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Supplementary Note 1: Analysis of maximum
Lyapunov exponent

Maximum Lyapunov exponent

The maximum Lyapunov exponent A serves as a metric for measuring orbital instabil-
ity in dynamical systems [1]. This metric is obtained through several equations, which
can vary depending on the system under consideration. For a fully-leaky echo state
network (ESN)/leaky integrator ESNs (LI-ESN), the reference orbit sy (t) is defined as

si(to) = x(Tp + Tk). (S1)

In the case of chaotic echo state networks (ChESN), the system possesses three internal
states, &(t), n(t), and {(t), and the reference orbit is given by

€(Tb —+ Tk)
si(to) = | (T +7k) | . (S2)
C(Tb —+ Tk')

For each initial condition, the perturbed orbit s} evolves over a time period 7, with
t; indicating the time evolution of the perturbation. It starts from an initial condition
obtained by adding a perturbation 62“:0) to the reference orbit s (t):

s (to) = sg(to) + 6177 (S3)

The difference between the perturbed and reference orbits after the time evolution,
denoted by 6(“ =7) s calculated as

ST =8l (tg + 1) — si(to + 7). (84)

For k > 1, this initial perturbation is computed using:

_ sih=0 9
G T)' 5= (35)
16,55
Here, the first perturbation vector 6?’20) is a vector of ones (1 = [1,1,...,1]7) scaled
to a small value |5§“:°)\ =8p =10"":
s=0 = 5o — (S6)
|1|

The Lyapunov exponent A, for each initial condition is determined based on the growth
of this perturbation:
L

A —
k= T n|5(tl 0)|

(S7)
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Fig. S1 Correspondence between time-series prediction performance and maximum Lyapunov expo-
nents. This scatter plot illustrates the relationship between the normalised root mean square error
(NRMSE) and memory capacity in time-series prediction tasks for both the Lorenz and Rossler sys-
tems. Each point on the scatter plot originates from grid search results, which include the optimal
parameters as obtained in Fig. 5 in a main text. Grid search parameters are shown in Table 1 in a
main text.

Finally, A is computed by averaging these A values over all K different initial
conditions:

1 K
)\:E;Ak. (S8)

This overall process gives us a measure of the system’s sensitivity to initial conditions
by capturing the degree of development of the perturbation over time.

Scatter plot of the maximum Lyapunov exponent and
performance

Figure. S1 displays the plot of the maximum Lyapunov exponent. This figure clearly
shows that the highest performance occurs when the maximum Lyapunov exponent
is near zero, indicating the edge of stability [2]. Additionally, consistency typically
achieves its maximum value when the Lyapunov exponent is zero or negative. More-
over, the covariance rank tends to be maximised when the maximum Lyapunov
exponent is near zero or larger. Notably, at the edge of stability, where the reservoir’s



performance is optimised, both the covariance rank and consistency are observed to
reach their maximum values.

The maximum Lyapunov exponent is an indicator for evaluating the chaotic char-
acteristic of dynamics, and a system with A > 0 exhibits a chaotic state [1]. From
the perspective of reservoir computing, the maximum Lyapunov exponent has been
used as an index to identify the reservoir dynamics where performance is optimised
[2]. The diversity of reservoir dynamics tends to be higher when the maximum Lya-
punov exponent is high; however, performance degrades when the Lyapunov exponent
exceeds a certain threshold, as the reservoir stability is compromised (i.e., the con-
sistency between the input and output signals is not maintained). Therefore, optimal
reservoir dynamics tend to be achieved at high maximum Lyapunov exponents, up to
the point just before the stability of the reservoir is lost A &~ 0. This point is commonly
referred to as the ‘edge of chaos’, but Carroll argues that the term ‘edge of stability’
is more appropriate in the context of reservoir computing, as the essential dynamic
characteristic is not the system’s chaotic nature, but rather the consistency between
its input and output signals (echo state property) [2].

