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1 Derivation of Eq. (10)

We introduce the complex variable A(t) that satisfies

z(t) = %(A(t)e” +c.c.), (Sla)

y(t) = AW +cc). (S1b)
Note that c.c. denotes the complex conjugate. Then, it follows from Eq. (S1) that

A(t) = (@ — ig)e™, (s2)
which implies that

A(t) = [(& —y) —i(y +a) e ™. (S3)
By substituting Eq. (7) into Eq. (S3), we obtain

A=ie e (ay — g(z,y)). (S4)
We express A(t) in a polar coordinate as below:

A(t) = r(t)e®, (S5)

where r(t), 6(t) are real variables with r(¢) > 0. Then, Eq. (8) follows from Eqs. (S1) and (S5). By substituting
Egs. (S5) and (8) into Eq. (S4), we have

i+ ir = —ie " (arsin ¢ + g(r cos ¢, —rsin ¢)) , (S6)

and thus we obtain Eq. (10).

2 Several integral formulae with trigonometric functions

In the derivation of Egs. (11) and (43), we use
2m 2
/ dpsin® ¢ = / dpcos® ¢ =, (S7a)
0 0

2
/ d¢sin ¢ cos ¢ = 0, (S7b)
0



and

27 27 . .
/ sin ¢; cos ¢;dt = / sin(¢i + ;) ; sin(¢i — ¢j)dt = wsin(0; — 0;), (S8)
0 0
27 27
/ sin ¢; sin ¢;dt = / cos(¢i — ¢5) g cos(¢i + ¢j)dt = mcos(0; — 0;), (S9)
0 0
27 27
/ Cos ¢; cos ¢ dt = / cos(¢i + ¢5) 42’ cos(¢i — d)j)dt = mcos(0; — 0;), (S10)
0 0

for ¢ # j. Remind that ¢; is given by Eq. (41) and 6; is regarded as constant during the integral.

3 Calculation of g;2(r) in the case where g is given as Eq. (13)
By substituting Eq. (8) into Eq. (13), we have

1 if 1 <rcosg < xy, rsing <0,
g(rcosg,—rsing) =< -1 if —x; >7rcos¢ > —x9, rsing > 0, (S11)

0 otherwise.

We calculate the integrals in Eq. (12) by dividing them into the following three cases: (i) 0 < r < zy, (ii)
r > g, and (i) z1 <71 < x9.

(i) In the case where 0 <71 <z,

g(rcos¢d, —rsing) =0
holds over the integral interval (i.e., ¢ € [0,27]), which implies that

g1(r) = ga(r) = 0. (512)
(ii) In the case where r > x5, Eq. (S11) can be written as

1 if 2nm— ¢ < ¢ < 2nmw — Po,
g(rcosg,—rsing) =49 -1 if 2n+rm—¢1 << (2n+ 1)1 — o, (S13)
0 otherwise,

where

@i = Arccos% (S14)

and n is an arbitrary integer. Then,

1 2T — 2 T—¢2
q1(r) = — / sin ¢ —/ sin ¢
2m \ Jor—4 )

T — T2

= (S15a)

ar
2 —¢2 T2
/ cos ¢ —/ cos ¢
2m—¢1 T—¢1
. ol a2 S15b
T ( r2 r2 ( )

(iii) The case where r > x5 corresponds to the special case of the previous case: we only have to substitute 0
into ¢ (i.e., to substitute r into x2) in Egs. (S13) and (S15). Thus,

Gi(r) =2 (ﬂ - 1) , (S16a)

r

ga(r) =24/1— % (S16b)




4 Stablity analysis of Eq. (14)

Obviously, Eq. (14) has a trivial fixed point » = 0, which is stable because 7 < 0 holds in a sufficient
neighborhood of » = 0. By differentiating the right-hand-side of Eq. (14) by r, we obtain

& —% if r<a,

r .

pria (4 —(%) ) if 1 <7<, (S17)
_gx % if > .

It is easily seen that % < 0if r < xy or 7 > xy, which implies that 7 is monotonically decreasing function of

r in these intervals. We also find that % = 0 holds if and only if r = /= 23”1 and x1 < 2’“ < xo. Below, we

consider the increase or decrease of 7 in the interval z; < r < x5 by dividing the cases whether ,/27% belongs
to this interval.

