Appendix A

General formulation of the
transition rates

We first write Eq. making use of the following definition. n;, is the number of cells
that are not of clonotype ¢ and receive stimuli from self-pMHC g¢; that is, n,, = n, — ns,
so that Eq. (1)) becomes

AD(n) = 7 (A1)

ni+ nig
7€9; 7 iq

By writing the birth rate in this manner it is easy to see that it depends not only on
clonotype 7, but on all other clonotypes which compete for stimuli from self-pMHCs in
Qi-

For a fixed clonotype i, let us define C;, the set of all clonotypes in € except for 7,
C; = €\ {i}. Let us consider the subsets I;; of the power set, P(C;), which consist of
all elements with cardinality j = 0,1,2,...,n — 1; that is, I;; contains all the possible
subsets of € with j elements which do not contain clonotype 7. We define Il-kj as the
k-th element of I;; under the lexicographical order, for £ =1,2,..., (7’;1), since we note

that |[;;| = (”;1). Altogether, this means that IZ-’fj represents the k-th set under the
lexicographical order of j clonotypes in C;. As an illustrative example consider the set of
clonotypes € = {1,2,3,4,5}, and j = 3, then the sets in I35 are

[i,S = {13},3’ [??,37]5’,& [34,3}
- {{17 2, 4} ) {17 2, 5} ) {1747 5} ) {2747 5}}

The sets described in this example are shown in Figure [A.1]

These sets allow us to partition Q;, the set of self-pMHCs that stimulate clonotype i,
into sets, ij, of self-pMHCs that stimulate precisely clonotype ¢ and those in IZ These
ij sets are defined as follows

of= Q& n (ﬂgl) N (ﬂ@) , (A.3)

(A.2)

stimulates lEIZ lelk.
clonotype —_——— g
. v

stimulates all does not stimulate

clonotypes in I; 5 any other clonotypes
where Ifj is the complement of Iz-kj in €, and 9Q; is the complement of Q; in Q. By
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Figure A.1: Representation of the sets in I3 (blue) and their complement, E, in Cs
(red), for the case € = {1,2,3,4,5}. (A), (B), (C), and (D) correspond to the sets defined

in Eq. -

construction the sets ij are disjoint and their union is Q;, so that we can write

0= U 9% (A4)

With this partition we can now rewrite Eq. ({A.1]) as the sum of stimuli from self-pMHCs
that are shared with j = 0,1,...,n — 1 other clonotypes. In this way, we get a better
understanding of the competition for self-pMHCs between the 7 different clonotypes. We
have

()
n) =1, Z Z AL, (n (A.5)

where A¥. (n) is the fraction of stimulus provided to clonotype i by a self-pMHC ¢ that

ijq
it shares only with clonotypes in ]Z; We can then write
1
k
Azyq( ) =
ni+ Y m A ng,
lelf;

with nf‘] o defined as the number of cells not in € that receive stimulus from ¢ € Qf], that

is, N, = Ng—Ni— Y 15 T The product of Aj;, (n) and + is the homeostatic proliferation
stimulus provided to clonotype i by self-pMHC ¢, which also stimulates all clonotypes in
IZIE We can now subdivide the ij sets further by considering the number of clonotypes
not in € that can receive stimulus from ¢ € ij Let ijr with r =0,1,..., M denote the
set of self-pMHCs that stimulate clonotype %, the clonotypes in I Z, and r other clonotypes
in M. With these sets we can rewrite Eq. as follows

AD(n) = VZ DTN AL ). (A.6)



To simplify Eq. (A.6)) and for practical purposes, we will make a mean field approximation
as discussed in [11]. Let us define the following quantities, average and variance of nf,,
over the set of ¢ € QF;,:

Ef]r [ Z]q zgéu (A?EL)
KGQZT
2
ijr[ Uq = Z ij W‘ [nqu}) ) (A'7b)
UT 2eQk.

ijr

respectively. Then, making use of Eq. (A.7a), Eq. (A.7D]), the Taylor series of Awq( n) as
a function of nqu, and the properties of the expected value [2, Chapter 2|, we rewrite the

sum of A}, (n) as follows

1
AF =|QF
zk: wq | T Z+ Z n _’_E”T[ Z]q}
9€9;5, ek,

(A.8)
Vi [45q]

