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Supplementary Material

Supplementary Material to this paper provides additional details to better understand the modeling approach

and its numerical implementation.

3D fiber generation algorithm

According to the approach described in Dalbosco et al. 1 , the 3D representative volume element (RVE) of the

human brain white matter consists of a cube representing the brain ground matrix, with a randomly generated

network of axon fibers modeled by 1D truss elements.

The procedure starts by taking an individual fiber with diameter d(i), straightness parameter P(i)
s , in-plane and

out-of-plane angles Φ(i) and Θ(i) assigned by randomizing a value from the probability density functions (PDFs),

see Eqs. (1),(2),(4) in the paper. Then the RVE edge length La and the volume fraction of the axon fibers vf are

introduced. The axon volume fraction vf is the ratio between the volume of axons and the total volume of the RVE,

i.e.

vf =
∑Nf

i=1V (i)
f

Vm
=

∑Nf
i=1 πd(i)2

L(i)
f

4L3
a

, (S1)

whereVm is the volume of the ground matrix,V (i)
f is the volume of the i-th fiber, L(i)

f refers to its arc-length and Nf

is the total number of fibers. The human corpus callosum has a dense network of axon fibers that make up about

40% of its total volume2.

Within the cube, a random nucleation point is chosen and the direction of the i-th fiber is determined as

N(Φ(i),Θ(i)). The i-th fiber center line is then extended along the predefined direction until it crosses the bound-

aries of the cube and the coordinates of the two endpoints (X1(i),X2(i)) are used todetermine its end-to-end length

L(i)
0 . Based on the values of P(i)

s and d(i) the volume fraction v(i)f is then calculated. The process is repeated until

the target volume fraction vf is reached. The fiber generation algorithm is implemented directly in the finite ele-

ment (FE) analysis software Abaqus FEA 20183 via a custom Python code. Algorithm S1 summarizes the whole

procedure.
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Algorithm S1 Generation of the random axon fiber network

Require: La,µ,σ ,ξ ,a,b,α,β ,vf,dL
▷ Initializing
Vf = 0
vcurr

f = 0
i = 1
while vcurr

f < vf do
▷ Sampling parameters from PDFs

Sample diameter d(i) ▷ See Eq. (1)
Sample in-plane angle Φ(i) ▷ See Eq. (4)
Sample out-of-plane angle Θ(i) ▷ See Eq. (4)
Calculate fiber unit vector N(Φ(i),Θ(i))

Sample P(i)
s ▷ See Eq. (2)

▷Creating random fiber
Create nucleation point [X0] = [X0

1 ,X
0
2 ,X

0
3 ], with X0

k ∈ [0,La], k = 1,2,3
X1

k = X0
k

whileX1
k ∈ [0,La] do ▷ 1st vertex of fiber

X1 = X1−dLN
endwhile
X1(i) = X1

X2
k = X0

k
whileX2

k ∈ [0,La] do ▷ 2nd vertex of fiber
X2 = X2 +dLN

endwhile
X2(i) = X2

▷Computing fiber volume fraction
L(i)

0 = ||X1(i)−X2(i)||
L(i)

f = L(i)
0 /P(i)

s

Vf =Vf +πd(i)2
L(i)

f /4
vcurr

f =Vf/L3
a ▷ See Eq. (S1)

i = i+1, Nf = i
endwhile
returnNf,X1(i),X2(i),d(i),Φ(i),Θ(i),P(i)

s ,∀i ∈ [1,Nf]
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Figure S1. Visualizationof theRVEwith thenotationused foropposite faces, edges andcorners. Front face (F),Right face (R),
Upper face (U), Back face (B), Left face (L), Lower face (D) and a combination of these superscripts for referring to edges and
corners. Additional subscript c for the center nodes on each face.

Periodic boundary conditions

In the following, we report the periodic boundary conditions applied to the RVEof the brainwhitematter with

respect to the macroscopic deformations defined in the main article.

Each RVE contains 6 faces, 12 edges, and 8 corner nodes (shown in Figure S1). The front (F), right (R) and

upper (U) faces are considered as master faces with their associated slave faces back (B), left (L) and lower (D).