(i) We first consider the case where /= 2’“ < x1, which is equivalent to

2
—. 1
o> p— (S18)

In this case, % < 0 when z7 < r < x9, which implies that 7 is a monotonically decreasing function of r for the
whole interval r € [0,00). Thus, r = 0 is the only fixed point of Eq. (14).

211

(ii) Next, we consider the case where x; < < x2, which is equivalent to

2 2
M oca<s— (519)
XS Ty

In this case,

max 7 = 'r| 5o
1 <r<zo =\ o

= % (1—+2mraz) . (S20)
We further divide the case by the sign of the right-hand-side of Eq. (S20).

(ii-a) If a > # then max 7 < 0 follows, which implies that r = 0 is the only fixed point of Eq. (14).

1 <r<zs
Recall that r is a monotonically decreasing function for the intervals r < z; and r > 5.

(ii-b) If & < 5—, then max 7 > 0 follows. According to the inequality (S19), this case occurs only when
r1<r<zs
1 2
> % <= 19 > 2x7. (821)

2rxy  mxh

In this case, new fixed points (one is stable and the other is unstable) of Eq. (14) appear by the saddle-node
bifurcation, whose coordinates are given by

VS TR T 2(“3;7;;1), (522a)
Fetable = Neo=s R ($22b)

and
Fusaie = YA 20T (523)

respectively. Note that the right-hand-side of Eqgs. (S22a) and (S23) are the roots of the right-hand-side of Eq.
(14b), and the right-hand-side of Eq. (S22b) is the positive root of the right-hand-side of Eq. (14c). We also
mention that Eq. (S22) is divided by the sign of

_ex2 [a _ 2(“72—?”1)] . (S24)

7:‘ _ =
=z 2 T3



(iii) Finally, we consider the case where % > xo, which is equivalent to
a< —;. (S25)

In this case, 7 is a monotonically increasing function for the interval z1 < r < xo. Then, we see that Eq. (14)
has the nontrivial two fixed points, one of which is stable and the other is unstable, if and only if
2((1,‘2 — 1‘1)

, >0 = a< ——75—. (526)

ul
mLS

We also find that the coordinates of the stable and unstable fixed points are given as Eq. (S22b) and Eq. (523),

respectively. Note that if the inequality (S21) holds, then the inequality (S25) satisfies the inequality (S26) (i.e.,
% < % follows if xo > 2x1).

2 2

Based on the above discussion, we clarify the dynamics of Eq. (14), which are summarized in the main
article.

5 The case where g is given by rational function with a linear nu-
merator and quadratic denominator

Here, we describe another case where g is given by the following smooth rational function to model the escape-
ment mechanism:

O s
By substituting Eq. (8) into Eq. (S27), we obtain
7 COoS ¢ if n+lr<o<(@n+)m
g(rcos ¢, —rsing) = L+rfcos®s or (n=g)m < <2nm (S28)
0 otherwise,
with arbitrary integer n. Then, it follows from Egs. (12) and (S28) that
_ 1 T rcos ¢ sin ¢pdp 2T cos ¢ sin pdg
gﬂ”:zﬂ<él+ﬂm§¢+ %1+ﬂm§¢>
- % { [log(1 + r? cos® d))]; + [log(1 + r* cos® ¢)] 2%7;}
_ “log+7r%) (S29)

2rr
and

T 27
() = % </ﬂ r cos? gpdg N r cos? gpdg )

z 1+ 7r2cos? ¢ . 1+ 7r2cos? ¢

0
_r / du (u:=tan¢)

T o L+ u?)(1+u?+12)

1 /0 1 1
= — — du

mr J_oo \1+u2 14+u2+1r2

1 1 u 0
= — |Arctan u — ———=Arctan | ——

7”"{ V1+r? < 1+r2>]_oo

:;G_%&ﬂ) (530)



(a) (b)

a<l/m

Figure S1: This figure shows the solutions of the transcendental equation (S32). The black and blue lines
represent TR and log(1+ R), respectively. Both the black dot and black circle show the solutions of Eq. (532).
Note that the black dot corresponds to the stable fixed point of Eq. (S31a), while the black circle corresponds
to the unstable fixed point. (a) If a equals to or is larger than 1/7, which is the value when the black line is
tangent to the blue curve, Eq. (S32) has the unique solution R = 0. We set o = 0.7 to depict this panel. (b) If
a < 1/m, Eq. (S32) has another solution other than R = 0. We set a = 0.15 to depict this panel.

