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ABSTRACT

This document contains details related to the calculations presented in the main text1. The equation numbers continues from
the main text.

I Quadratic gravity as GR “minus" Massive Gravity

As first pointed out by Stelle2, a generic quadratic theory of gravity is equivalent to GR “minus" massive gravity at a linear level
in flat space. In this section, we will demonstrate an extension of the analysis to a Ricci-flat spacetime and prove the consistency
of the decomposition presented in Eqs. (15) and (9). The generic quadratic gravity action in four dimensions is given by,

SQG =
1

2κ2

∫
d4x

√
−g

[
R−2κ

2
αRµν Rµν +2κ

2
βR2]. (39)

Perturbing the action in (39) about the background metric (ḡµν ) to second order in hµν = gµν − ḡµν , we get,

S(2)QG[hµν ] =
1

2κ2

∫
d4x

√
−ḡ

[
−hµν

δRµν [hµν ]−2ακ
2
δRµν [hµν ]δRµν [hµν ]+2βκ

2(δR[hµν ])
2 +

h
2

ḡµν
δRµν

]
(40)

where, h = ḡµν hµν . We now proceed by treating δRµν as an independent variable. However, this introduces extra degrees of
freedom. In order to restrict the extra degrees of freedom, we replace δRµν in the above expression with an auxiliary variable
Aµν , thus leading to:

S(2)QG[−hµν ,Aµν ,λµν ] =
1

2κ2

∫
d4x

√
−ḡ

[
−hµν Aµν −2ακ

2Aµν Aµν +2βκ
2A2 +

h
2

ḡµν Aµν +λ
µν (Aµν −δRµν [hµν ])

]
(41)

where A = ḡµν Aµν and λµν is the lagrange multiplier. Varying the above action with respect to Aµν , we get:

λµν = 4ακ
2Aµν −4βκ

2ḡµν A+hµν −
1
2

hḡµν . (42)

Rewriting the above expression in terms of λµν and hµν and substituting the resultant in Eq. (41), we get:

S(2)QG[Φµν ,Φ̃µν ] =
1

2κ2

∫
d4x

√
−ḡ

[
−Φ

µν
δRµν

[
Φµν

]
+ φ̃

µν
δRµν

[
φ̃µν

]
+

m2

2

(
Φ̃µν Φ̃

µν − (1− ε)Φ̃2
)]

, (43)

where

λµν = Φµν − Φ̃µν ; h̃µν = hµν −
1
2

hḡµν = Φµν + Φ̃µν (44)

ε =
1+β

(α −4β )
; m2 =

1
(ακ2)

(45)

In the case of GUP-inspired Quadratic gravity, Eq. (42) reduces to:

hµν = ψµν −
1
2

ḡµν ψ −4γÂµν − γAḡµν (46)



where, Âµν = Aµν − 1
4 ḡµν A is the traceless part of Aµν . Mapping λµν → ψµν , Âµν → R̂(1)

µν and A → R(1), leads to Eqs. (15,9).
The above analysis establishes the metric decomposition into massless spin-2, massive spin-0, and massive spin-2 modes.
Combining the results of Section (II), this shows the equations of motion (14,16, 17) lead to the correct equations of motion.

It is possible to redo the above analysis for an arbitrary Einsteinian manifold, interms of the Einstein tensor instead of the
Ricci tensor3. We represent the quadratic gravity action in Eq. (2) as:

SQG =
1

2κ2

∫
d4x

√
−g

[
−G−2κ

2
αGµν Gµν +2κ

2
βG2] . (47)

Perturbing the action (47) about the background metric (ḡµν ) to second order in hµν = gµν − ḡµν , we get,

S(2)QG[hµν ] =
1

2κ2

∫
d4x

√
−ḡ

[
hµν

δGµν [hµν ]−2ακ
2
δGµν [hµν ]δGµν [hµν ]+2βκ

2(δG[hµν ])
2 − h

2
ḡµν

δGµν

]
(48)

where, h = ḡµν hµν . Replacing δGµν in the above expression by an auxiliary variable Aµν and imposing a constraint, we get,

