
Appendix A

General formulation of the
transition rates

We first write Eq. (1) making use of the following definition. niq is the number of cells
that are not of clonotype i and receive stimuli from self-pMHC q; that is, niq = nq − ni,
so that Eq. (1) becomes

Λ(i)(n) =
∑
q∈Qi

γ

ni + niq

. (A.1)

By writing the birth rate in this manner it is easy to see that it depends not only on
clonotype i, but on all other clonotypes which compete for stimuli from self-pMHCs in
Qi.

For a fixed clonotype i, let us define Ci, the set of all clonotypes in C except for i,
Ci := C \ {i}. Let us consider the subsets Iij of the power set, P(Ci), which consist of
all elements with cardinality j = 0, 1, 2, . . . , η − 1; that is, Iij contains all the possible
subsets of C with j elements which do not contain clonotype i. We define Ikij as the

k-th element of Iij under the lexicographical order, for k = 1, 2, . . . ,
(
η−1
j

)
, since we note

that |Iij| =
(
η−1
j

)
. Altogether, this means that Iki,j represents the k-th set under the

lexicographical order of j clonotypes in Ci. As an illustrative example consider the set of
clonotypes C = {1, 2, 3, 4, 5}, and j = 3, then the sets in I3,3 are

Ii,3 =
{
I13,3, I

2
3,3, I

3
3,3, I

4
3,3

}
=
{
{1, 2, 4} , {1, 2, 5} , {1, 4, 5} , {2, 4, 5}

}
.

(A.2)

The sets described in this example are shown in Figure A.1.
These sets allow us to partition Qi, the set of self-pMHCs that stimulate clonotype i,

into sets, Qk
ij, of self-pMHCs that stimulate precisely clonotype i and those in Ikij. These

Qk
ij sets are defined as follows

Qk
ij = Qi︸︷︷︸

stimulates
clonotype i

∩
(⋂
l∈Ikij

Ql

)
︸ ︷︷ ︸
stimulates all

clonotypes in Ikij

∩
(⋂
l∈Ikij

Ql

)
︸ ︷︷ ︸

does not stimulate
any other clonotypes

, (A.3)

where Ikij is the complement of Ikij in Ci and Qi is the complement of Qi in Q. By
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Figure A.1: Representation of the sets in I3,3 (blue) and their complement, Ik3,3, in C3

(red), for the case C = {1, 2, 3, 4, 5}. (A), (B), (C), and (D) correspond to the sets defined
in Eq. (A.2).

construction the sets Qk
ij are disjoint and their union is Qi, so that we can write

Qi =

η−1⋃
j=0

(η−1
j )⋃

k=1

Qk
ij. (A.4)

With this partition we can now rewrite Eq. (A.1) as the sum of stimuli from self-pMHCs
that are shared with j = 0, 1, . . . , η − 1 other clonotypes. In this way, we get a better
understanding of the competition for self-pMHCs between the η different clonotypes. We
have

Λ(i)(n) = γ

η−1∑
j=0

(η−1
j )∑

k=1

∑
q∈Qk

ij

Λk
ijq(n), (A.5)

where Λk
ijq(n) is the fraction of stimulus provided to clonotype i by a self-pMHC q that

it shares only with clonotypes in Ikij. We can then write

Λk
ijq(n) =

1

ni +
∑
l∈Ikij

nl + nk
ijq

,

with nk
ijq defined as the number of cells not in C that receive stimulus from q ∈ Qk

ij; that
is, nk

ijq = nq−ni−
∑

l∈Ikij
nl. The product of Λ

k
ijq(n) and γ is the homeostatic proliferation

stimulus provided to clonotype i by self-pMHC q, which also stimulates all clonotypes in
Ikij. We can now subdivide the Qk

ij sets further by considering the number of clonotypes
not in C that can receive stimulus from q ∈ Qk

ij. Let Q
k
ijr with r = 0, 1, . . . ,M denote the

set of self-pMHCs that stimulate clonotype i, the clonotypes in Ikij, and r other clonotypes
in M. With these sets we can rewrite Eq. (A.5) as follows

Λ(i)(n) = γ

η−1∑
j=0

(η−1
j )∑

k=1

M∑
r=0

∑
q∈Qk

ijr

Λk
ijq(n). (A.6)
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To simplify Eq. (A.6) and for practical purposes, we will make a mean field approximation,
as discussed in [11]. Let us define the following quantities, average and variance of nk

ijq

over the set of q ∈ Qk
ijr:

Ek
ijr

[
nk
ijq

]
:=

1

|Qk
ijr|

∑
ℓ∈Qk

ijr

nk
ijℓ, (A.7a)

Vk
ijr

[
nk
ijq

]
:=

1

|Qk
ijr|

∑
ℓ∈Qk

ijr

(
nk
ijℓ − Ek

ijr

[
nk
ijq

])2
, (A.7b)

respectively. Then, making use of Eq. (A.7a), Eq. (A.7b), the Taylor series of Λk
ijq(n) as

a function of nk
ijq, and the properties of the expected value [2, Chapter 2], we rewrite the

sum of Λk
ijq(n) as follows

∑
q∈Qk

ijr

Λk
ijq(n) =|Qk

ijr|

 1

ni +
∑
l∈Ikij

nl + Ek
ijr

[
nk
ijq

]

+
Vk

ijr

[
nk
ijq

](
ni +

∑
l∈Ikij

nl + Ek
ijr

[
nk
ijq

])3 + · · ·

 .