In the derivation of Eq. (S30), we use the relationships cos? ¢ = 7 +1u2 and d¢ = 1122. According to Egs. (S29)

and (S30), we see that averaged equations (i.e., Eq. (11)) are calculated as

e )
r=—rt Srr log(1 + 7<), (S31a)

: € 1

We consider the dynamics of Eq. (S31a). Obviously, the fixed point of Eq. (S31a) satisfies the following
transcendental equation:

maR = log(l + R), (S32)

where R :=r? > 0. Since log(1 + R) is a concave function of R, we see that Eq. (S32) has the unique solution
(R=0) if @ > 1/7 and two solutions if o < 1/7 (Fig. S1).
Thus, as there exists a one-to-one relationship between » > 0 and R, we find the following:

e If a > 1/m, Eq. (S31a) has a stable fixed point r = 0.
e The transcritical bifurcation occurs at o = 1/.

o If & < 1/m, Eq. (S31a) has an unstable fixed point (r = 0) and a stable fixed point, whose value is the
positive solution of Eq. (S32).

Figures 5 (a) and (b) show the typical flows of Eq. (S31a) before and after the bifurcation point. We see that,
as « decreases, the trivial fixed point r = 0 changes to unstable and non-trivial fixed point emerges due to the
transcritical bifurcation. The bifurcation diagram for r is shown in Fig. 5 (¢). The green cross marks show
the numerically obtained equilibrium states of Eq. (6) when we increase «, which agree with the analytically
obtained bifurcation diagram (black lines). However, in contrast to Model (i), (ii), and (iii) in the main article,
this model is inappropriate to simulate the dynamics of metronome because it cannot simulate the bistability
of the resting state and the oscillatory state.

We consider that this problem arises because the escapement mechanism expressed as Eq. (S27) is not
sufficiently weak near the resting state. In other words, Eq. (S27) implies that g(z,y) ~ = in the vicinity of
2 = 0. These are the reasons why we use in the main article the rational function with numerator of degree 3
and denominator of degree 4 such that g(x,y) ~ 0 holds in the vicinity of © = 0 by a first-order approximation.
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Figure S2: (a, b) The typical flows of Eq. (S31a), in which we plot 7 as a function of r. The black dot and
black circle in each panel represent the stable and unstable fixed points, respectively. As for the parameter
values, we set ¢ = 0.01, @ = 0.7 in panel (a), and o = 0.15 in panel (b). (c) The bifurcation diagram for r
obtained by both the averaging approximation and the numerical simulation of Eq. (6) where g is given by Eq.
(S27). The solid and dashed lines represent the analytically obtained stable fixed point (the positive solution
of Eq. (S32) if & < 1/m and r* = 0 if & > 1/7) and the unstable fixed point (r* = 0 if & < 7), respectively.
The green cross marks show the equilibrium solutions obtained by numerical simulation of Eq. (6). We first
use o = 0.02 and then increase « by 0.02 until « reaches to 0.5. The initial condition for the first simulation is
2(0) = 2.0,£(0) = 0. For the following simulations, we use the equilibrium state of the previous simulation as
the initial condition. We fix £ = 0.01 for all the simulations in panel (c).

6 Calculation of g, 5(r) in the case where ¢ is given as Eq. (19)

By substituting Eq. (8) into Eq. (19), we obtain

rPeos’d i (2n+dm<g<(2n+ 1)
1+ r4costo or (2n—4)m < ¢ < 2n,

g(rcos ¢, —rsing) = (S33)
0 otherwise,
with arbitrary integer n. Then, it follows from Egs. (12) and (S33) that
(r) = 1 /7T r3 cos? ¢ sin pdo 2 3 cos® ¢ sin ¢pdo
I = on = l+ricose 3p 1+ricoste
71 ™ us
= { [log(1 + r* cos* ¢)]x + [log(1+ r* cos? ¢)]2§ }
8mr 2 2™
—log(1 +7%)
==y 7 S34
4mr ’ (S34)