(nz + > m+EL, [n W])

leI’c

+

3+

Our first assumption is that the first term in Eq. - A.8) dominates the sum. This assump-
tion stems from the fact that in carrying out the mean field approximation, VW [ fj q} is
considered to be small. Since it appears as a factor of the second and subsequent terms,
we consider them to be small as well. The second assumption is that given r, the average
number of cells per clonotype in M competing with ¢ and all clonotypes in ]fj for stimuli

from self-pMHC ¢ € QW is the same as the average clonotype size; that is

EZT [ Uf]] = r(n), (A.9)

where (n) is the average clonotype size in M [11]. From Eq. (A.9) and our assumption
in Eq. (A.8) we can write

|Qk
Ak ~ ur . A.10
2 M)~ S 0
9€Q3;, lelk,
ij
The next step is to find an expression for |QF |. In order to do so, we first need to find

igr

one for |sz|' Let pl] denote the probability that a randomly chosen self-pMHC in Q; will
provide stimuli to all clonotypes in IZ This probability can be defined in terms of the
cardinality of the ij sets as follows

|9F

e 193]
Pi; = 9,




and from Eq. (A.4]) we have

<

Il
<)
>

=1
Let us now consider the probability p.;;, that a clonotype in M is stimulated by a self-
pMHC in QF.. That is, any clonotype chosen at random from M is stimulated by a self-
pMHC in Q;;, with probability p. ;. It is clear that the number of self-pMHCs in Qf]r
follows a blnomlal distribution, Binomial(M, p.;;x), since it is the sum of M independent
Bernoulli experiments, each with probability p.j;;z. Thus, we can write

‘Qm |QZ’ <]\f> (p-|ijk>T (1 - p-ijk)M_T- (A.11)

Under the assumption that the number of modelled clonotypes is small compared to
the total number of clonotypes, i.e., n < M, we can use the Poisson approximation by
introducing the parameter l/fj = Mp.ijk, so that we can write

vk Te—ukj
| z]r| sz]|Q |% (A12)

We call ij the mean niche overlap for self-pMHCs that stimulate clonotype ¢ and all

clonotypes in Ifj [11]. Let ¢; = v|Q;|, then from Eq. (A.6), Eq. (A.10]), and Eq. (A.12))
we obtain

(A.13)

We make use of this result to approximate the birth rate of clonotype ¢ defined in Eq.
as follows

n 1)
- g M (yk.)T 1
n Z [AA2) 1] | . .
== —~ 7l on+ > g+ rin)

lelk,
Note that from the definition of ¢; we have
YN =l 1Q:] = pler.

Then, for any pair of clonotypes i, i’ in € and a pair of sets IF;, [f],, such that I} U{i} =

I k', U {i'}, we have the following relation

goz-pfj = goi/pf//j,. (A.15)

This constraint comes naturally from the fact that, while the sizes of Q; and Q; can
be different, the stimuli provided by Qf; and QX v is the same if I} U {i} = Iﬁ;, u {i'}.
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Furthermore, for any pair of clonotypes i, ¢’ in €, and a pair of sets Ifj, Iﬁj,, such that
Uiy =1 ,ﬁ;, U {i'}, we also have the following constraint for their mean niche overlap
parameters
yfj = yf,/.,_ (A.16)
The mean niche overlap is a characteristic of self-pMHCs and not of clonotypes, and
therefore its value depends only on the sets ij and Qf,/j,, and not on the specific clonotypes
7 and 7.
The birth and death rates of the process X, which have been defined in Eq. and
Eq. , respectively, can be simplified for two limiting cases. The first one is that in
which ij < 1 for all v¥. We call this the “hard niche” case, which is characterised by

j
low competition with clonotypes in M. In this case Eq. (A.14)) simplifies to [11]

n—1 (ng_'l) p’?
A0 — M S — A17
W S (A7
IR lerk

The second case, when l/fj > 1 for all ij, is called the “soft niche” case, where there
is increased competition with clonotypes in M. In this case we approximate Eq. (A.14)

by [11]

-1 ("7") o
n wnjz%;m—i-an—i-ufj(n) (A.18)
T lerk,



Appendix B

Exact calculation of the QSD

First, we note that the probabilities defined in Eq. follow the Kolmogorov differential
equations

dpy !
p ZA o Pp—n (1) + Zﬂnw P (t
=1

and that from Eq. we can derive the following system of differential equations

dgn (1) _ ipn(t)
At dtpg(?)
1 dpa(t)  qu(?) dpﬁ(t).