(A.8)

Our first assumption is that the first term in Eq. (A.8) dominates the sum. This assump-
tion stems from the fact that in carrying out the mean field approximation, Vk

ijr

[
nk
ijq

]
is

considered to be small. Since it appears as a factor of the second and subsequent terms,
we consider them to be small as well. The second assumption is that given r, the average
number of cells per clonotype in M competing with i and all clonotypes in Ikij for stimuli
from self-pMHC q ∈ Qk

ijr is the same as the average clonotype size; that is

Ek
ijr

[
nk
ijq

]
= r⟨n⟩, (A.9)

where ⟨n⟩ is the average clonotype size in M [11]. From Eq. (A.9) and our assumption
in Eq. (A.8) we can write

∑
q∈Qk

ijr

Λk
ijq(n) ≈

|Qk
ijr|

ni +
∑
l∈Ikij

nl + r⟨n⟩
. (A.10)

The next step is to find an expression for |Qk
ijr|. In order to do so, we first need to find

one for |Qk
ij|. Let pkij denote the probability that a randomly chosen self-pMHC in Qi will

provide stimuli to all clonotypes in Ikij. This probability can be defined in terms of the
cardinality of the Qk

ij sets as follows

pkij =
|Qk

ij|
|Qi|

,
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and from Eq. (A.4) we have

η−1∑
j=0

(η−1
j )∑

k=1

pkij = 1.

Let us now consider the probability p·|ijk that a clonotype in M is stimulated by a self-
pMHC in Qk

ij. That is, any clonotype chosen at random from M is stimulated by a self-
pMHC in Qk

ij, with probability p·|ijk. It is clear that the number of self-pMHCs in Qk
ijr

follows a binomial distribution, Binomial(M, p·|ijk), since it is the sum of M independent
Bernoulli experiments, each with probability p·|ijk. Thus, we can write

|Qk
ijr| = |Qk

ij|
(
M

r

)(
p·|ijk

)r(
1− p·|ijk

)M−r

. (A.11)

Under the assumption that the number of modelled clonotypes is small compared to
the total number of clonotypes, i.e., η ≪ M , we can use the Poisson approximation by
introducing the parameter νk

ij = Mp·|ijk, so that we can write

|Qk
ijr| ≈ pkij|Qi|

(
νk
ij

)r
e−νkij

r!
. (A.12)

We call νk
ij the mean niche overlap for self-pMHCs that stimulate clonotype i and all

clonotypes in Ikij [11]. Let φi = γ|Qi|, then from Eq. (A.6), Eq. (A.10), and Eq. (A.12)
we obtain

Λ(i)(n) ≈ γ

η−1∑
j=0

(η−1
j )∑

k=1

M∑
r=0

pkij|Qi|
(
νk
ij

)r
e−νkij

r!

1

ni +
∑
l∈Ikij

nl + r⟨n⟩

= φi

η−1∑
j=0

(η−1
j )∑

k=1

pkije
−νkij

M∑
r=0

(
νk
ij

)r
r!

1

ni +
∑
l∈Ikij

nl + r⟨n⟩
.

(A.13)

We make use of this result to approximate the birth rate of clonotype i defined in Eq. (2)
as follows

λ(i)
n = niΛ

(i)(n) ≈ φini

η−1∑
j=0

(η−1
j )∑

k=1

pkije
−νkij

M∑
r=0

(
νk
ij

)r
r!

1

ni +
∑
l∈Ikij

nl + r⟨n⟩
. (A.14)

Note that from the definition of φi we have

γ|Qk
ij| = γpkij|Qi| = pkijφi.

Then, for any pair of clonotypes i, i′ in C and a pair of sets Ikij, I
k′

i′j′ , such that Ikij ∪{i} =

Ik
′

i′j′ ∪ {i′}, we have the following relation

φip
k
ij = φi′p

k′

i′j′ . (A.15)

This constraint comes naturally from the fact that, while the sizes of Qi and Qi′ can
be different, the stimuli provided by Qk

ij and Qk′

i′j′ is the same if Ikij ∪ {i} = Ik
′

i′j′ ∪ {i′}.

4



Furthermore, for any pair of clonotypes i, i′ in C, and a pair of sets Ikij, I
k′

i′j′ , such that

Ikij ∪ {i} = Ik
′

i′j′ ∪ {i′}, we also have the following constraint for their mean niche overlap
parameters

νk
ij = νk′

i′j′ . (A.16)

The mean niche overlap is a characteristic of self-pMHCs and not of clonotypes, and
therefore its value depends only on the sets Qk

ij and Qk′

i′j′ , and not on the specific clonotypes
i and i′.