and

G L ™ 13 cos® pdg ™3 cos?t pdg
A e
T x 1+ r%cos*o . 1+ r4cost ¢
rs [0 du
= — _ t
™ ,/_Oo (T4+u?)[(1+u?)? + 7] (u an @)
1 0 1 1 + U2
i - du
™) oo \1+u?  (14u?)?+r?
0 VL L VA,
! L r 2VIHrT rd 2v/1+4r4
= — [Arctanu]” __ — — 2y/2(1+r%) n 2,/2(1+r%) "
mr TS —oo | 42 + 2(@-1)u+m u2 — 2(\/@_1”_’_@

1 1 Vi+ri—1 (
= — — |- ————log (W +\2(V1+ 7t = Du+ 1+t
2r mnl 4/2(1 + rh) g ( )

2W1+T4+1)A . 2 . Vitri—1
rctan —_— | u R —
Avi+rt 1+ V1 +71 2
V1 11
++Tlog<u2— 2(V1+7*—Du+ 1—|—7“4)
4/2(1 + 1)
0
2(\/1+7"4+1)A . 2 VItri-1
rctan S YIS B S
41474 1+vV147rt 2
1 2(V1+T4+1)+\/m—1 T u? —\[2(VT+rT = Du+VI+17

2r dryv/ 14714 4y/2(1 4 74) w—o—o0 w2+ /2(VI 78— Du+ vVI+ 2

1 1 1 4
N FRN SRR N (535)
2r 21+ 1)
According to Egs. (S34) and (S35), we see that Eq. (11) are calculated as Egs. (20a) and (20b).

7 Calculation of g, 5(r) in the case where g is given as Eq. (24)
By substituting Eq. (8) into Eq. (24), we obtain
s 3, .5 5, if Cn+iT<o<(n+1)m
ar cos® ¢ — br° cos® ¢ or (2n—%)7r<<b<2n7r,

g(rcos ¢, —rsin¢) = (S36)

0 otherwise,

with arbitrary integer n. Then, it follows from Egs. (12) and (S36) that
gi1(r) = — [/ (ar® cos® ¢ — br® cos® ¢) sin ¢de

2w
+ / (ar cos® ¢ — br® cos® ¢) sin d)d(;ﬁ]
Eys

4 6

B 127 : (S37)

-1 [ar?’ cos*¢  brdcos® (/5} T
7

us
2



and

2T x
2

ga(r) = S [/Tr(ar3 cos ¢ — br® cos® ¢)dg

2
+ / (ar cos* ¢ — br® cos® qzﬁ)d(b]

.
1 3 (sindg sin2¢ 3¢
w{‘"<32 TR
5 (sin6¢ 3sindg 15sin2¢ 59 T
bT(192 64 62 6 .
6ar® — 5br°
According to Egs. (S37) and (S38), we see that Eq. (11) are calculated as Egs. (25a) and (25b).
8 Derivation of Eq. (42)
We introduce the complex variables A;(t) that satisfy
1 ,
x;i(t) = i(AZ-(t)e” +ec.c), (S39a)
1 ,
yi(t) = i(ZAZ (t)e +c.c.). (S39b)
Noting that A; = (z; — iy;)e™ ", we transform Eq. (39) into
A; = ie” e [u(wy + x2) + Byi — g(xi, ui)].- (540)

Equations (S40) are derived in the same way as the one-oscillator system, which is described in Sec. 1 in
Supplementary Information.
We express A;(t) in a polar coordinate as below:

Ai(t) = ()@, (S41)

where 7;(t), 0;(t) are real variables with 7;(¢) > 0. Then, Eq. (40) follows from Eqgs. (S39) and (S41). By
substituting Eqs. (S41) and (40) into Eq. (S40), we have

P 4 iri0; = ie e [£(r1 cos p1 + 19 cos ¢po) — Br; sin ¢; — g(r; cos ¢y, —r; sin ¢;)] (542)

from which we obtain Eq. (42).