Furthermore, achieving optimal performance is not solely dependent on the diver-
sity and stability of the reservoir. Carroll’s experiments indicate that the edge of
stability does not necessarily correspond to optimal performance, suggesting that
there may be other dynamic characteristics that need to be simultaneously fulfilled to
achieve optimal performance [2]. According to this finding, in this study, we focus on
memory, which is likely related to time-history terms among such performance-related
dynamic characteristics.

Moreover, it is not possible to gauge the level of stability and diversity of reservoir
dynamics solely from the maximum Lyapunov exponent. In the main text, we intro-
duced metrics for independently measuring dynamic diversity and stability, namely
covariance rank [3] and consistency [4, 5], as we need to compare the reservoir dynamics
of fully-leaky ESN, LI-ESN, and ChESN.

Supplementary Note 2: Correspondence of
simplified ChESN and LI-ESN

We compare the performance of a simple ChESN with LI-ESN. The reservoir update
equation for simple ChESN is derived from Eq. (4) in the main text, setting all
decay coefficients to a common value (k = k. = kf = k,) and scaling the refractory
parameter o and threshold 6 to zero:

s
=
_|_
N’
|

fEE+1) +nt+1) +C(E+1)),

x(t+1) = FOREW) +0(t) + C(0) + Winu(t + 1) + Wx(). (59)

Here, by denoting the internal state of the chaotic neuron as ycn(t) = £(¢)+n(t)+{(¢),
Eq. (S9) can be simply expressed as:

X(t+1) = f(yen(t +1)),

x(t 1) = Flkyen(t) + Winu(t + 1) + Wx(1)). (510)
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Fig. S2 Time-series prediction performance at optimal parameters obtained through grid search.
The performance metric is the normalised root mean square error (NRMSE) between the target
output and the predictions. The main hyperparameters affecting the performance of the reservoir in
each model, namely the spectral radius and input scaling, are set to values that minimise the average
NRMSE across 10 trials with varying seed values. For LI-ESN, ChESN, and simple ChESN (simplified
version of ChESN), the spectral radius and input scale are fixed at the optimal values, and the time-
history term that yielded the lowest NRMSE for each seed value is adopted (i.e., o; in LI-ESN, ky,
kr in ChESN, and k in simple ChESN). For simplicity, some parameters of ChESN are fixed without
grid search (ke = 0, & = 0.9, 6 = 0). Error bars represent the standard deviation across the 10 trials.

Figure. S2, using the same method as Fig. 3 in the main text, shows the time-
series prediction performance of the reservoir. From this figure, it is evident that
simple ChESN, while not matching, exhibits similar performance values to LI-ESN.
Moreover, when comparing simple ChESN with ChESN, simple ChESN outperformed
in the Lorenz task.

The inferior performance of simple ChESN compared with that of LI-ESN stems
from the different application of time-history terms. Unlike LI-ESN, simple ChESN
has decay coefficients in the neuron’s internal state, making it more prone to values
greater than 1 or less than —1, leading to saturation in the reservoir’s firing state
due to the tanh activation function. This saturation likely had a negative impact on
performance.

Evaluation of the performance difference between simple ChESN and ChESN
showed that in the Rossler task, ChESN performed better. This result seems obvi-
ous, given that simple ChESN adjusts only k, whereas ChESN adjusts both k¢ and



k.. However, despite such differences in the number of adjustment parameters, simple
ChESN outperformed ChESN in the Lorenz task. This could be attributed to the dif-
ference in the refractory scaling parameter (o« = 0 in simple ChESN, and o = 0.9 in
ChESN). The setting of a = 0.9 was adopted from our previous study, which achieved
high performance in Mackey-Glass time-series prediction [6]. The Mackey-Glass time
series used, generated with a time delay term 7 = 32, exhibited a slow time scale, sim-
ilar to the Rossler task in this study. This suggests that a higher v may be necessary
for slow time scale time-series data.

