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ABSTRACT

A kernel-based quantum classifier is the most practical and influential quantum machine learning technique for the hyper-linear
classification of complex data. We propose a Variational Quantum Approximate Support Vector Machine (VQASVM) algorithm
that demonstrates empirical sub-quadratic run-time complexity with quantum operations feasible even in NISQ computers.
We experimented our algorithm with toy example dataset on cloud-based NISQ machines as a proof of concept. We also
numerically investigated its performance on the standard Iris flower and MNIST datasets to confirm the practicality and
scalability.

Supplementary Information

A Review of quantum support vector machine
Classification is a fundamental problem in machine learning. The goal of L-class classification is to infer the most likely class
label of an unseen data point x̂ ∈ CN can be described as, given a labelled data set S = {(xi,yi)}M−1

i=0 ⊂ CN ×{0,1, . . . ,L−1}
Although the data is real-valued in usual machine learning tasks, we allow complex-valued data without loss of generality.
Support Vector Machine (SVM) is a supervised machine learning algorithm that classifies data to several classes by optimizing
separating hyperplanes.1, 2 SVM is one of the most robust classifier for having global minimum guaranteed by convex
optimization3, and has been showing excellent performance not only in classification, but also in regression and other numerous
fields. Also, it is known to be efficient for non-linear classification and regression for high-dimensional data with kernel trick.
In this paper, we will focus on binary classification where only two class exists for the data (i.e. L = 2) since a multi-class
classification can be achieved with multiple binary SVM by one-vs-all or one-vs-one scheme. Also, for notation simplicity, we
assume N = 2n, M = 2m (n,m ∈N0).

A.1 Hard-Margin SVM
For given dataset S, y ∈ {−1,1}N , suppose the dataset is linearly separable, that is there exists a hyperplane ⟨w,x⟩+b = 0
such that{

⟨w,xi⟩+b ≥ 1 ∀yi = 1
⟨w,xi⟩+b ≤−1 ∀yi =−1

(1)

The margin, distance between two parallel supporting hyperplanes, that we want to maximize is 2/∥w∥. Since argmax2/∥w∥=
argmin∥w∥2/2, selecting optimal hyperplane ⟨w⋆,x⟩+b⋆ = 0 and its parameters (w⋆,b⋆) is equivalent to solving a quadratic
optimization problem (2).

p⋆ = min
w,b

1
2
∥w∥2 : yi(⟨w,xi⟩+b)≥ 1 ∀i ∈ {0, . . . ,N −1} (2)

Instead of solving this primal problem, solving dual problem is much easier. The dual problem of (2) is

d⋆ = max
β≥0

{
M−1

∑
i=1

βi −
1
2

βiβ jyiy j⟨xi,x j⟩
}

:
M−1

∑
i=0

βiyi = 0 (3)



where the optimal solution of primal and dual problems satisfies Karush–Kuhn–Tucker conditions.

w⋆ =
M−1

∑
i=1

β
⋆
i yixi,

M−1

∑
i=1

β
⋆
i yi = 0 (4)

β
⋆
i [yi (⟨w⋆,xi⟩+b⋆)−1] = 0 (5)

yi (⟨w⋆,xi⟩+b⋆)≥ 1,β ⋆
i ≥ 0 (6)

By investigating complementary slackness condition (5), it is clear that only the data on supporting hyperplanes can have
non-zero β ⋆

i since yi (⟨w⋆,xi⟩+b⋆) = 1 for those data. They are referred to as support vectors. Note that from this relationship
one can find optimal bias that disappeared in dual problem.

b⋆ = y j −
M−1

∑
i=1

βiyi⟨xi,x j⟩ ∀ j : α
⋆
j > 0 (7)

Since only support vectors are on supporting hyperplane, it can be considered as a set of linear combinations of support vectors.
Thus, they are named as support vectors. The estimated label ŷ of test data x̂ is determined by the relative location of test data
with respect to the separating hyperplane {x : ⟨w⋆,x⟩+b⋆ = 0}.

ŷ = sgn

{
M−1

∑
i=0

⟨xi, x̂⟩+b⋆
}

(8)

From (8), we can treat Lagrange multiplier β as normalized weights of the labelled data.

