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Supplementary Figure 1. Time evolution results of the velocity of the spot for Fig. 1(a)-(g). The parameters in
(a)-(g) are the same as in Fig. 1(a)-(g).
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Supplementary Figure 2. Time evolution results of the velocity of the spot for Fig.2 (a)-(g). The parameters in

(a)-(g) are the same as in Fig. 2(a)-(g).
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Supplementary Figure 3. Time evolution results of the maximum points (I) and minimum points(IT) of
curvature of spots for Fig. 2(a)-(g). The parameters in (a)-(g) are the same as in Fig. 2(a)-(g).

First variations of energies

In this section, we compute the first variations of the length, interfacial, and conservation energy.

The first variation of the length
Let I" be a smooth closed curve in R? and denote its parameterisation by ¥: R/Z — R2. The length L(T") of I is
defined by

L) =129 = [ |t

Let us compute the L? variation of the length L(T). To this end, take any smooth closed curve {. Then, we
have

getreen)| = [lotn-+eddlad

_ [0 seagi) AL,
0 10w +ed,8(w)

_ /1 auY(”) i aug(u) du
o [duy(u)|

) ene
_ /0 M ONGs) - L (5) ds,

where s is the arc-length parameter, and the last equality follows from the Frenet formulas. In particular, if we
restrict the direction of the perturbation to the normal direction, i.e., §(s) = p(s)N(s), we obtain the formula of the
first variation as

e=0

e=0

L(Y)
OL(I') = / K(s)p(s)ds.
0
The first variation of the interfacial energy

Let Q be a bounded region in R?, Q be a smooth Jordan region contained in Q and write its boundary as I". Define
the interfacial energy by

E(Qo) = /Q o TR
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Let Te: Qo — Qe, Q¢ :=Te(Q), 0 < £ < 1, be a family of C!-diffeomorphism such that Ty = id. Let us
compute the first variation of the interfacial energy E(Qy), referring to the paper’. In other words, consider

d d

—E(Q = — dx
&0 =g A 0.7
d

= — x)dx
de /90\7'8(90) ve)

d

= 4 Joo, Y(Te(y))detd(Te(y))dy

=0

e=0

e=0

= o VAT SE )+ HTely)) S dets Tty

where J(T¢(y)) denotes the Jacobian matrix of T aty. Since

Sde(Tely)| = V-TE) VS0,
we have
G&E@)| = [ VHT0)- )+ HTo0)V-S) .

where S := (dT¢/d€)|s—0 and we have used the relation Ty = id. Restricting the perturbation to the normal
direction as in the computation of the first variation of the length, we obtain p(s) = S(s)N(s) onI'. As a result, we

have
/yst (s,1)

— / Y(s,t)p(s,t)ds
r

The first variation of the area-preserving energy
As in the previous section, let Qy be a smooth Jordan region and write its boundary as I'. The area-preserving
energy is defined by

d
—E( Q
de e)

that is,

s(6) = (1] -4 = [ ax- A) ,

where A is the area of the self-propelled object at the initial time. This energy is minimised when the area of Qg
coincides with A.

Let Te: Qo — Qe, Qe :=T¢(Qp), 0 < € < 1, be a smooth family of C'-diffeomorphism such that T = id. Let
us compute the first variation of the area-preserving energy S(Qo). A similar calculation as in the previous section

yields
d 2
e=0 de Q. =0

= 2B </ dx—A)ci/E(Qo)dx

— 2|2 - /vs )dy

~2B(1%|—A4) [ 8(5)-N

d
—8(Q¢)
d8<8

e=0
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Again, restricting the perturbation to the normal direction as in previous sections, we obtain

d
—S(Q
de (Qe)

— [ 29| - A)p(s) s
e=0 r
that is,

65(2) = [ 2B(1%| ~A)p(s) ds.

Formal derivation of the singular-limit model in a two-dimensional case

In what follows, we demonstrate the interface equation by the formal argument.

Outer expansion
Assume that ¢ and u have the following expansions away from the interface I'(¢) :

0=0"+e0'+0(e%), u=u’+eu' +0(£?). (S1)
Substituting the expansion (S1) into (3) and collecting the term €°, we know that @° satisfies ¢°(1 — @°)(¢° —
1/2) =0, and hence
o — I, xeQ"(r),
0, x&Q"(r).
Similarly, u° satisfies
P 0
a—"t:AMO—kqur(pO, x€Q\I(r), t>0. (S2)

Note that u is continuous if «° is continuous.