S(2)QG[hµν ,Aµν ,λµν ] =
1

2κ2

∫
d4x

√
−ḡ

[
−hµν Aµν −2ακ

2Aµν Aµν +2βκ
2A2 − h

2
ḡµν Aµν +λ

µν (Aµν −δGµν [hµν ])
]

(49)

where A = ḡµν Aµν and λµν is the lagrange multiplier. Varying the above action with respect to Aµν , we get

λµν = 4ακ
2Aµν −4βκ

2ḡµν A−hµν +
1
2

hḡµν . (50)

Substituting Aµν in terms of λµν and hµν from Eq. (50) in Eq. (49) and using

h̃µν = hµν −
1
2

hḡµν = Φµν + Φ̃µν ; λµν = Φ̃µν −Φµν , (51)

we get,

S(2)QG[Φµν ,Φ̃µν ] =
1

2κ2

∫
d4x

√
−ḡ

[
Φ

µν
δGµν

[
Φµν

]
− Φ̃

µν
δGµν

[
Φ̃µν

]
+

m2

2

(
φ̃µν Φ̃

µν − (1− ε)Φ̃2
)]

, (52)

where, ε = 1+β/(α −4β ), m2 = 1/(ακ2). For the GUP-inspired Stelle gravity, we once again recover the ansatz (15) with
the following mapping ψµν →−λµν , R̂(1)

µν →−Âµν and R(1) →−A.

II Reduced equations of motion in Ricci-flat space-times
The field equation derived from the action (2) with arbitrary values of the parameters α and β is given by

Rµν −
1
2

Rgµν +4βRµν R−4αRρσ Rµρνσ +2(α−2β )∇µ ∇ν R−2α□Rµν +gµν

(
αRρσ Rρσ +βR2 +(α −4β )□R

)
= 0 . (53)

Linearizing the above field equation in a Ricci-flat background one gets

δRµν −
1
2

ḡµν δR−4αR̄µρνσ δRρσ +2(α −2β )∇̄µ ∇̄ν δR−2α□̄δRµν − ḡµν (α −4β )□̄δR = 0 . (54)

Equation (54) can be written in terms of the metric perturbations4 by expanding δRµν and δR in terms of hµν (see Eqs. (6,7) ).
We choose the following ansatz for the metric perturbations in Ricci-flat spacetime:

hµν =

[
ψµν −

ḡµν

2
ψ

]
+

[
C1 +

C2

4

]
R(1)ḡµν −C2R̂(1)

µν , (55)

where C1,C2 are constants to be determined and ψµν satisfies the transverse-traceless condition
(
∇̄µ ψµν = 0, ḡµν ψµν = 0

)
.

We demand that R(1) and R̂(1)
µν to be respectively equal to the perturbed Ricci scalar δR and the traceless part of the perturbed

Ricci tensor (δRµν − 1
4 ḡµν δR). This will ensure that the linearized Bianchi identity (19) is satisfied at all times and in all

spaces. Hence, equating δR with R(1) and comparing it with the trace of linearized field equation (54) we get,

C2 =−3C1 +4(α −3β ) . (56)
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Thus, we get the propagation equation for the massive spin-0 mode as,

□̄R(1)−R(1)/4(3β −α) = 0 . (57)

Similarly, equating R(1)
µν = R̂(1)

µν +
1
4 ḡµν R(1) with δRµν and using Eq. (56) we get,

1
2

[(
□̄ψµν +2R̄µρνσ ψ

ρσ

)
− (C1 −4α +12β )

(
∇̄µ ∇̄ν R(1)−

ḡµν R(1)

8(α −3β )

)
+(3C1 −4α +12β )

(
□̄R(1)

µν +2R̄µρνσ R(1)ρσ

)]
+R(1)

µν = 0
(58)