A.2 Soft-Margin SVM
C-SVM introduce slack variables ξi’s as violation between supporting hyperplane and outlier data in between two supporting
hyperplanes. The goal is to minimize this violation while maximizing distance between supporting hyperplanes.

p⋆ = min
w,b,ξ

1
2
∥w∥2 +

C
2

M−1

∑
i=1

ξ
2
i : yi (⟨w,xi⟩+b)≥ 1−ξi∀i ∈ {0, . . . ,N −1} (9)

Here, hyperparameter C is user-defined value that controls over-fitting and under-fitting. We have adapted the formulation
in Ref.4 instead of original formulation in Ref.2. We can interpret the term 1

2∥w∥2 as regularizing term, and 1/C as its
hyperparameter. With the same logic in case of hard-margin SVM, solving dual problem is much easier. The dual problem of
(9) is

d⋆ = max
β≥0

M−1

∑
i=1

βi −
1
2

M−1

∑
i, j=0

βiβ jyiy j⟨xi,x j⟩−
1

2C

M−1

∑
i=0

β
2
i :

M−1

∑
i=0

βiyi = 0 (10)

where the optimal solution of primal and dual problems satisfies Karush–Kuhn–Tucker conditions.

w⋆ =
M−1

∑
i=1

β
⋆
i yixi,

M−1

∑
i=1

β
⋆
i yi = 0,ξ ⋆

i =
1
C

β
⋆
i (11)

α
⋆
i [yi (⟨w⋆,xi⟩+b⋆)−1+ξ

⋆
i ] = 0 (12)

yi (⟨w⋆,xi⟩+b⋆)≥ 1−ξ
⋆
i , α

⋆
i ≥ 0 (13)

By investigating complementary slackness condition in (12), it is clear that only the data on and in between supporting
hyperplanes can have non-zero β ⋆

i since yi (⟨w⋆,xi⟩+b⋆) = 1−ξi for those data. Therefore, with the same logic as before,
optimal bias is obtained manually.

b⋆ = yq(1−C−1
β
⋆
q )−

M−1

∑
i=0

β
⋆
i yik(xq,xi) (14)

However, there may be no examples exactly lying on the supporting hyperplane. In this case, we can approximate b⋆ as median
value of absolute difference |yi −⟨w⋆xi⟩| among all training data.5 Estimating test label would be the same as that of the
Hard-margin SVM (8).

S2/S12



A.3 Kernel Trick
Even with the soft margin assumption, dataset may not be linearly separated efficiently. In this case, we can define feature map
φ : X 7→H to map data to high dimensional Hilbert space H. With the sophisticated feature map, we expect mapped dataset
x → φ (x) is linearly separable in H.

d⋆ = max
β≥0

M−1

∑
i=1

βi −
1
2

M−1

∑
i, j=0

βiβ jyiy j⟨φ(xi),φ(x j)⟩−
1

2C

M−1

∑
i=0

β
2
i :

M−1

∑
i=0

βiyi = 0 (15)

ŷ = sgn

{
M−1

∑
i=0

⟨φ(xi),φ(x̂)⟩+b⋆
}

(16)

However, defining feature map may not be practical nor possible. For example, the dimension of H should be infinite in order to
linearly separate any mapped dataset. In addition, the closeness between two mapped data is not clear. Note that both Equation
(15) and (16) require calculation of inner product between φ instead of φ itself. Thus, rather than constructing ill-defined vector
map, we define kernel function k : X ×X 7→ C.

k(x,y) = ⟨φ(x),φ(y)⟩H (17)

We can consider the kernel as the measure of similarity, for it is defined as inner product between mapped vectors. It has been
proven that there exists unique feature map φ for positive semi-definite kernel k(·, ·) = ⟨φ(·),φ(·)⟩H. Consider the formulations
(10) and (8). They imply that the inner product between examples only matter for given dataset. Therefore, if we define some
features φ(xi) to represent xi, then the dual SVM formulation (10) and classifying equation (8) are almost the same except for
inner product part.