9 Stability analysis of two-oscillator system

We perform the linear stability analysis for the fixed points (ry,rs,%) = (r*,r*,0) and (r*,r*,7) under the
condition (50). The Jacobian matrix J at these fixed points can be written in a unified manner as below:

a0 =

J=(0 4 5|, (S43)
J3 —Jjs 0O

where

s i o *2 *4

Ji= oo (=673 + 9ar** — 106r*) (S44)

. EUTS

iy = u2 7 (S45)

8
j3 = g <3ar* — 5br*3 4 7/:18> ) (546)



and

5= {1 if. v=0 (547)
-1 if ¢ =m.

The eigenvalues of J are

J1 £V jt — 8j2Js (S48)
2 b

.j17
which implies that each of the fixed points (47) and (48) is asymptotically stable if and only if
j1 <0 and jaj3 > 0. (S49)

Below, we examine the sign of j1, j2, and j3.
Obviously, jo > 0 if ¢ = 0 and j» < 0 if ¢» = . By substituting Eq. (49) into Egs. (S44) and (S46), we get

. € 9 3

j1= 30 <3a — 16705 + ar/9a? — 487Tb6) , (S50)
. €(27a? — 1207b8 + 9a+/9a? — 487bf3 — 64bus

j3=— ( H ) (S51)

32/ (3a + \/9a% — 4870B)b
It thus follows from inequality (50) and Eqs. (S50) and (S51) that

J1 <0, (S52)
and

js <0 if ¢ = (S53)
If ¢ =0 (i.e., if s = 1), then j3 > 0 is true when inequality (51) holds.

Based on the above discussion, we conclude that the fixed point (r*,7*,0) is always asymptotically stable
and that the fixed point (r*,7*,7) is asymptotically stable under the condition (51).



10 Supplementary figures

We present several figures that support the main article.

@ (b)

a > OSSN
4 4 o < OSN
3 3
2 2
1 1
R R
2 4 6 2 4 6

Figure S3: This figure shows the solutions of the transcendental equation (21). The black and blue lines represent
2raR and log(1 + R?), respectively. Both the black dot and black circle show the solutions of Eq. (21). Note
that the black dot corresponds to the stable fixed point of Eq. (20a), while the black circle corresponds to the
unstable fixed point. (a) If « is larger than agn, which is the value when the black line is tangent to the blue
curve, Eq. (21) has the unique solution R = 0. We set o = 0.5 to depict this panel. (b) If a < agn, Eq. (21)
has two solutions in addition to R = 0. We set a = 0.11 to depict this panel.
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Figure S4: The relashionship between € and ., the value of p at which the stability of the in-phase synchro-
nization switches. The red cross marks show numerically obtained ., derived by numerical integration of Eq.
(37) and bisection method. The black line shows p. in inequality (51), which is obtained by averaging approx-
imation. Note that the red cross marks approach the black line as we decrease e. We fix a =4,b=1,5 = 0.3
in this figure.
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Figure S5: Panels (a-c) and (d-f) illustrate the origin and bifurcation of the out-of-phase synchrony (Fig. 5 (c))
and the beat-like dynamics (Fig. 5 (b)), respectively. We fix 8 = 0.3 for the whole figure. (a) When p = 9.96,
the in-phase synchronization is stable. (b) When we decrease u, the in-phase synchronization is no longer
stable and the value x1(t) — z2(t) begins to oscillate, which corresponds to the out-of-phase synchronization
seen in Fig. 5 (c). (c) We re-plot the dynamics seen in panels (a) and (b) changing the y-axis to the amplitude
of (z1(t) — z2(t)). The emergence of a stable fixed point near the unstable one suggests that the out-of-
phase synchronization occurs by the supercritical pitchfork bifurcation. (d) When g = 9.19, the out-of-phase
synchronization is stable. (e) When we decrease pu, the out-of-phase synchronization becomes unstable. The
amplitude of x1(t) — zo(t) begins to oscillate, which corresponds to the beat kind of solution seen in Fig. 5
(b). (f) The time course of the amplitude of (x1(t) — x2(t)). We see that the beat-like dynamics occur by
the supercritical Hopf bifurcation. The initial condition for panel (e) is the slightly perturbed state from the
equilibrium solution of panel (d) (i.e., (21(0),y1(0), 22(0),y2(0)) = (x] +0.01, 37,23, y1) where (z!,yl, 2}, 41) is
the equilibrium solution in panel (d)). For the rest of the simulation, we use initial condition 1 described in the
main article.
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