Comparing with Eq. (54) and using Eq. (8) we get,

□̄ψµν +2R̄µανβ ψ
αβ = 0 , (59)

C1 =−4β and α = 2β . (60)

Equation (59) gives the dynamics of the massless spin-2 graviton mode, as ψµν satisfies the traceless-transverse condition.
Equation (60), on the other hand, implies that the decomposition scheme in Eq. (55) is specific to the GUP-inspired Stelle
gravity (α = 2β = γ), in which case C1 = −4β = −2γ and C2 = 4γ . Thus, substituting C1 and C2 in Eq. (58) and taking
cognizance of Eqs. (57), (59), (19) and (18), we get the propagation equation of the massive spin-2 mode as given in Eq. (17)

□̄R̂(1)
µν +2R̄µανβ R̂(1)αβ − R̂(1)

µν/(2γ) = 0 . (61)

In the case of α = 2β = γ , Eq. (57) reduces to Eq. (14). It is important to note that in the massless limit γ → 0, Eqs. (14) and
(17) suggest that R̂(1)

µν and R(1) vanishes identically and the theory is described by only one massless spin-2 graviton ψµν .

III Coefficients in the effective GW stress-energy tensor
Using xAct Mathematica packages, Aµν ,Bµν ,Cµν , and Dµν in Eq. (22) are obtained as:

Aµν =−R̄µλαρ ψ
α
ν ψ

λρ − 1
4

ḡµν R̄αρλσ ψ
αλ

ψ
ρσ (62)

Bµν = 2R̄ν
σ
α

η R̄λσρη ψ
α
µ ψ

λρ −4R̄µαλ
η R̄νρση ψ

αλ
ψ

ρσ −2R̄µαν
η R̄λρση ψ

αλ
ψ

ρσ − R̄µρνσ ∇̄
ρ

ψ
αλ

∇̄
σ

ψαλ

+4R̄µ
η

να R̄λρση ψ
αλ

ψ
ρσ − ḡµν R̄α

η
λ

hR̄ρησhψ
αλ

ψ
ρσ +2R̄αρλσ ∇̄µ ψ

αλ
∇̄ν ψ

ρσ −2R̄αρλσ ∇̄µ ψ
ρσ

∇̄
λ

ψν
α

+2R̄αλρσ ∇̄ν ψµ
α

∇̄
σ

ψ
λρ −2R̄αλρσ ∇̄

α
ψµν ∇̄

σ
ψ

λρ (63)

Cµν = 8R̄νλαρ R̂(1)
µ

α R̂(1)λρ +2R̄µλνρ(4R̂(1)
α

ρ R̂(1)αλ −7R(1)R̂(1)λρ)−8R̄αλρσ ∇̄ν R̂(1)
µ

α
∇̄

σ
ψ

λρ

+4ḡµν Rαρλσ R̂(1)αλ R̂(1)ρσ −16R̄αρλσ ∇̄µ ψ
ρσ

∇̄ν R̂(1)αλ +2R̄νρλσ ∇̄µ ψ
ρσ

∇̄
λ R(1)

+8R̄αρλσ ∇̄µ ψ
ρσ

∇̄
λ R̂(1)

ν
α +2R̄νλρσ ∇̄

λ R(1)
∇̄

σ
ψµ

ρ +2R̄νσλρ ∇̄
λ R(1)

∇̄
σ

ψµ
ρ

+4R̄µρνσ ∇̄
ρ R̂(1)αλ

∇̄
σ

ψαλ +4R̄µσνρ ∇̄
ρ R̂(1)αλ

∇̄
σ

ψαλ −10R̄µλρσ ∇̄ν R(1)
∇̄

σ
ψ

λρ

+8R̄αλρσ ∇̄
α R̂(1)

µν ∇̄
σ

ψ
λρ +2ḡµν R̄λρση ∇̄

λ R(1)
∇̄

η
ψ

ρσ (64)

Dµν = 4
(

8R̄ν
σ

α
η R̄λσρη R̂(1)