M:

QR ,un u(t), (B.1)

=1

(B.2)

Tty At pg(t) di

Then, we can use Eq. (B.1)) to find an expression for Eq. (B.2)) in terms of the birth and
death rates of the competition process, A and uﬁf), as follows. For the first term of

Eq. (B.2)) we obtain

1 dpn . %
Z )‘n( i) qn (=9 (t) + Z Mi?ﬂ') ncr (1)
pa(t) — -

, (B.3)
=2 (W + ) an®).

For the second term of Eq. (B.2)), we first use the law of total probability to rewrite pz(t)

as
pa(t) =1=Y palt). (B.4)

neA
However, since we are considering the competition process conditioned on non-extinction,
our boundary is the set of states where only one clonotype has become extinct. Thus,
when we calculate p;t( the only relevant transitions are to states in which only one
clonotype has become extinct. Let us, then, define A; as the set of states where only

clonotype ¢ has gone extinct; that is, we write for 1 <¢ <n

Ai={nec8:n=0,n, >0 Vk#iwithl <k<n}. (B.5)



For the sake of computing pz(t), one can consider that states in A; are absorbing for all
1 <i <, and then rewrite Eq. (B.4) as

If we take a derivative with respect to t, we can write

t iU ;
D 3) YT RU) (B.6)
i=1 neA;
We make use of Eq. and Eq. to show that the second term of Eq. (B.2) is
() dp(t ! i
0 pﬂ( ) = —qu(?) Z Z /’LEII)(+i)Qm(+i) (t). (B.7)

pﬁ(t) dt =1 meA;

Note that we are only considering death events for clonotypes of size one. Then by Eq.
we can further simplify Eq. to obtain

(t) d]% = _Qn Z Z Msz(-H) (B'8)

(t i=1 meA;

Substituting Eq. (B.3)) and Eq. (B.8§)) in Eq. (B.2) we have

dqn(t) il (
T = Z )\n( i) dn(~ Z) + Z o) Qn(ﬂ)

i=1
1

=2 (W + i) ®)

=1

+ a(?) Z Z HiGm o (t)

i=1 meA;

~—

J |8

The limiting conditional distribution (LCD) of the process is the limit as ¢ — 400 of
qn(t) [3]. If this limit exists, the resulting probability distribution is a QSD of the process,
which in the case of a Markov process with finite state space is unique and therefore equal
to the LCD [3]. Now, if there exists a probability distribution ¢ such that Znes\ 4G =1,
that also satisfies

n n
0= Z Al(ql()fi)qvn(_i) + Z NS()H) I+
=1 =1
n n

SO 1) G+ @ DY il (1),
i=1 meA;

i=1

(B.9)

then, it is a QSD of the process. Finding an analytical solution of Eq. is in general
not possible, and thus, the QSD will be numerically approximated.



Appendix C

Position of states within levels with
no extinction

For a given state n = (ny,na,...,n,) in level LO(k), its position within the level under
the colexicographical order is given by

posy (1, 7) :k%n [Z(n —)(k—n+1)""

+Z — D1 — (k—n+ 1)~ 1)] (C.1)

[ B ()

for k > 1 > 3. Since there is only one state in L°(n), n = (1,...,1), we define pos, (n,n) =
1 for n € L°(n). Then, from Eq. and Eq. (C.1]) we have that the position in A® of a
state n € LO(k) is given by



Appendix D

Approximation of the QSD with an
auxiliary process

From any state n € L°(k) the process can only move to states in the adjacent levels
L%(k—1) and L°(k+ 1), respectively. This means that the infinitesimal generator matrix
of process XV, QU for j = 1,2, is of quasi-birth and death type [7, [10], and can be
written as

il
An]-i-l,n A Jﬂ)—l,n—i—l A in)-l,n+2 0
J J
QU — 0 An+?,n+1 An+?,n+2 0 ’ (D.1)
0 0 0o - A%(X)I,N
| 0 0 0 Ajf,’N i

where 0 are zero matrices of the appropriate sizes, and the A,(Cj ,)C/ sub-matrices are defined
as follows: first, let n denote the state in L°(k) such that pos,(ng,n) =4, and e, be the
(-th element of the standard basis. Then, we define the sub-matrices as

e Forn+1<k<N
‘7 14 3 7
(A(j) ) _ “il;(c i n, , =n;—e
Ek—1) . .
wp 0 otherwise.

o forn<k<N-1

’ P 0 otherwise.

o forn <k<N

n
: — (YN O it =,

p
0 otherwise.