The birth and death rates of the process X, which have been defined in Eq. (3) and
Eq. (A.14), respectively, can be simplified for two limiting cases. The first one is that in
which νk

ij ≪ 1 for all νk
ij. We call this the “hard niche” case, which is characterised by

low competition with clonotypes in M. In this case Eq. (A.14) simplifies to [11]

λ(i)
n = φini

η−1∑
j=0

(η−1
j )∑

k=1

pkij
ni +

∑
l∈Ikij

nl

. (A.17)

The second case, when νk
ij ≫ 1 for all νk

ij, is called the “soft niche” case, where there
is increased competition with clonotypes in M. In this case we approximate Eq. (A.14)
by [11]

λ(i)
n ≈ φini

η−1∑
j=0

(η−1
j )∑

k=1

pkij
ni +

∑
l∈Ikij

nl + νk
ij⟨n⟩

. (A.18)
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Appendix B

Exact calculation of the QSD

First, we note that the probabilities defined in Eq. (10) follow the Kolmogorov differential
equations

dpn(t)

dt
=

η∑
i=1

λ
(i)

n(−i)pn(−i)(t) +

η∑
i=1

µ
(i)

n(+i)pn(+i)(t)−
η∑

i=1

(
λ(i)
n + µ(i)

n

)
pn(t), (B.1)

and that from Eq. (11) we can derive the following system of differential equations

dqn(t)

dt
=

d

dt

pn(t)

pA(t)

=
1

pA(t)

dpn(t)

dt
− qn(t)

pA(t)

dpA(t)

dt
.

(B.2)

Then, we can use Eq. (B.1) to find an expression for Eq. (B.2) in terms of the birth and

death rates of the competition process, λ
(i)
n and µ

(i)
n , as follows. For the first term of

Eq. (B.2) we obtain

1

pA(t)

dpn(t)

dt
=

η∑
i=1

λ
(i)

n(−i)qn(−i)(t) +

η∑
i=1

µ
(i)

n(+i)qn(+i)(t)

−
η∑

i=1

(
λ(i)
n + µ(i)

n

)
qn(t).

(B.3)

For the second term of Eq. (B.2), we first use the law of total probability to rewrite pA(t)
as

pA(t) = 1−
∑
n∈A

pn(t). (B.4)

However, since we are considering the competition process conditioned on non-extinction,
our boundary is the set of states where only one clonotype has become extinct. Thus,

when we calculate
dp

A
(t)

dt
the only relevant transitions are to states in which only one

clonotype has become extinct. Let us, then, define Ai as the set of states where only
clonotype i has gone extinct; that is, we write for 1 ≤ i ≤ η

Ai = {n ∈ S : ni = 0, nk > 0 ∀k ̸= i with 1 ≤ k ≤ η} . (B.5)
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For the sake of computing pA(t), one can consider that states in Ai are absorbing for all
1 ≤ i ≤ η, and then rewrite Eq. (B.4) as

pA(t) = 1−
η∑

i=1

∑
n∈Ai

pn(t).

If we take a derivative with respect to t, we can write

dpA(t)

dt
= −

η∑
i=1

∑
n∈Ai

µ
(i)

n(+i)pn(+i)(t). (B.6)

We make use of Eq. (11) and Eq. (B.6) to show that the second term of Eq. (B.2) is

qn(t)

pA(t)

dpA(t)

dt
= −qn(t)

η∑
i=1

∑
m∈Ai

µ
(i)

m(+i)qm(+i)(t). (B.7)

Note that we are only considering death events for clonotypes of size one. Then by Eq. (3)
we can further simplify Eq. (B.7) to obtain

qn(t)

pA(t)

dpA(t)

dt
= −qn(t)

η∑
i=1

∑
m∈Ai

µiqm(+i)(t). (B.8)

Substituting Eq. (B.3) and Eq. (B.8) in Eq. (B.2) we have

dqn(t)

dt
=

η∑
i=1

λ
(i)

n(−i)qn(−i)(t) +

η∑
i=1

µ
(i)

n(+i)qn(+i)(t)

−
η∑

i=1

(
λ(i)
n + µ(i)

n

)
qn(t)

+ qn(t)

η∑
i=1

∑
m∈Ai

µiqm(+i)(t).