Since φ(·) can be highly non-linear mapping, we can construct non-linear classifier on given dataset using SVM. Note
that SVM only solves linear classification problem originally. Users can now have more degree of freedom from the arbitrary
selection on the feature mapping to classify examples. However, φ(·) may map original data to very high-dimensional Hilbert
space so that calculating not only features themselves but also inner product of features explicitly may cost severe computation
resources. It has been proven that there exist a unique feature map for any positive semi-definite (PSD) kernel. Therefore users
can define a kernel to solve dual SVM problem. This is known as kernel trick2, 5, 6.

d⋆ = max
β≥0

M−1

∑
i=1

βi −
1
2

M−1

∑
i, j=0

βiβ jyiy jk(xi,x j)−
1

2C

M−1

∑
i=0

β
2
i :

M−1

∑
i=0

βiyi = 0 (18)

ŷ = sgn

{
M−1

∑
i=0

k(xi, x̂)+b⋆
}

(19)

There are several popular choice for kernel; polynomial kernel and Gaussian radial basis function kernel, for examples,

k(x,y) = (⟨x,y⟩+ c)d , (20)

k(x,y) = e−
γ

2 ∥x−y∥2
. (21)

Polynomial kernel is defined as (20) with kernel hyperparameter bias c, and order d. Gaussian radial basis function kernel(RBF
kernel) is defined as (21) with kernel hyperparameter inverse of standard deviation γ .
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B Proof of Eqs. (15) and (16)
The proof of Eqs. (15) is as follows:

|ψ⟩=
M−1

∑
i=0

√
αi |0, i,φ(xi),yi,φ(x̂)⟩

=⇒ 1√
2

M−1

∑
i=0

√
αi |0, i,φ(xi),yi,φ(x̂)⟩+

1√
2

M−1

∑
i=0

√
αi |1, i,φ(xi),yi,φ(x̂)⟩

=⇒ 1√
2

M−1

∑
i=0

√
αi |0, i,φ(xi),yi,φ(x̂)⟩+

1√
2

M−1

∑
i=0

√
αi |1, i,φ(x̂),yi,φ(xi)⟩

=⇒1
2

M−1

∑
i=0

√
αi (|0, i,φ(xi),yi,φ(x̂)⟩+ |0, i,φ(x̂),yi,φ(xi)⟩)

+
1
2

M−1

∑
i=0

√
αi (|1, i,φ(xi),yi,φ(x̂)⟩− |1, i,φ(x̂),yi,φ(xi)⟩)

⟨ZaZy⟩−−−−→
M−1

∑
i=0

αiyi|⟨φ(xi)|φ(x̂)⟩|2,
⟨IaZy⟩−−−→

M−1

∑
i=0

αiyi

(22)

The proof of Eqs. (16) is as follows:

|ψ⟩=
M−1

∑
i, j=0

√
αi
√

α j
∣∣0, i,φ(xi),yi, j,φ(x j),y j

〉
=⇒ 1√

2

M−1

∑
i, j=0

√
αi
√

α j
∣∣0, i,φ(xi),yi, j,φ(x j),y j

〉
+

1√
2

M−1

∑
i, j=0

√
αi
√

α j
∣∣1, i,φ(xi),yi, j,φ(x j),y j

〉
=⇒ 1√

2

M−1

∑
i, j=0

√
αi
√

α j
∣∣0, i,φ(xi),yi, j,φ(x j),y j

〉
+

1√
2

M−1

∑
i, j=0

√
αi
√

α j
∣∣1, i,φ(x j),yi, j,φ(xi),y j

〉
=⇒1

2

M−1

∑
i, j=0

√
αi
√

α j
(∣∣0, i,φ(xi),yi, j,φ(x j),y j

〉
+
∣∣0, i,φ(x j),yi, j,φ(xi),y j

〉)
+

1
2

M−1

∑
i, j=0

√
αi
√

α j
(∣∣0, i,φ(xi),yi, j,φ(x j),y j

〉
−
∣∣0, i,φ(x j),yi, j,φ(xi),y j

〉)
⟨ZaZy0 Zy1⟩−−−−−−→

M−1

∑
i, j=0

αiα jyiy j
∣∣〈φ(xi)

∣∣φ(x j)
〉∣∣2, ⟨IaZy0 Zy1⟩−−−−−−→

M−1

∑
i, j=0

αiα jyiy j =

(
M−1

∑
i=0

αiyi

)2

(23)

For more detail, see7, 8.
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C Supplementary Figures
In this section, we provide supplementary figures mentioned in the main text.