Finally, given this quasi-birth and death matrix structure, the stationary probability
distributions of X*) and X can be computed with a linear level-reduction algorithm [4],
an outline of which is given in Algorithm [D.1]

9



Algorithm D.1 Linear level-reduction algorithm to calculate the stationary probability
distribution of the approximating process X).

HY - A7,
fork=N-1,N—-2,....ndo

. . . . —1 .
ch]) = Al(fjl)v - Agcj,l)c-‘rl <ng]421> Al(cj-i)-l,k

end for
a* =1

fork=n+1,...,N do
: ) , N -1
w0 = —aiAl,, (1))

end for
for k=n,...,N do
. ()
= T
> oy
i=nj=1 "’
end for

10



Appendix E

Certainty of absorption of X

We show that the competition process reaches the absorbing state, (0,...,0), with cer-
tainty using the method described in [9]. First, we partition the state space 8 into levels

defined by
n
L(k) = {(nl,...,nn) €8:) mi= k}
=1

for k=0,1,2,..., so that § = |, L(k). Now, let us define

n
X, = AD |, = mi @ E.1
‘ nrggé){z { } m n@;&){; ud b (B.1)

for & > 1, and since L(0) = {(0,...,0)}, we have that A\ = uj = 0. Equipped with
these rates we can define a uni-variate birth and death process on the state space 8§ =
{L(k): k=0,1,2,...}, which considers each level L(k) as a single state, with birth rates
A, and death rates p) (see Figure . From the definition of these rates, this uni-
variate birth and death process moves towards L(0) at a slower rate than the original
process [9]. Thus, if the birth and death process shown in Figure is absorbed at L(0)
with probability 1, then our competition process X is also absorbed with certainty.

A Ay A1 Ak
A —4A /ﬂ — 4
L(0) L(1) L(2) : L(k)
Hy ) M3 M, My

Figure E.1: Uni-variate competition process defined on the state space § =
{L(k):k=0,1,2,...} with the rates defined in Eq. (E.1)).

Theorem 3 of Reference [9] states that a sufficient condition for absorption at L(0) to
be certain is that the sum

+o00 1
Voo (E.2)
k=1 "kCFK
NN, -
where 0, = W for kK > 2 and o, = 1, is divergent.
23 Mk
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First, notice that A is bounded by

15 50 SIS ol -
Sﬁzz]0k1 i — ni+ >, ng+rin)
leI{“j

£ (k)"
<somzz Zpk =Y (V;],) n%

]Okl r=0

"
_goznzz Z 'i_@iv

j=0 k=1 i

so that
n n
= max )\“ < iy
o {30 <3
and
:JSE%{Zu }‘Jé%“ {Zumz} =

where p* = min;—y o, {p:}. From Eq. (E.3) and Eq. (E.4) we obtain

and

(E.4)

as k increases. Thus by the ratio test this series diverges, which by Eq. (E.5) implies
Eq. (E.2) also diverges, and by [9, Theorem 3] extinction of all clonotypes is certain at

sufficiently late times.
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Appendix F

Finite mean time to absorption of X

Having shown that extinction is certain for the process in Appendix [E] we can then
analyse the time to extinction. Consider the state n = (n4,...,n,) € 8§ and let 7, be the
mean time to extinction of all clonotypes, if the initial state is n. Equivalently, 7, is the
mean time to reach the absorbing state from state n. Theorem 4 of Reference [9] states
that 7, is finite for all n that have at least one non-zero entry if

+oo
Z o < +00,
k=1

where the o; are the same as in Appendix [E| Using Eq. (E.3)) and Eq. (E.4) we obtain

then

bk+1 =1

— 0

as k increases and the series converges by the ratio test. Thus, by [0, Theorem 4] the mean
time to extinction of all clonotypes from any non-zero initial state is finite. Furthermore,
we can use the uni-variate process in Figure to find an upper bound on the mean
time to extinction. Using the expression for the mean time to extinction of a uni-variate
process [8], we can say that 7, < 7/ for n € L(m), where

+oo 1 +o0 1

-1
DD DY

i=1 =1 k=j+1

NPk ’

with p; = 1, and pp = Hf:o % for k > 2.

