistinguishable from themselves). According to the methodology
presented in Section 6.2, the considered SMO input is by assumption able
not only to estimate the unmeasured state but also to compensate/track the
unknown input. Referring to [6, 7], when the first and second state variables
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are ’ideally’ tracked after reaching the sliding surface at certain time treach,
then the sliding mode component ’injects’ the same numerical value to the
observer dynamics as the unknown input to the original dynamics. Due to the
operation of the considered observer, the convergence of the unknown term
estimates and the states is strictly related and takes place almost parallel in
time. Therefore, a term occurs in the observer dynamics which provides elimi-
nation of mismatch between original and simplified dynamics, while all states
and the unknown input are tracked. This provides to conclude that they are
reconstructed. Thus, by invoking to the definition of UIO and its existence
conditions [2, 9–11], when all states and unknown input in the model for
analysis/synthesis purposes are at least u-detectable then they can be recon-
structed. Hence, the observability conditions can be justified in the way of
indistinguishable state trajectories.

Appendix C Observability analysis of the
decomposed system

As mentioned in Section 6.1, the considered model is unobservable for some
cases, i.a., case (1). However, in these cases, it is possible to decompose the sys-
tem dynamics to obtain its observable part. Let us consider case (1) in detail.
In this case, the second state variable ν2(t) does not affect ν̇1(t) and ν̇3(t), but
reverse dependence comes around. Also, both state variables ν1(t) and ν3(t)
influence each other with dynamics ν̇1(t) and ν̇3(t), respectively. Thus, due to a
proper choice of the reaction kinetics function is possible to ensure meeting the
sufficient condition for observability of subsystem (ν1(t), ν3(t)). Hence, based
on Appendix A, in case (1) x1(t) ≜ ν1(t) and x2(t) ≜ ν3(t), and ξ(t) ≜ ν2(t) is
claimed as the parameter ∆(x(t), ξ(t), t). As a result, the new two-dimensional
(ν1(t) and ν3(t) dependent) model for analysis purposes is obtained:

f̂(x(t)) =

 µ̂O(t)x1(t) − βmx1(t)

− 1

Yo
µ̂O(t)x1(t) −mox1(t)

 , b1(x(t)) =

[
−x1(t)

Oin − x3(t)

]
,

b2(x(t)) =

[
0

Os − x3(t)

]
, ρ =

 1

− 1

Yo

 ,

∆(x(t), ξ(t), t) = [µSO(t) − µ̂O(t)]x1(t)

=

[
µmax(t)

ξ(t)

Ks(t) + ξ(t)

x2(t)

Ko(t) + x2(t)
− µ0

max

x2(t)

K0
o + x2(t)

]
x1(t),
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f̂
′
(x(t), ξ(t)) =

[
− 1

Ys
µ̂O(t)x1(t) −msx1(t)

]
, b

′

1(ξ(t)) =
[
Sin − ξ(t)

]
,

b
′

2 =
[
0
]
, ρ

′
=

[
− 1

Ys

]
,

ξ (t0) = ν2 (t0) , x1 (t0) = ν1 (t0) , x2 (t0) = ν3 (t0) .

(C9)

According to the presented methodology, by eliminating the second col-
umn and the second row from the original observability matrix (22), the new
observability matrix of system (C9) yields:

∂νΦ(x(t)) =

0 0 1

⋆ 0 ⋆

⋆ 0 ⋆


→ ∂xΦ(x(t)) =

[
∂xh

∂xLf̂h

]
=

[
∂x1h ∂x2h

∂x1
Lf̂h ∂x2

Lf̂h

]
=

[
0 1

⋆ ⋆

]. (C10)

Since the determinant of the observability matrix (C10) is equal to
det [∂xΦ(x(t))] = −⋆, and if ⋆ ̸= 0, the rank of this matrix is 2 (except singular
points). Thus, the subsystem ’x(t)’ is locally observable.
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