Inner expansion

We consider the formal expansion near I'(z). Let p be an arc length parameter of I'(¢) (counter-clockwise) and
q be a distance parameter along the normal direction at the point xo(p) € I'(#). Remark that any point x in the
neighborhood of I'(¢) is uniquely represented by two parameters (p, q), that is, x =x(p,q) = xo(p) +gqVv(p), where
v(p) is the outer normal unit vector at xo(p). From this, two inverse functions p = P(x,t) and ¢ = Q(x,1) for
x € I'(¢) are defined. Denote ® and U by

P(p,q,1) = P(P(x,,1),0(x,y,2) /&,1) = @(x,1), U(p,q,t) :=U(P(x,y,1),Q(x,y,1)/€,1) = u(x,1)
Substituting these two functions into (3), we have

O

1 1
£ <CI>th + @Q? +<I>,> — 252 <q>pp|VP!2 +®, AP+ ECqu + gtqu,,Q> + (1 — @) (P —a(S[](1),U,¢)).

Here A, stands for Laplace-Beltrami operator. We collect the ¢! term and obtain the relation
02Dy + f(P) + €(07 kD, + TV, + (1 — D) (Y(U) — S[9](t))) + O(e?) =0, (S3)

where f(®) = ®(1 —P)(P—1/2), k is the mean-curvature on I'(¢), V is the normal velocity of I'(z). Assume that
® and U have the following expansions near the interface I'() :

&= +ed' +0(e%), U=U"+eU'+0(&?). (S4)
Substituting (S4) into (S3), we have

0@y, + (@) + (07K +TV)P) + 07Dy, + f'(@°) @ +@%(1 - @°) (1(U°) — S[¢°)(1))) + O(e?) = 0,
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where S[@°](¢) = ot( o @°(x,1) dx — [, °(x,0) dx). Here we used the fact that S[¢](¢) is represented by
Slel(r) = S[e°](r) + O(e), (SS5)

Actually, (S5) is obtained by the explanation below. Let Q¢(7) be a tubular domain, including I'(¢), in which
the inner expansion is defined and matches the outer expansion. Let Qy, () and Q,,(¢) be bounded regions with
closed boundaries 7; (¢;€) and Y, (¢; €), respectively, on which the inner and outer expansions match. Without loss
of generality, we can assume that

Q1) € Qu(1) € (1)

Set Qy, 4 (1) := Qy, (1) \ (1) # 0. By (S1) and (S4),

/ (pdx:/ @ dx+ @ dx+0(e).
Q 9\971772(1)

Qy . (1)

It follows from the assumption that Q¢ (7) has to converge to the surface I'(¢) and the Lebesgue measure m(Qy, 1, (¢))
goes to 0 as € — 0. By |@°] < 1, we have

/ (podx:/ (podx—/
Q\Qy, 4 (1) Q Q

Similarly, ®° is uniformly bounded and hence

/ ®%dx = 0(e).
Qy 1 (1)

@’ dx = / ¢"dx+O(e).
o

" !

As a result,

S[o](1) = a (/Q (p(x,t)dx—/g(p(x,O)dx) By </Q (po(x,t)dx—/g(p(x,O)dx> +0(e)

and then (S5) is concluded.
As for @, the following two equations are obtained :

o’ ®) + f(®°) =0, (S6)
(07K +1V)®) + 07Dy, + /(@)D" + (1 - °) (1 (U°) - S[°) (1)) = 0. (S7)

Meanwhile, the equation with respect to U is obtained as follows :
e 2d, Uy, +€ 'QU)+0(1) =0. (S8)

By the matched conditions of the inner solution and outer solution, U and & need to satisfy

lim ® =0, lim ®° =1, (S9)
g—>—o0 g—r+oo

lim U°= lim «° ). S10
Jim U7 = lim w'(x(p.q).1) (S10)

According to (S8), (S10) and the continuity of «°, it holds U°(p,q,t) = u®(x(p,0),t), and then U° is independent
of ¢. Since the function ®° satisfies (S6) and (S9), it follows that