Edges and corners are marked with superscripts of the intersecting faces. The center nodes (additional superscript

c) on opposite faces follow the same displacement. Symmetric mesh is required on opposite faces of the RVE. The

linear constraint equations provided below correlate the displacement of nodes onmaster faces, edges, and corners

with respect to their associated node pairs on slave faces, edges and corners. The displacement degrees of freedom

at each node are defined as uk, k = 1,2,3.
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Center nodes:

uFc
k +uBc

k = 0 , (S2a)

uRc
k +uLc

k = 0 , (S2b)

uUc
k +uDc

k = 0 . (S2c)

Faces:

uF
k −uB

k −2uFc
k = 0 , (S3a)

uR
k −uL

k −2uRc
k = 0 , (S3b)

uU
k −uD

k −2uUc
k = 0 . (S3c)

Edges:

uFR
k −uBL

k −2uFc
k −2uRc

k = 0 , (S4a)

uFU
k −uBD

k −2uFc
k −2uUc

k = 0 , (S4b)

uFD
k −uBU

k −2uFc
k +2uUc

k = 0 , (S4c)

uFL
k −uBR

k +2uRc
k −2uFc

k = 0 , (S4d)

uRD
k −uLU

k +2uUc
k −2uRc

k = 0 , (S4e)

uRU
k −uLD

k −2uUc
k −2uRc

k = 0 . (S4f )

Corners:

uFRU
k −uBLD

k −2(uFc
k +uRc

k +uUc
k ) = 0 , (S5a)

uFLD
k −uBRU

k +2(uUc
k +uRc

k −uFc
k ) = 0 , (S5b)

uFRD
k −uBLU

k −2(uFc
k +uRc

k −uUc
k ) = 0 , (S5c)

uFLU
k −uBDR

k −2(uFc
k +uUc

k −uRc
k ) = 0 . (S5d)

In addition, the three center nodes are used on master faces to apply the different loading conditions. Specifically,
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we have

Tension/compression FF: uFc
1 =±(λ1−1)La/2 , (S6a)

Tension/compression TT: uRc
2 =±(λ2−1)La/2 , (S6b)

Shear TF: uUc
1 =±γ12/(2La) , (S6c)

Shear TT: uUc
2 =±γ21/(2La) , (S6d)

Shear FT: uUc
3 =±γ31/(2La) , (S6e)

where λ1,λ2 are the prescribed principal stretches along directions parallel to the x-axis and y-axis, respectively,

while γ12,γ21,γ31 denote the amount of prescribed shear.

Additional boundary conditions are applied to restrict the rigid body motion of the RVE. For all loading sce-

narios, one node is fixed in the center of the RVE and the center node on edge FU is fixed in direction y to prevent

rotation around the x-axis. In addition, the following constraints are applied:

Tension/Compression FF: uFc
2 = 0 ,uFc

3 = 0 , (S7a)

Tension/Compression TT: uRc
1 = 0 ,uRc

3 = 0 , (S7b)

Shear TF: uUc
3 = 0 , (S7c)

Shear TT: uUc
3 = 0 , (S7d)

Shear FT: uFc
1 = 0 . (S7e)

Homogenized stress computation

The homogenized first Piola–Kirchhoff stress tensor is calculated according to P = Pm + vfP̃f. First, the av-

erage stress tensors in the ground matrix Pm and in the embedded fibers P̃f are calculated based on the concept of

volume-averaging as follows

Pm =
1

Vm

∫
Vm

PmdV , P̃f =
1
Vf

Nf

∑
i=1

∫
V (i)

f

P̃(i)
f dV , (S8)

where Pm and P̃(i)
f can be derived from the respective strain-energy functions as

Pm =
3

∑
k=1

∂Ψm

∂λk
nk⊗Nk− pF−T , P̃(i)

f =
∂Ψ̃(i)

f
∂λ1

n1⊗N1− pλ−1
1 , (S9)
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with nk and Nk the eigenvectors of the left and right Cauchy-Green tensors and λk the square root of their eigen-

values4.

At this point we recall that the strain energy of the fibers has been corrected to take into account the stiffness

redundancy associated with the use of embedded elements. Based on the rule of mixtures, the total strain energy

of the RVE can be expressed as

W =
∫

Vm/Vf

ΨmdV +
N f

∑
i=1

∫
V (i)

f

Ψ(i)
f dV , (S10)

where Ψ(i)
f is the strain-energy function of the ‘actual’ i-th fiber. Based on the no-slip assumption, the matrix and

embedded fibers continuously deform; therefore, the stored energy of the ground matrix can be decomposed into

two parts, i.e.