13



Appendix G

Mean time to first extinction event

In this section, we are interested in the mean time to the first extinction event. Let X(t)
and W, be random variables describing the state of the system at time ¢ and the waiting
time from the j — 1-th event to the j-th event, respectively. We denote by T}, the random
variable that describes the time to the first extinction event, starting from state n € 8\ A.
We have
To=inf{t >0: X;(t) =0 for some i | X(0) =n}.

Then, by the law of total probability we can express the mean time to extinction starting
in state n, E [T,], as

o= E[T] =E[W]+ > E[Tw|X(0) = n, X(W)) = m] pam, (G.1)

mes§

where pnm is the transition probability from n to m in the embedded Markov process [1I;
that is, pnm can be written as

’\AS), if m = n(+,
(z .
Pnm = MAL,,’ ifm= Il(_z), (G2)
0, otherwise,
where A, = Y7, ()\g) + /LEP). From Eq. (G.1) we can obtain the following set of
difference equations
1 &Y L
Th =+ Z ~Tato + Z A Tn(-0- (G.3)
Ay i=1 An i=1 An

Thus, the mean time to extinction from state n is defined in terms of the mean time to
extinction of its adjacent states. This set of equations also has the boundary condition
that 7, = 0 if n; = 0 for any 1 < ¢ <. We can rewrite Eq. (G.3) as follows

n 7
—1=—Apta+ Y Ao + ) o
i=1 =1

It is easy to see that this system of equations can be represented as a matrix equation
of the form M7 = 1, from which we can solve for 7 numerically exploiting the fact that
the matrix of coefficients M is sparse.

14



Appendix H

Calculation of the distribution of
clonal sizes at the time of the first
extinction event

To compute the probability of each clonotype to be the first one becoming extinct, first
we truncate the infinite state space 8, following a similar approach to that in [5, [6].
In particular, we consider only states which have at most N, cells in total; that is, we
consider a reflecting plane > 7 n; = N., and define N; as the minimum value such that

iP(X(t) eLk): VE>0)>1—c¢, (H.1)
k=n

is satisfied; that is, V. is the level of the QSD for which Ugin L(k) captures at least 1 —¢
of the mass of the probability distribution. To compute N, we use a similar approach to
that presented in [5], [6]. Since we will be calculating two different approximations of the
QSD (see Section , we will choose N, to be the maximum between the values that
satisfy Eq. for each of the approximations.

Let us consider the subsets A' = |J!_, A; and A°, as defined in Eq. and Eq.
respectively, and define the indicator function 1,40(n) as follows

1, ifnec A",
1A0<n)_{0 ifne Al

We then consider a modified competition process, X = {()v(l (t),... ,)v(n(t)> St > O}, on
the state space A° U A, with birth and death rates given by

AD =1 0(m) - AD,
.

i =140 (n) - p;

that is, this process behaves exactly as the original competition process X until a clonotype
becomes extinct, at which point the process X comes to an end. Let the random vector

X(t) = (Xl (1), ... ,Xn(t)) describe the population of all clonotypes being modelled at

15



time ¢t. We first define a position function for states in A; (see Appendix , which we
use to define the general position function as follows

pOs 40(n, 1) ifneA°

n
H.2
pos () + (V) ifn € AL 2

POS goya1 (n, 77) = {

With the states ordered as indicated by Eq. (H.2), and if we define the embedded Markov
process of X, Y = {Y(s): s=0,1,2,...}, the transition matrix of Y is given by

. [P R
P-lo i)

where P is a |A°| x |A°] matrix whose entries are the transition probabilities of states
within A%, R is a |A°| x |A'| matrix whose entries are the transition probabilities from
a state in A° to a state in A', 0 is the |A!| x |A°] zero matrix, and I is the identity
matrix of size |A'|. Let U® be the |A° x |A!| matrix of probabilities to reach every
absorbing state after at most s steps, where a step is defined as a birth or death event
for any clonotype. That is, for a pair of states n € A° and m € A! we have

U , =P{Y(s)=m | Y(0) =n}.