1 1
P=—" o' =——1-9°
1—|—e‘1/(\ﬁ0) 1 \/E ( )

and hence (S7) is rewritten by

0@+ f(@°)@! = (—(c?k + V) + V20 (¥(U°) - S[9°](r))) D).
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Differentiating both sides of (S6) in g, we have
0%(Dg)gq + f'(2°) P = 0.
Set L = 0*d? / dg* + f ’(CIDO), and then L is a self-adjoint operator (see Lemma2.2 in Ref.?). Hence
0= (LPY,P') = (8),LP") = (—(0”k +1V) + V20 (y(U°) — S[0°)(1))) |9GI7: e
and the following interface equation is obtained :
V = ok + V20 (y(U°) — S[9°)(1)). (S11)

Combining (S2) and (S11), we obtain the free boundary problem (6).

A numerical scheme for interface model

This section summarises a numerical scheme for the interface model that is accurate second-order in space and
time.

Regularisation of the characteristic function
The characteristic function ) appears in the second equation in the reaction-diffusion equation in the interface
model, which is not continuous. We replace it with a smooth function obtained by adjusting Fourier coefficients.
Let % (k,!) denote the two-dimensional Fourier coefficient of yg for each k,I € Z. The decay rate of the Fourier
coefficients in the limit as |k|,|/| — oo characterises the regularity of the function. Since Xgq is not smooth, the
decay of its Fourier coefficients as |k|,|l| — oo is very slow. We obtain a smooth approximation of the characteristic
function by multiplying the Fourier coefficient by an exponentially decaying function. More precisely, let 0 < 1 <
1 and define 27 (k,1) by

23 (k1) = ok, Dexp (—n (K +1%)), k€ Z.

Applying the inverse Fourier transform to { )Zg (k1) } +, Yields the smoothed characteristic function yg,.

In the following, we use the above-obtained smoothed characteristic function Xg instead of Yq.

Spatial discretisation

Approximation of the interface by a polygonal curve

We approximate the original smooth curve by a polygonal curve and compute its time evolution. Namely, suppose
that I" is represented as follows:

N
=i, Li=Xi1,X)={(1-2)X;.1+AX; |1 €(0,1)}.
i=1

Then, the time evolution of the interface is described by a polygonal time evolution law described by a system of
ordinary differential equations:

X, =VIN;+WT;, i=1.2,...,N. (S12)

Here, T; and N; denote the unit tangent vector and the unit outward normal vector of I at X;, respectively, defined
in the subsequent subsubsection.
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Unit tangent vector, unit outward normal vector, and discrete curvature
Denote the length of the ith edge I'; by r; = |X; — X;_;|. The unit tangent vector ¢; and the unit outward normal
vector n; on ['; are respectively defined as

X,— X,
ti:%’ ni:—t.L i:1,2,...,N,
i

where, for a = (a,b)" € R?, a' denotes the vector obtained by rotating a by angle 7/2; that is, a* = (—b,a)".
Let ¢; be the (signed) outer angle of I" at X;, which can be computed by

@i =sgn(D)arccos(I), D=det(t; tiy1), I=t;-ti11.

Here, sgn is the signum function defined by

1 if x>0,
sgn(x) =<0 ifx=0,
-1 ifx<O.

We define the unit tangent vector T'; at X; as the unit vector parallel to and with the same direction as t; +#;; .
Since the length of #; ;1| can be computed as 2cos(¢;/2), we have

t,+t;
7= fittel 5 N
2cos(¢;/2)
We then define the unit outward normal vector N; by N; = —Til.

The length L[I'] of T is

Under the polygonal evolution law (S12), the time derivative d,.Z[I'] of L[I'] can be computed as
N .
O,L[T] zzizzlvisin? (S13)

Let X; = (X;+ X;_1)/2 be the midpoint of I';, and define the dual edge I'; by I'f = (X;,X;) U (X;, X} ;). The
length of I'} is rj = (r;+ri+1)/2. Then, we can rewrite (S13) as follows:

2sin(@;/2)

oLl = Virs.
1 T

1

-

1

Comparing this expression with
L] = / KV ds,
r

which is valid for smooth curves, we define the discrete curvature ;" on I'} by

o 251n(:p,-/2)

;
T

, i=1,2,...,N.
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Approximation of the Laplacian by central-finite differences

In order to compute the reaction-diffusion equation in the interface model, we introduce a uniform mesh

L

1
Xli:_2+<i_2>Axl7 i=12,...,Ni,

L o1 .
x2j:_22+<]—2>m27 J=12,...,No,

where Ax; := L;/N; for i = 1,2. Then, we approximate the Laplacian A by the central-finite differences; denoting

an approximation of u at (x1;,x2;) by u;;, we have

Ui1,j — 25+ i1y | Uijr1 — 205+ i
(Ax;)? (Axz)?