The limiting conditional distribution (LCD) of the process is the limit as t → +∞ of
qn(t) [3]. If this limit exists, the resulting probability distribution is a QSD of the process,
which in the case of a Markov process with finite state space is unique and therefore equal
to the LCD [3]. Now, if there exists a probability distribution q̃ such that

∑
n∈S\A q̃n = 1,

that also satisfies

0 =

η∑
i=1

λ
(i)

n(−i) q̃n(−i) +

η∑
i=1

µ
(i)

n(+i) q̃n(+i)

−
η∑

i=1

(
λ(i)
n + µ(i)

n

)
q̃n + q̃n(t)

η∑
i=1

∑
m∈Ai

µiq̃m(+i)(t),

(B.9)

then, it is a QSD of the process. Finding an analytical solution of Eq. (B.9) is in general
not possible, and thus, the QSD will be numerically approximated.
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Appendix C

Position of states within levels with
no extinction

For a given state n = (n1, n2, . . . , nη) in level L0(k), its position within the level under
the colexicographical order is given by

posk(n, η) =
1

k − η

[
η∑

i=1

(ni − 1)(k − η + 1)i−1

+

η∑
i=3

(ni − 1)(1− (k − η + 1)i−1)

]

+

η∑
i=3

[(
k − 1−

∑η
j=i+1 nj

i− 1

)
−
(
k −

∑η
j=i nj

i− 1

)]
(C.1)

for k > η ≥ 3. Since there is only one state in L0(η), n = (1, . . . , 1), we define posη(n, η) =
1 for n ∈ L0(η). Then, from Eq. (13) and Eq. (C.1) we have that the position in A0 of a
state n ∈ L0(k) is given by

posA0(n, η) = posk(n, η) +
k−1∑
ℓ=η

L0
ℓ .
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Appendix D

Approximation of the QSD with an
auxiliary process

From any state n ∈ L0(k) the process can only move to states in the adjacent levels
L0(k−1) and L0(k+1), respectively. This means that the infinitesimal generator matrix
of process X(j), Q(j) for j = 1, 2, is of quasi-birth and death type [7, 10], and can be
written as

Q(j) =



A
(j)
η,η A

(j)
η,η+1 0 · · · 0

A
(j)
η+1,η A

(j)
η+1,η+1 A

(j)
η+1,η+2 · · · 0

0 A
(j)
η+2,η+1 A

(j)
η+2,η+2 · · · 0

...
...

...
. . .

...

0 0 0 · · · A
(j)
N−1,N

0 0 0 · · · A
(j)
N,N


, (D.1)

where 0 are zero matrices of the appropriate sizes, and the A
(j)
k,k′ sub-matrices are defined

as follows: first, let ni
k denote the state in L0(k) such that posk(n

i
k, η) = i, and eℓ be the

ℓ-th element of the standard basis. Then, we define the sub-matrices as

• For η + 1 ≤ k ≤ N (
A

(j)
k,k−1

)
ip
=

{
µ
j,(ℓ)

ni
k

if np
k−1 = ni

k − eℓ

0 otherwise.

• for η ≤ k ≤ N − 1 (
A

(j)
k,k+1

)
ip
=

{
λ
j,(ℓ)

ni
k

if np
k+1 = ni

k + eℓ,

0 otherwise.

• for η ≤ k ≤ N

(
A

(j)
k,k

)
ip
=

−

(
η∑

ℓ=1

λ
j,(ℓ)

ni
k

+ µ
j,(ℓ)

ni
k

)
if i = p,

0 otherwise.

Finally, given this quasi-birth and death matrix structure, the stationary probability
distributions of X(1) and X(2) can be computed with a linear level-reduction algorithm [4],
an outline of which is given in Algorithm D.1.
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Algorithm D.1 Linear level-reduction algorithm to calculate the stationary probability
distribution of the approximating process X(j).

H
(j)
N = A

(j)
N,N

for k = N − 1, N − 2, . . . , η do

H
(j)
k = A

(j)
k,k −A

(j)
k,k+1

(
H

(j)
k+1

)−1

A
(j)
k+1,k

end for
π

(j)∗
η = 1

for k = η + 1, . . . , N do

π
(j)∗
k = −π

(j)∗
k−1A

(j)
k−1,k

(
H

(j)
k

)−1

end for
for k = η, . . . , N do

π
(j)
k =

π
(j)∗
k

N∑
i=η

Li∑
j=1

π
(j)∗
i,j

end for
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Appendix E

Certainty of absorption of X

We show that the competition process reaches the absorbing state, (0, . . . , 0), with cer-
tainty using the method described in [9]. First, we partition the state space S into levels
defined by

L(k) =

{
(n1, . . . , nη) ∈ S :

η∑
i=1

ni = k

}
,

for k = 0, 1, 2, . . ., so that S =
⋃+∞

k=0 L(k). Now, let us define

λ′
k = max

n∈L(k)

{
η∑

i=1

λ(i)
n

}
, µ′

k = min
n∈L(k)

{
η∑

i=1

µ(i)
n

}
, (E.1)

for k ≥ 1, and since L(0) = {(0, . . . , 0)}, we have that λ′
0 = µ′

0 = 0. Equipped with
these rates we can define a uni-variate birth and death process on the state space S′ =
{L(k) : k = 0, 1, 2, . . .}, which considers each level L(k) as a single state, with birth rates
λ′
k and death rates µ′

k (see Figure E.1). From the definition of these rates, this uni-
variate birth and death process moves towards L(0) at a slower rate than the original
process [9]. Thus, if the birth and death process shown in Figure E.1 is absorbed at L(0)
with probability 1, then our competition process X is also absorbed with certainty.