Pos 40 (n),pos 41 (m

Then, we can write U®) as follows

s—1
Uu® = (Z Pk> R.
k=0

If we make use of the fundamental matrix W = (I — P)~! associated to P [8], we find
that
U= lim U® = WR,
S—+00
and thus, we can find the matrix of probabilities to reach each absorbing state in A!
given any initial state in A°, U, by calculating

U=(I-P)'R. (H.3)

Note that the matrix U has a block structure and can be written as U = [Ul Uz ... Uﬂ ,
where U’ is the matrix of absorption probabilities from A° to A;. That is, the entry in
row ¢ and column j of U’, (U’), ., is given by

(UZ)M = SETOOIP’{Y(S) =m | Y(0) =n},
where poso(n) = ¢ and posyi(m) = j, for 1 < ¢ < |A°| and 1 < j < |A'|. Thus, each
row of U adds up to 1 and represents the distribution of clonal sizes at the time of the
first extinction event, with the initial state whose position is given by the row number.
Furthermore, given the block structure of U, each row of U’ contains the probabilities of
clonal sizes for the surviving clonotypes when clonotype i is the first to become extinct.

16



To solve the matrix equation (I — P)U = R, note that I — P is of quasi-birth and
death type and can be written as

[ 1, ~B,,1 0 |
s | . 0
0 -B S 0
I — P - . T]J'r2777+1 . ) (H4)
0 0 ... _BNg—l,NE
|0 0 .. Iyn.

where Ij, is the identity matrix of order LY x L9 0 are zero matrices of the appropriate
sizes, and the By ;s matrices are defined as follows: let nj, denote the state in L°(k) such
that pos,(ni,n) = i, then

o forn+1<k< N,
(Bk,k—l)ij = pn};ni_la

o forn <k<N.—1

(Bk,k—&-l)ﬁ = pninz+l7
where Prind_, and Puini ., are the transition probabilitées given by Eq. (G.2). The matrix
R has the foom R = [R' R? .- R7"], where R’ is the matrix of transition prob-
abilities from A° to A;. The R’ matrices are diagonal by blocks and can be written
as

:7#7—1 10 0 ce 0

| 0 i, 0 e 0

R' = 0 0 Rojonin o 0
L 0 0 O A R:L}VS,NE—l_

We now define the Rj ;_; matrices. Let us first introduce nj to denote the state in
L°(k) such that pos,(nj,n) = ¢, and m{, denote the state in L'(k) C A;, such that
posy(my,,n — 1) = £. Then, for n < k < N., we define

( 2,k71>ab = pn‘,ﬁmi”k717

where Prgmt, is the transition probability given by Eq. (G.2)). The structure of U allows

us to make use of a linear level-reduction algorithm to solve Eq. one U’ block at a
time. An outline of the algorithm is given in Algorithm [H.I Finally, making use of the
structure of U, the probability of clonotype ¢ being the first to become extinct starting
in state ny € A°, denoted by U;O, can be calculated as follows

| Al

ufﬂo = Z (Ui>posﬂo(no),j ’ (H5)

J=1

where (U"), ; denotes the entry of the matrix U’ in the ¢-th row and j-th column.

17



Algorithm H.1 Linear level-reduction algorithm to calculate U.

Hy, =Ipg
for k=N.—1,N.—2,...,ndo
Hy, =19 - Biii1Hif Bk
end for
fori=1,2,...,ndo
for j=n—1,n7,...,N.—1do
K§V57j = Rﬁvs,j
for k=N.—1,N.—2,...,ndo
K; =B H [ K, + R}
end for
i py-lyei
Uw’ - Hn Kn,j
fork=n+1,1n+2,...,N. do
U,;C:J - lel(Ki,J + Bk’,k—lU}g,Lj)
end for
end for
end for

18



Appendix 1

Position of states within levels with
a single extinct clonotype

We start by ordering the absorbing states as follows
Ay <Ay <o <A < Ay, (L.1)

and noting that we can bijectively project these sets onto a space of dimension n — 1
by removing the i-th element (which is the population of the clonotype that has become
extinct). We will denote the projected element by n and the projected set by A;. Given
that A; has the same structure as A, we can organise it in ordered levels as follows

L'(n—1)<L'(n) < L'(n+1) < --- < L"(N. — 1).