In addition, the periodic boundary condition is imposed as follows:

(Au)(x14,x25) = 52u,-j =

Uoj = uny,j, UN+1,j = Ulj, j:1527"'7N2’

Uuio = Ui n,, Ui Ny+1 = Ui, i:152)"'7N1'
As a result, the reaction-diffusion equation reduces to a system of ordinary differential equations:
du,- j

ar = 52u,-j—ku,-j+x51(x1i,x2j), i=1,2,...,Ny, j=1,2,...,N,.

Computation of the normal velocity
Normal velocities at vertices can be computed using the discrete curvature k; as

62 * \/E \/E in in
Vi= =T X ens) + 0 (197(0)] - 127(1)]).

where uyer,; denotes the value of u at X;, computed by the spline interpolation of {u;;}.

Computation of the tangential velocity by the uniform distribution method

To perform stable numerical computation, we need to set tangential velocities appropriately. Among several

choices, we adopt the asymptotic uniform distribution method.
Suppose that a set of real numbers {n;}Y_, satisfies

F N
- T = mexp(— f(NL1), [ml <1, Y.mi=0,
i=1

where f(N,t) satisfies lim,_,7_ f(N,T) = oo. Here, Tinax denotes a final computation time. One can also add the

assumption limy_,. f(N,t) = oo. By differentiating the above relation for ¢, we have

j— ST _ (Lm - r,-> O(N,1),

N N
where @(N,t) = d;f(N,t). On the other hand, 7; can be directly computed as
ii=Xi—Xi )t = Visinﬁ + Vi sin £=1 —i—W,cosﬂ —Wi_ cos 2L
2 2 2 2

Combining these two relations with a zero-average condition Y’ ; W; = 0, we obtain

N

AR i/2 Y+ W 2

pm— LT W= 1os(Q1/2) ;g3 Ny,
cos(¢1/2) ity (cos(i/2))~ cos(¢i/2)

where

2+N N

@j-1 , OLL] (L[]
: (

N .
lPl': Zl]/j, V= —Vjsin&—Vj,lsin
=2

—I"j>(l) (]:2,3,,]\7)
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Temporal discretisation
We adopt the second-order explicit discretisation method in time.

Runge—-Kutta method
In the first step only, we adopt the explicit second-order Runge—Kutta method, which offers the following discreti-
sation

At
yn+1 — yn _’_Atf(tn+l/27yn+1/2)7 yn+l/2 — yn + ?f(t”,y”)
for the ordinary differential equation
y=f({t.y)

Here, At denotes a (uniform) time increment, and " := nAt.

Adams-Bashforth method
Except for the first step, we adopt the second-order Adams—Bashforth method:

3 1
ynJrl yn 5 ﬁlf(l‘n,yn) 5 ﬁtf(trhl,ynil).
Temporal discretisation procedure

We discretise our problem in time using the two temporal discretisation methods mentioned above. Denote approx-
imations of u;; and X; at time ¢" by uj; at X; !, respectively.

1. Set initial values u?j and X?.

2. Compute ui]j and X' using the explicit second-order Runge—Kutta method,

1/2 1/2
u[lj — M?6 +At 62 // _ku / +kOSOXQl/2 ('xll?xz])
x! xt V1/2N1/2+W1/2N1/2 ’
ull/2 u?; d, 8%, —kulj —I—koS())(Qo(xlz,sz)
xi?) = \xb) VON? 4 WON? '
3. Forn > 1, compute u and X "1 using the Adams—Bashforth method,

U () 38T (8 b+ ksl (i)
xm) = \xy 2 V/'N} +W/'T}
A (d, 8%l ku?j_l+k0S0%gn—1(x1i’x2/)
2 V” IN?_l‘i‘VVIn_lT?_] .
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