µ
α R̂(1)λρ −16R̄µαλ

η R̄νρση R̂(1)αλ R̂(1)ρσ +2R̄νσλρ ∇̄
λ R(1)

∇̄
σ R̂(1)

µ
ρ

−8R̄µαν
η R̄λρση R̂(1)αλ R̂(1)ρσ +16R̄µ

η
να R̄λρση R̂(1)αλ R̂(1)ρσ

−4ḡµν R̄α
η

λ
hR̄ρησhR̂(1)αλ R̂(1)ρσ +8R̄αρλσ ∇̄µ R̂(1)αλ

∇̄ν R̂(1)ρσ (65)

+ R̄µλνσ ∇̄
λ R(1)

∇̄
σ R(1)+2R̄νλρσ ∇̄

λ R(1)
∇̄

σ R̂(1)
µ

ρ −4R̄µρνσ ∇̄
ρ R̂(1)αλ

∇̄
σ R̂(1)

αλ

)
As mentioned earlier, we assume ψ(V,ρ) and P(V,ρ) to be slowly varying close to the event horizon (ρ ∼ 2M0). The leading
order solid angle-averaged value (of the ρ −V component) of the effective GW stress-energy tensor (up to leading order
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corrections in γ) used in Eq. (37) in the Schwarzschild background is given by

tρGW
V ≈

M4
0 ψ ′(V,ρ)

21π

{
8[21o00

ι
22 +20o23

ι
23 +8o33

ι
33]γP′(V,ρ)+ [21(o22)2 +20(o23)2 +8(o33)2]ψ ′(V,ρ)

}
+

1
21π

M2
0 ψ

′(V,ρ)
[
−4(21o12

ι
02 +10o13

ι
03 +21o02

ι
12 +10o03

ι
13)γP′(V,ρ)+(

21o02o12 +10o03o13 + γ
(
21(o22)2 −20(o23)2 +40o22

ι
33 +8(o33)2))

ψ
′(V,ρ)

]
+

1
21π

(
21o12

ι
02 +10o13

ι
03 −21o02

ι
12 −10o03

ι
13)M0γ

[
ψ(V,ρ)P′(V,ρ)−P(V,ρ)ψ ′(V,ρ)

]
+

1
672M2

0 π

[
84(o11

ι
00 +o00

ι
11)γP(V,ρ)ψ(V,ρ)+

(
−21o00o11 +2

(
−42o02o12 +21(o12)2

−20o03o13 +10(o13)2 −63o11o22 +38o11o33)
γ
)
(ψ(V,ρ))2 +84(o01)2

γ(ψ ′(V,ρ))2]
− 1

32M3
0 π

(
2(o01)2 +o00o11 −2o01o11)

γψ(V,ρ)ψ ′(V,ρ)+
1

64M4
0 π

(ψ(V,ρ))2
γ
[
−2(o01)2 +o00o11]

+
γ

168π

[
42(−o11

ι
00 +o00

ι
11)P(V,ρ)ψ ′(V,ρ)+ψ(V,ρ)

(
42(o11

ι
00 −o00

ι
11)P′(V,ρ)+

(
21o02o12

−21(o12)2 +10o03o13 −10(o13)2 −42o11o22 −20o11o33)
ψ

′(V,ρ)
)]

+
1

336π

[
4(21o12

ι
02 +10o13

ι
03 +21o02

ι
12 +10o03

ι
13)γP(V,ρ)ψ(V,ρ)

−
(
21o02o12 +42(o12)2 +10o03o13 +20(o13)2 −42o11o22 −20o11

ι
33)

ψ(V,ρ)2

+2ψ
′(V,ρ)

{
−84(o11

ι
00 +2o01

ι
01 +o00

ι
11)γP′(V,ρ)+

(
21(o01)2

+21o00o11 +252o02o12
γ +120o03o13

γ −84o01o22
γ −40o01

ι
33

γ
)

ψ
′(V,ρ)

}]
(66)

where ′ denotes derivative wrt V .
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