The last level we can consider is N, — 1, since for a state to reach L'(N.) there must have
been an extinction event from a state in L°(N, + 1), which is not part of the state space
for the process with the reflecting boundary. The number of states in level k is given by

=iewi=(175),

and the total number of states in A; under the reflecting boundary is

A;| = Nf L= Nf (‘g_ 1) = (Nf a 1). (1.2)

{=n—1 l=n—1 U 2 n— 1
Then, the position in A; of a state i € L*(k) is given by
k-1
pos 4, (A, 7 — 1) = pos, (A, — 1) + Y L},
i=n—1
and by reversing the projection of A; onto A; we have
posy,(n,n) = pos; (A7 —1). (1.3)

From Eq. (L)), Eq. (L.2), and Eq. we have that the position of state n € L'(k) C A;
in A! is given by A
Pos q1(1,7) = posy, (n,7) + (i — 1)|A;|
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Appendix J

Calculation of the distribution of
divisions before extinction of a
clonotype

The distribution of divisions before extinction is an indicator of how much proliferation
takes place before the extinction of a T cell clonal family. To calculate this distribution
probability we use the truncated state space defined in Appendix [H Given a fiducial
(fixed but arbitrary) initial state, n € A°, we denote by Dgig(n) the probability that
clonotype 7 divided d times in at most s steps before becoming extinct if it had an initial
size of n. We write

(s) clone 7 divided d times in at most
D(n) =P . .
bd s steps before becoming extinct

X(0) = n) . (J.1)

Since a cell of clonotype ¢ can divide after the extinction of other clonotypes, we must
consider the complete state space, 8, with a reflecting boundary at » " ,n; = N.. To
order the elements of 8, note that we can bijectively map an element n € 8 to A° by
adding e = (1,...,1) to n. Then, the position of state n in the k-th level of 8, is given
by

posg (1N, 1) = pos,,(n + e, 7).

With this bijection we can make use of the levels defined in A° (see Eq. (C.1)). We

consider 952 as the vector built from entries 91('2(“)» for each n € §. We make use of
the level structure to divide it into sub-vectors corresponding to the states in each level

of 8, that is
-

©) _ [p© o )
Di,d - [Di,d,07 Di,d,l’ e Di,d,Ng )

where Dg‘?k is the vector of probabilities for n € L(k). Since we are interested in the
probability of clone ¢ dividing, we will not consider the usual transition matrix, but
instead we will separate it into the vector of probabilities for division in clonotype i, and
the sub-stochastic matrix P of all transition probabilities except those for division in
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clonotype 7; that is,

0O 0 0 O 0
ci, o ci) o 0
. o ciy o cl 0
PO — 2 23 , (J.2)
0 0 0 O cy
0O 0 0 O 0

where 0 are zero matrices of the appropriate sizes and the C,(;)k, matrices are defined as
follows: let nj, denote the state in L(k) such that posg ,(nj,n) = ¢, then

o for 1 <k <N,

. . ¢
(c,) = {Pminis (nt); >0,
e 0 otherwise.

e for 1 <k<N.—1

(Cl(;)k 1) _ ) Pufn] if (ni)i > 0 and <n£>i - (nii-f'l)i’
4 0 otherwise.

We note that given that we are calculating the probability of division before extinction,
all transition probabilities for a state in which clonotype 7 is already extinct are zero. We
calculate the distribution recursively on the number of divisions before extinction. Thus,
we first define the vector d(()z) as the vector containing the probability that in zero steps
clonotype ¢ will become extinct. We write

0 posg 1, (1,7) 0, otherwise.

Then, the probability that clone ¢ will not divide before becoming extinct in s or fewer

steps is given by
oy - (3o ) e

J=0

If we make use of the fundamental matrix associated to P, W = (I — P(i))_l, we
have

which leads to . A
(1-PD) D, =df.

This expression allows us to solve for the probability of extinction of clonotype ¢ after 0
divisions, D; o:

Do = (I-PW) ", (J.3)
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For ¢ > 0 divisions, we define the vector containing the probability of clonotype ¢ becom-
ing extinct after ¢ divisions given that it has divided once, as follows

(d?)) = PantoDie1 (mF)
posg i, (n,1)

Then, the vector of probabilities of clonotype ¢ becoming extinct after ¢ divisions, D, g,
satisfies the recursive equation

-1

Diy=(1-PP)" al". (J.4)

Finally, with the use of an adapted version of Algorithm , we can solve Eq. (J.3]) and
Eq. (J.4) recursively until the number of divisions reaches ¢, 5, such that

En,&
> Dig(n) >1-5,
d=0
with n the initial state under consideration. The values D;4(n) for d = 1,2,... ;s

describe the probability distribution for the number of divisions of clonotype i before its
extinction with initial state n.
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