Figure S1. ibm_montreal qubits configurations. We used qubits colored in black for QASVM with toy data set

a Balanced toy dataset b Classification result

Figure S2. Experiments on ibmq_montreal cloud NISQ processor with different example dataset. Here, the training data set is
balanced.
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Figure S3. Noise robustness simulation result on depolarizing error. fφ ,λ amplitude represents amplitude of sine-fitted
function of measured decision values. p is depolarizing error rate of single-qubit gate. We set the error rate of two-qubit gates
10 times higher than that of single-qubit gates.

q0 : H Rz(2φ(x0)) • •
q1 : H Rz(2φ(x1)) Rz(2.0φ(x0, x1)) • •
q2 : H Rz(2φ(x2)) Rz(2.0φ(x1, x2)) • •
q3 : H Rz(2φ(x3)) Rz(2.0φ(x2, x3))

a ZZFeatureMap with linear entanglement

q0 : H Rz(2φ(x0)) • • • • • •
q1 : H Rz(2φ(x1)) Rz(2.0φ(x0, x1)) • • • •
q2 : H Rz(2φ(x2)) Rz(2.0φ(x0, x2)) Rz(2.0φ(x1, x2)) • •
q3 : H Rz(2φ(x3)) Rz(2.0φ(x0, x3)) Rz(2.0φ(x1, x3)) Rz(2.0φ(x2, x3))

b ZZFeatureMap with all-to-all entanglement

Figure S4. ZZfeatureMap quantum feature map from Ref.9
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a Loss circuit depth

Classification Accuracy

b Hyperparameter selection

Figure S5. Numerical order analysis. a, depth of quantum circuit d. The closed circles indicate simulated samples, where
transparent planes are the linear fitting. In the legend, ‘linear‘ indicates the use of the feature map in Fig. S4a, and ‘all-to-all’
indicates the use of the feature map in Fig. S4b. The results show linear dependence on M. The circuits are decomposed with a
universal gate set {Rx,Ry,Rz,CNOT}. b, classification accuracy of iris data set with a M = 64 training data set displayed as a
function of λ and C.
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a Circuit #2 b Circuit #3 c Circuit #4

d Circuit #5

e Circuit #6

f Circuit #1 g Circuit #7 h Circuit #8

i Circuit #11 j Circuit #12

k Circuit #13 l Circuit #14 m Circuit #15

n Circuit #9 o Circuit #16 p Circuit #18

q Circuit #10 r Circuit #17 s Circuit #19

Figure S6. 19 sample PQC architecture provided in Ref. 10. Each circuit has 4 qubits and 2 layers.
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Figure S7. Training results on iris data set (M = 64)
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Figure S8. Training results on iris data set (M = 128)
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a M = 64

10 3 10 2 10 1 100

Expr

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09 circuit #1~#19
circuit #5
circuit #6
circuit #15
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Figure S9. Decision value error on iris data set. Expr refers to expressibility of PQCs.10 Circuit #5 and #6 has L× log(M)2

parameters.
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a Loss on training data b Accuracy on test data

c Training loss convergence

100 101 102 103 104

Iteration
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4 × 10 2

6 × 10 2

2 × 10 1
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No Blocking
Blocking

d Blocking technique for SPSA

Figure S10. Numerical Analysis on iris data set (λ =C = 104). In a and b, after 210 iterations, the residual loss of training ∆

and average decision value error E are plotted as a function of normalized number of parameters with respect to M, respectively.
In c, coarse-grained ∆ averaged over 10−0.1t to 100.1t at iteration t is shown in a log scale plot. In d, Training loss converges
faster when blocking technique for SPSA is used.

a Trainability b Classification Accuracy

Figure S11. Numerical Analysis on the MNIST dataset (λ =C = 104). In the legend, ‘19 layers’ refers to the results of
VQASVM with the PQC having 19 layers, whereas ‘Reference’ denotes the results obtained by convex optimization. (a) E f is
the error on decision function; E f = ∑x̂∈T | fλ ,φ (x̂;θ

⋆,S)−h(x̂;S)|/|T | where T is the set of test data and h is the theoretical
decision function obtained by convex optimization.
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