L(0) L(1) L(2) · · · L(k) · · ·

µ′
1

λ′
1

µ′
2

λ′
2

µ′
3

λ′
k−1

µ′
k

λ′
k

µ′
k+1

Figure E.1: Uni-variate competition process defined on the state space S′ =
{L(k) : k = 0, 1, 2, . . .} with the rates defined in Eq. (E.1).

Theorem 3 of Reference [9] states that a sufficient condition for absorption at L(0) to
be certain is that the sum

+∞∑
k=1

1

λ′
kσk

, (E.2)

where σk =
λ′
1λ

′
2...λ

′
k−1

µ′
2µ

′
3...µ

′
k

for k ≥ 2 and σ1 = 1, is divergent.
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First, notice that λ
(i)
n is bounded by

λ(i)
n = φini

η−1∑
j=0

(η−1
j )∑

k=1

pkije
−νkij

M∑
r=0

(
νk
ij

)r
r!

1

ni +
∑
l∈Ikij

nl + r⟨n⟩

≤ φini

η−1∑
j=0

(η−1
j )∑

k=1

pkije
−νkij

+∞∑
r=0

(
νk
ij

)r
r!

1

ni

= φini

η−1∑
j=0

(η−1
j )∑

k=1

pkij
1

ni

= φi,

so that

λ′
k = max

n∈L(k)

{
η∑

i=1

λ(i)
n

}
≤

η∑
i=1

φi, (E.3)

and

µ′
k = min

n∈L(k)

{
η∑

i=1

µ(i)
n

}
= min

n∈L(k)

{
η∑

i=1

µini

}
= kµ∗, (E.4)

where µ∗ = mini=1,2,...,η {µi}. From Eq. (E.3) and Eq. (E.4) we obtain

+∞∑
k=1

1

λ′
kσk

≥
+∞∑
k=1

k! (µ∗)k−1(
η∑

i=1

φi

)k
=

+∞∑
k=1

ak, (E.5)

and
ak+1

ak
=

(k + 1)µ∗

η∑
i=1

φi

→ +∞

as k increases. Thus by the ratio test this series diverges, which by Eq. (E.5) implies
Eq. (E.2) also diverges, and by [9, Theorem 3] extinction of all clonotypes is certain at
sufficiently late times.
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Appendix F

Finite mean time to absorption of X

Having shown that extinction is certain for the process in Appendix E, we can then
analyse the time to extinction. Consider the state n = (n1, . . . , nη) ∈ S and let τn be the
mean time to extinction of all clonotypes, if the initial state is n. Equivalently, τn is the
mean time to reach the absorbing state from state n. Theorem 4 of Reference [9] states
that τn is finite for all n that have at least one non-zero entry if

+∞∑
k=1

σk < +∞,

where the σi are the same as in Appendix E. Using Eq. (E.3) and Eq. (E.4) we obtain

+∞∑
k=1

σk ≤
+∞∑
k=1

(
η∑

i=1

φi

)k

k! (µ∗)k−1
=

+∞∑
k=1

bk,

then

bk+1

bk
=

η∑
i=1

φi

(k + 1)µ∗ → 0,

as k increases and the series converges by the ratio test. Thus, by [9, Theorem 4] the mean
time to extinction of all clonotypes from any non-zero initial state is finite. Furthermore,
we can use the uni-variate process in Figure E.1 to find an upper bound on the mean
time to extinction. Using the expression for the mean time to extinction of a uni-variate
process [8], we can say that τn ≤ τ ′m for n ∈ L(m), where

τ ′m =
+∞∑
i=1

1

λ′
iρi

+
m−1∑
j=1

ρj

+∞∑
k=j+1

1

λ′
kρk

,

with ρ1 = 1, and ρk =
∏k

i=0
µ′
i

λ′
i
for k ≥ 2.
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Appendix G

Mean time to first extinction event

In this section, we are interested in the mean time to the first extinction event. Let X(t)
and Wj be random variables describing the state of the system at time t and the waiting
time from the j−1-th event to the j-th event, respectively. We denote by Tn the random
variable that describes the time to the first extinction event, starting from state n ∈ S\A.
We have

Tn = inf {t ≥ 0 : Xi(t) = 0 for some i | X(0) = n} .
Then, by the law of total probability we can express the mean time to extinction starting
in state n, E [Tn], as

τ̂n := E [Tn] = E [W1] +
∑
m∈S

E [Tm|X(0) = n,X(W1) = m] pnm, (G.1)

where pnm is the transition probability from n to m in the embedded Markov process [1];
that is, pnm can be written as

pnm =


λ
(i)
n

∆n
, if m = n(+i),

µ
(i)
n

∆n
, if m = n(−i),

0, otherwise,

(G.2)

where ∆n =
∑η

i=1

(
λ
(i)
n + µ

(i)
n

)
. From Eq. (G.1) we can obtain the following set of

difference equations

τ̂n =
1

∆n

+

η∑
i=1

λ
(i)
n

∆n

τ̂n(+i) +

η∑
i=1

µ
(i)
n

∆n

τ̂n(−i) . (G.3)

Thus, the mean time to extinction from state n is defined in terms of the mean time to
extinction of its adjacent states. This set of equations also has the boundary condition
that τ̂n = 0 if ni = 0 for any 1 ≤ i ≤ η. We can rewrite Eq. (G.3) as follows

−1 = −∆nτ̂n +

η∑
i=1

λ(i)
n τ̂n(+i) +

η∑
i=1

µ(i)
n τ̂n(−i) .