W =
∫

Vm

ΨmdV −
Nf

∑
i=1

∫
V (i)

f

ΨmdV +
Nf

∑
i=1

∫
V (i)

f

Ψ(i)
f dV =

∫
Vm

ΨmdV +
Nf

∑
i=1

∫
V (i)

f

Ψ̃(i)
f dV , (S11)

where Ψ̃(i)
f = Ψ(i)

f −Ψm denotes the modified strain-energy function of the i-th embedded fiber appearing in

Eq. (S9).

In our implementation for Abaqus FEA, we derive the first Piola–Kirchhoff stress tensors in the groundmatrix

andembeddedfibersusingpull-backoperationson theCauchy stress tensors, givenasP= JσF−T 4. Preliminarily,

wehad to transform theCauchy stress tensors expressed in the local coordinate systemsof the elements to the global

system. In our model, fibers are embedded in the host mesh of the ground matrix. Therefore, we can distinguish

three coordinate systems: the global coordinate system, in which the host and embedded meshes are defined, with

basis{ek}k=1,2,3; a local coordinate systemof thehost element, inwhich the respective stress tensor is defined,with

basis {gk}k=1,2,3; a local coordinate system of the embedded truss element, with basis {vk}k=1,2,3, where v1 is the

fiber axis5. The stress tensor in the truss elements has only one component, which is defined in the local coordinate

system of the embedded truss element along the fiber axis v1. Because the basis of the local coordinate system of

the host element is alignedwith the basis of the global coordinate system,we just need to transform the stress tensor

in the truss elements to the global coordinate system, using the following matrix transformation

[σ](e) = [T][σ](v)[T]T , (S12)

where [σ](v) and [σ](e) are theCauchy stressmatrices in the local coordinate systemof the embedded truss element
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and in the global coordinate system, respectively, and the transformation matrix [T] is defined as

[T] =


v1 · e1 v1 · e2 v1 · e3

v2 · e1 v2 · e2 v2 · e3

v3 · e1 v3 · e2 v3 · e3

 . (S13)

Note that this operation is performed within the user-material subroutine at each integration point of the finite

elements and at each frame step of the analysis. We emphasize that othermethods proposed in the literature, where

thehomogenizedfirst Piola–Kirchhoff stress tensor is computed from the total reaction force6 in combinationwith

periodic boundary conditions, are fundamentally wrong.

Algorithm S2 summarizes the entire computation of the homogenized stress.
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Algorithm S2 Computation of the homogenized first Piola-Kirchhoff stress tensor
Require: Abaqus FEA field outputs from <analysis>.odb, vf

▷ Initializing
Vf = 0
Vm = 0
▷Cycling on step frames
for n ∈ [1,Niter] do

P̃f = 0, P∗f = 0
Pm = 0, P∗m = 0

▷Cycling on fibers
for i← 1 to Nf do

V (i)
f = 0

P∗(i)f = 0
▷Cycling on elements of each fiber

for j← 1 to N(i)
ele,f do

Calculate local coordinate system {v( j)
k }k=1,2,3

Compute transformation matrix [T( j)] ▷ See Eq. (S13)
Compute stress tensor P̃( j)

f in global coordinate system ▷ See Eq. (S12)
P∗(i)f = P∗(i)f +V ( j)

f P̃( j)
f

V (i)
f =V (i)

f +V ( j)
f

end for
P∗f = P∗f +P∗(i)f

Vf =Vf +V (i)
f

end for
▷Cycling on elements of ground matrix

for j← 1 to Nele,m do
P∗m = P∗m +V ( j)

m P( j)
m

Vm =Vm +V ( j)
m

end for
▷Computing average and homogenized stress tensors

P̃f = P∗f /Vf ▷ See Eq. (S8)
Pm = P∗m/Vm ▷ See Eq. (S8)
P = Pm + vfP̃f ▷ See Eq. (3)

end for
returnP,Pm, P̃f
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Inverse parameter identification

Figure S2 summarizes the inverse parameter identification algorithm.

Start

Initial guess µm, αm

Analytical solution

Compute squared error

χ2 = ∑N
n=1(P

exp
i j − Psim

i j )2
n

Experimental output

Convergence?

Ground matrix

parameters µm, αm

Update parameters µm, αm

Initial guess µf, αf

Finite element solution

Compute squared error

χ2 = ∑N
n=1(P

exp
i j − Psim

i j )2
n

Experimental output

Convergence? Update parameters µf, αf

Embedded fiber

parameters µf, αf

End

Yes

No

Yes

No

Figure S2. Flowchart of the two-step optimization process to identify the inverse parameters.
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