Supplementary Note 3: Verification for overfitting
and evaluation for performance with the other
metrics

We verified overfitting and evaluated performance with the other metrics in the opti-
mised fully-leaky ESN, LI-ESN, and ChESN. As shown in Fig. 3 in the main text,
specifically, to determine whether overfitting has occurred, we compared the perfor-
mance on the training and validation sets (test data) using multiple metrics, i.e., mean
squared error (MSE) and absolute error, other than NRMSE. Additionally, we con-
ducted a comparison of the delay capacity between the training and validation sets,
which plays a significant role in this study. As shown in Table 1, the performance and
delay capacity in test data did not almost degrade in comparison with training data,
suggesting that overfitting has not occurred.



Table 1 Comparison of the time-series prediction performance and delay
capacity of the fully-leaky ESN, LI-ESN, and ChESN between the training
and validation sets, using the parameters from Fig. 3 in the main text. The
results presented are the averages from 10 trials with different random
seeds, with standard deviations shown in parentheses. The performance and

delay capacity (DC) in test data did not almost degrade.

(a) Lorenz task
Model

NRMSE (train data)

NRMSE (test data)

fully-leaky ESN

5.30 x 1073(4.16 x 10~3)

6.16 x 10~3(3.59 x 10~3)

LI-ESN

1.27 x 1073(5.22 x 10~ %)

1.17 x 10~3(4.61 x 10~ %)

ChESN

3.15 x 1073(7.60 x 10~ %)

2.74 x 1073(5.30 x 10~ %)

Model

MSE (train data)

MSE (test data)

fully-leaky ESN

5.33 x 10~5(7.66 x 107 ?)

4.02 x 107°(5.83 x 1075)

LI-ESN

1.85 x 10~5(1.50 x 10~F)

1.57 x 10~5(1.21 x 1079)

ChESN

1.04 x 107°(4.93 x 1079)

7.88 x 1075(2.83 x 10~°)

Model

MAE (train data)

MAE (test data)

fully-leaky ESN

3.52 x 1073(2.13 x 1079)

3.42 x 1073(2.01 x 1079)

LI-ESN

8.97 x 10~%(3.78 x 10~ %)

8.67 x 10~%(3.50 x 10~ %)

ChESN 2.25 x 1073(5.04 x 10~%)  2.10 x 10~3(4.17 x 10~ %)
Model DC (train data) DC (test data)
fully-leaky ESN 5.40(0.29) 5.23(0.23)
LI-ESN 8.15(0.49) 7.76(0.50)
ChESN 7.93(1.01) 7.62(1.06)

(b) Réssler task
Model

NRMSE (train data)

NRMSE (test data)

fully-leaky ESN

4.42 x 1072(1.70 x 10~2)

4.16 x 10~2(1.95 x 10~2)

LI-ESN

5.29 x 1073(2.49 x 1073)

6.10 x 10~3(2.61 x 1073)

ChESN

1.19 x 1073(3.71 x 1079)

1.54 x 1073(4.69 x 10~ %)

Model

MSE (train data)

MSE (test data)

fully-leaky ESN

2.36 x 10~3(1.54 x 1073)

2.35 x 10~3(1.87 x 1073)

LI-ESN

3.57 x 107°(3.82 x 107?)

4.91 x 107°(4.74 x 107?)

ChESN

1.64 x 10~5(1.05 x 10~F)

2.90 x 10-°(1.82 x 10~%)

Model

MAE (train data)

MAE (test data)

fully-leaky ESN

2.75 x 10~2(1.02 x 10~2)

2.79 x 10~2(1.21 x 10~2)

LI-ESN

3.71 x 1073(1.53 x 10~3)

4.32 x 1073(1.64 x 1079)

ChESN

9.08 x 10-%(2.83 x 10~ %)

1.19 x 1073(3.95 x 10~ %)

Model

DC (train data)

DC (test data)

fully-leaky BESN 6.41(1.68) 6.28(1.55)
LI-ESN 14.31(1.17) 14.81(1.28)
ChESN 16.01(2.12) 16.66(2.23)
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