It is easy to see that this system of equations can be represented as a matrix equation
of the form Mτ = 1, from which we can solve for τ numerically exploiting the fact that
the matrix of coefficients M is sparse.
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Appendix H

Calculation of the distribution of
clonal sizes at the time of the first
extinction event

To compute the probability of each clonotype to be the first one becoming extinct, first
we truncate the infinite state space S, following a similar approach to that in [5, 6].
In particular, we consider only states which have at most Nε cells in total; that is, we
consider a reflecting plane

∑η
i=1 ni = Nε, and define Nε as the minimum value such that

Nε∑
k=η

P (X(t) ∈ L(k) : ∀t ≥ 0) ≥ 1− ε, (H.1)

is satisfied; that is, Nε is the level of the QSD for which
⋃Nε

k=η L(k) captures at least 1− ε
of the mass of the probability distribution. To compute Nε we use a similar approach to
that presented in [5, 6]. Since we will be calculating two different approximations of the
QSD (see Section 3.1), we will choose Nε to be the maximum between the values that
satisfy Eq. (H.1) for each of the approximations.

Let us consider the subsets A1 =
⋃η

i=1Ai and A0, as defined in Eq. (B.5) and Eq. (12)
respectively, and define the indicator function 1A0(n) as follows

1A0(n) =

{
1, if n ∈ A0,

0, if n ∈ A1.

We then consider a modified competition process, X̆ =
{(

X̆1(t), . . . , X̆η(t)
)
: t ≥ 0

}
, on

the state space A0 ∪A1, with birth and death rates given by

λ̆(i)
n =1A0(n) · λ(i)

n ,

µ̆(i)
n =1A0(n) · µ(i)

n ;

that is, this process behaves exactly as the original competition process X until a clonotype
becomes extinct, at which point the process X̆ comes to an end. Let the random vector

X̆(t) =
(
X̆1(t), . . . , X̆η(t)

)
describe the population of all clonotypes being modelled at
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time t. We first define a position function for states in Ai (see Appendix I), which we
use to define the general position function as follows

posA0∪A1(n, η) =

{
posA0(n, η) if n ∈ A0,

posA1(n, η) +
(
N
η

)
if n ∈ A1.

(H.2)

With the states ordered as indicated by Eq. (H.2), and if we define the embedded Markov

process of X̆, Y = {Y(s) : s = 0, 1, 2, . . .}, the transition matrix of Y is given by

P̆ =

[
P R
0 I

]
,

where P is a |A0| × |A0| matrix whose entries are the transition probabilities of states
within A0, R is a |A0| × |A1| matrix whose entries are the transition probabilities from
a state in A0 to a state in A1, 0 is the |A1| × |A0| zero matrix, and I is the identity
matrix of size |A1|. Let U(s) be the |A0| × |A1| matrix of probabilities to reach every
absorbing state after at most s steps, where a step is defined as a birth or death event
for any clonotype. That is, for a pair of states n ∈ A0 and m ∈ A1 we have

U
(s)
pos

A0 (n),posA1 (m) = P {Y(s) = m | Y(0) = n} .

Then, we can write U(s) as follows

U(s) =

(
s−1∑
k=0

Pk

)
R.

If we make use of the fundamental matrix W = (I − P)−1 associated to P [8], we find
that

U = lim
s→+∞

U(s) = WR,

and thus, we can find the matrix of probabilities to reach each absorbing state in A1

given any initial state in A0, U, by calculating

U = (I−P)−1R. (H.3)

Note that the matrixU has a block structure and can be written asU =
[
U1 U2 · · · Uη

]
,

where Ui is the matrix of absorption probabilities from A0 to Ai. That is, the entry in
row ℓ and column j of Ui, (Ui)ℓ,j, is given by(

Ui
)
ℓ,j

= lim
s→+∞

P {Y(s) = m | Y(0) = n} ,

where posA0(n) = ℓ and posA1(m) = j, for 1 ≤ ℓ ≤ |A0| and 1 ≤ j ≤ |A1|. Thus, each
row of U adds up to 1 and represents the distribution of clonal sizes at the time of the
first extinction event, with the initial state whose position is given by the row number.
Furthermore, given the block structure of U, each row of Ui contains the probabilities of
clonal sizes for the surviving clonotypes when clonotype i is the first to become extinct.
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To solve the matrix equation (I − P)U = R, note that I − P is of quasi-birth and
death type and can be written as

I−P =



Iη −Bη,η+1 · · · 0
−Bη+1,η Iη+1 · · · 0

0 −Bη+2,η+1 · · · 0
...

...
. . .

...
0 0 · · · −BNε−1,Nε

0 0 · · · INε


, (H.4)

where Ik is the identity matrix of order L0
k × L0

k, 0 are zero matrices of the appropriate
sizes, and the Bk,k′ matrices are defined as follows: let ni

k denote the state in L0(k) such
that posk(n

i
k, η) = i, then

• for η + 1 ≤ k ≤ Nε

(Bk,k−1)ij = pni
kn

j
k−1

,

• for η ≤ k ≤ Nε − 1
(Bk,k+1)ij = pni

kn
i
k+1

,

where pni
kn

j
k−1

and pni
kn

i
k+1

are the transition probabilities given by Eq. (G.2). The matrix

R has the form R =
[
R1 R2 · · · Rη

]
, where Ri is the matrix of transition prob-

abilities from A0 to Ai. The Ri matrices are diagonal by blocks and can be written
as

Ri =


Ri

η,η−1 0 0 · · · 0
0 Ri

η+1,η 0 · · · 0
0 0 Ri

η+2,η+1 · · · 0
...

...
...

. . .
...

0 0 0 · · · Ri
Nε,Nε−1

 .

We now define the Ri
k,k−1 matrices. Let us first introduce nℓ

k to denote the state in

L0(k) such that posk(n
ℓ
k, η) = ℓ, and mℓ

i,k denote the state in L1(k) ⊂ Ai, such that

posk(m̂
ℓ
i,k, η − 1) = ℓ. Then, for η ≤ k ≤ Nε, we define

(Ri
k,k−1)ab = pna

km
b
i,k−1

,

where pna
km

b
i,k−1

is the transition probability given by Eq. (G.2). The structure of U allows

us to make use of a linear level-reduction algorithm to solve Eq. (H.3) one Ui block at a
time. An outline of the algorithm is given in Algorithm H.1. Finally, making use of the
structure of U, the probability of clonotype i being the first to become extinct starting
in state n0 ∈ A0, denoted by Ui

n0
, can be calculated as follows

Ui
n0

=

|Ai|∑
j=1

(
Ui
)
pos

A0 (n0),j
, (H.5)

where (Ui)ℓ,j denotes the entry of the matrix Ui in the ℓ-th row and j-th column.
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Algorithm H.1 Linear level-reduction algorithm to calculate U.
HNε = IL0

Nε

for k = Nε − 1, Nε − 2, . . . , η do
Hk = IL0

k
−Bk,k+1H

−1
k+1Bk+1,k

end for
for i = 1, 2, . . . , η do

for j = η − 1, η, . . . , Nε − 1 do
Ki

Nε,j
= Ri

Nε,j

for k = Nε − 1, Nε − 2, . . . , η do
Ki

k,j = Bk,k+1H
−1
k+1K

i
k+1,j +Ri

k,j

end for
Ui

η,j = H−1
η Ki

η,j

for k = η + 1, η + 2, . . . , Nε do
Ui

k,j = H−1
k (Ki

k,j +Bk,k−1U
i
k−1,j)

end for
end for

end for
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Appendix I

Position of states within levels with
a single extinct clonotype

We start by ordering the absorbing states as follows

A1 ≺ A2 ≺ · · · ≺ Aη−1 ≺ Aη, (I.1)

and noting that we can bijectively project these sets onto a space of dimension η − 1
by removing the i-th element (which is the population of the clonotype that has become

extinct). We will denote the projected element by n̂ and the projected set by Âi. Given

that Âi has the same structure as A0, we can organise it in ordered levels as follows

L1(η − 1) ≺ L1(η) ≺ L1(η + 1) ≺ · · · ≺ L1(Nε − 1).

The last level we can consider is Nε−1, since for a state to reach L1(Nε) there must have
been an extinction event from a state in L0(Nε + 1), which is not part of the state space
for the process with the reflecting boundary. The number of states in level k is given by

L1
k = |L1(k)| =

(
k − 1

η − 2

)
,

and the total number of states in Âi under the reflecting boundary is

|Âi| =
Nε−1∑
ℓ=η−1

L1
ℓ =

Nε−1∑
ℓ=η−1

(
ℓ− 1

η − 2

)
=

(
Nε − 1

η − 1

)
. (I.2)

Then, the position in Âi of a state n̂ ∈ L1(k) is given by

posÂi
(n̂, η − 1) = posk(n̂, η − 1) +

k−1∑
i=η−1

L1
i ,

and by reversing the projection of Ai onto Âi we have

posAi
(n, η) = posÂi

(n̂, η − 1). (I.3)

From Eq. (I.1), Eq. (I.2), and Eq. (I.3) we have that the position of state n ∈ L1(k) ⊂ Ai

in A1 is given by
posA1(n, η) = posAi

(n, η) + (i− 1)|Âi|
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Appendix J

Calculation of the distribution of
divisions before extinction of a
clonotype

The distribution of divisions before extinction is an indicator of how much proliferation
takes place before the extinction of a T cell clonal family. To calculate this distribution
probability we use the truncated state space defined in Appendix H. Given a fiducial
(fixed but arbitrary) initial state, n ∈ A0, we denote by D

(s)
i,d (n) the probability that

clonotype i divided d times in at most s steps before becoming extinct if it had an initial
size of n. We write

D
(s)
i,d (n) = P

(
clone i divided d times in at most
s steps before becoming extinct

∣∣∣∣ X(0) = n

)
. (J.1)

Since a cell of clonotype i can divide after the extinction of other clonotypes, we must
consider the complete state space, S, with a reflecting boundary at

∑η
i=1 ni = Nε. To

order the elements of S, note that we can bijectively map an element n ∈ S to A0 by
adding e = (1, . . . , 1) to n. Then, the position of state n in the k-th level of S, is given
by

posS,k(n, η) = posk+η(n+ e, η).

With this bijection we can make use of the levels defined in A0 (see Eq. (C.1)). We

consider D
(s)
i,d as the vector built from entries D

(s)
i,d (n), for each n ∈ S. We make use of

the level structure to divide it into sub-vectors corresponding to the states in each level
of S, that is

D
(s)
i,d =

[
D

(s)
i,d,0,D

(s)
i,d,1, . . . ,D

(s)
i,d,Nε

]⊤
,

where D
(s)
i,d,k is the vector of probabilities for n ∈ L(k). Since we are interested in the

probability of clone i dividing, we will not consider the usual transition matrix, but
instead we will separate it into the vector of probabilities for division in clonotype i, and
the sub-stochastic matrix P(i) of all transition probabilities except those for division in
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clonotype i; that is,

P(i) =



0 0 0 0 · · · 0

C
(i)
1,0 0 C

(i)
1,2 0 · · · 0

0 C
(i)
2,1 0 C

(i)
2,3 · · · 0

...
...

...
...

. . .
...

0 0 0 0 · · · C
(i)
Nε−1,Nε

0 0 0 0 · · · 0


, (J.2)

where 0 are zero matrices of the appropriate sizes and the C
(i)
k,k′ matrices are defined as

follows: let nℓ
k denote the state in L(k) such that posS,k(n

ℓ
k, η) = ℓ, then

• for 1 ≤ k ≤ Nε (
C

(i)
k,k−1

)
ℓj
=

{
pnℓ

kn
j
k−1

if
(
nℓ
k

)
i
> 0,

0 otherwise.

• for 1 ≤ k ≤ Nε − 1

(
C

(i)
k,k+1

)
ℓj
=

{
pnℓ

kn
j
k+1

if
(
nℓ
k

)
i
> 0 and

(
nℓ
k

)
i
=
(
nj
k+1

)
i
,

0 otherwise.

We note that given that we are calculating the probability of division before extinction,
all transition probabilities for a state in which clonotype i is already extinct are zero. We
calculate the distribution recursively on the number of divisions before extinction. Thus,
we first define the vector d

(i)
0 as the vector containing the probability that in zero steps

clonotype i will become extinct. We write

(
d
(i)
0

)
posS,k(n,η)

=

{
1, if ni = 0,

0, otherwise.

Then, the probability that clone i will not divide before becoming extinct in s or fewer
steps is given by

D
(s)
i,0 =

(
s∑

j=0

(
P(i)

)j)
d
(i)
0 .

If we make use of the fundamental matrix associated to P(i), W(i) =
(
I−P(i)

)−1
, we

have
Di,0 = lim

t→+∞
D

(s)
i,0 = W(i)d

(i)
0 ,

which leads to (
I−P(i)

)
Di,0 = d

(i)
0 .

This expression allows us to solve for the probability of extinction of clonotype i after 0
divisions, Di,0:

Di,0 =
(
I−P(i)

)−1
d
(i)
0 . (J.3)
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For ℓ > 0 divisions, we define the vector containing the probability of clonotype i becom-
ing extinct after ℓ divisions given that it has divided once, as follows(

d
(i)
ℓ

)
posS,k(n,η)

= pnn(+i)Di,ℓ−1

(
n(+i)

)
.

Then, the vector of probabilities of clonotype i becoming extinct after ℓ divisions, Di,ℓ,
satisfies the recursive equation

Di,ℓ =
(
I−P(i)

)−1
d
(i)
ℓ . (J.4)

Finally, with the use of an adapted version of Algorithm H.1, we can solve Eq. (J.3) and
Eq. (J.4) recursively until the number of divisions reaches ℓn,δ, such that

ℓn,δ∑
d=0

Di,d(n) ≥ 1− δ,

with n the initial state under consideration. The values Di,d(n) for d = 1, 2, . . . , ℓn,δ
describe the probability distribution for the number of divisions of clonotype i before its
extinction with initial state n.
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