12 Appendix

12.1 Equilibrium points
12.1.1 FE5(0,1,0,0,0)

Given the equilibrium €3(0,1,0,0,0) where I1, = 0, Iso =1, Sie = Soe = Re =
0, we get,,

—B2—0 0 I jz p

-6 0 0 0 0

Ve, = 0 0 —y—0—94 0 0
B 0 0 —~v—0c—-6 0

gl gl —p —p —0

The eigenvalues are, —33 — 6, 0,—y — 0 — d,—y — 0 — §,—4.

Theorem 1. The stability point E3(0,1,0,0,0) exhibits local asymptotic stabil-
ity provided that fo+d >0, v+o0+d >0, 6 > 0.

12.1.2  E4(0,0,1,0,0)

Given the variational matrix V, we get,

=0 —p1— B2 w— P H P
0 ) 8 0 0
V=1| 0 51 —y—0c—96 0 0
0 0 0 —vy—0—-6 0
gl gl —p —p —6

The eigenvalues of this matrix are —§, -0, —y—oc —§, —y— o0 — d, —0.
Theorem 2. The stability point E4(0,0,1,0,0) exhibits local asymptotic stabil-
ity provided that § > 0,y + 0+ > 0.

12.1.3 FE5(0,0,0,1,0)

For the equilibrium €5(0,0,0,1,0), where Iy, = 0, Io = 0, Sic = 0, S = 1,
and R, =0 is

=0 —p1— B2 2 w— B2 p
0 -4 0 Ba 0
v=|o0 0 —y—o—§ 0 0
0 B 0 —vy—0—-6 0
gl Y —p —p =

The eigenvalues of this matrix are —9, -0, -y — o — §,—y — o — §, —9.

Theorem 3. The stability point E1(0,0,0,1,0) exhibits local asymptotic stabil-
ity provided that 6 > 0, v+ o+ > 0.



12.1.4  F4(0,0,0,0,1)

Given the variational matrix

-6 0 I 0 P
0 0 0 0 0
V=0 0 —y—0-90 0 0
0 0 0 —y—0—-6 0
7Y —p —p —0

The eigenvalues of this matrix are —9, 0, -y — o — §,—y — 0 — 6,—9.
Theorem 4. The stability point E1(0,0,0,0,1) exhibits local asymptotic stabil-
ity provided that § >0, v+ o+ > 0.

12.1.5 FE(1,1,0,0,0)

For the equilibrium point ¢,(1,1,0,0,0) where Iie = 1, I, = 1, S, = 0,
S9e = 0, and R, = 0, we have the variational matrix,

—f1—=B2—-4d 0 % % p
—P2 — b1 0 0 0 0
V= 0 ﬁl *’Y*U*(s 0 0
0 52 0 -y —0 — ) 0
vy ol —p —p —delta

The eigenvalues of this matrix are the solutions to the determinant of V —
Al = 0, where I is the identity matrix. [—1.43069623 + 0.7 — 0.21201624 +
0.229194245 —0.21201624 — 0.229194244, —0.445271340.5 — 0.8+ 0.5]. Given the
negative real parts of all eigenvalues, the stability point E7(1,1,0,0,0) exhibits
local asymptotic stability.

12.1.6 Esl,1,1,0,0

Substitute the equilibrium values into the matrix

1 —B2—0 —B1—pa p— 51 p— B2 p

—B2 — 1 — a2 b1 B2 0

V= B B —y—o0—9 0 0
/82 ﬂz 0 -y — 0 — 5 0
gl v —p —p —6

Theorem 5. The stability point Eg(1,1,1,0,0) exhibits local asymptotic stabil-
ity provided that

1. B1+4 Ba+ 0 > k(81 + B2) where ky > 1.

2. 14 B1 — BaSie < ka(B1 — P2S1e) where 0 < ky < 1.
3. v+ 0o+ > ks(y+ o) where ks > 1.

4.+ Bo > kyfo where ky > 1.

5 v+p+0d> ks(y+ p) where ks > 1.



12.1.7 Ey1,1,1,1,0

Substituting the equilibrium values, we get:

—B1—P2—0 =P B 0 0
—B1—P2  —P1—9 0 B1 0
V= b1 0 —y—0o—9 -1 v
0 B2 B2 —p—B2—9 v

0 0 o P —y—p—=9

[-1.63103353+0.j 0.049326444-0.j -0.84360343+0.24368374j, -0.84360343-0.24368374;]
-0.3810860740.j ] The stability point Fg(1,1,1,1,0) exhibits local asymptotic
stability provided that

1. 1+ P +6 >k (61 + 62) where k1 > 1.63103353.
2. f14 B1 — B2Sie < ka(B1 — B2S1e) where 0 < ko < 0.04932644.

3. v+ 0+ 6 > ks(y+ o) where k3 > 1.08728717 (considering the largest
magnitude between third and fourth eigenvalues).

4. pi+ B > kafls where ks > 1.38108607.
5 v+ p+3 > ks(y+ p) where k5 > 1.38108607.

12.2 Proof of theorem 5

Proof. Consider the function V(fl, fg) = fl +f2. The time derivative of V" along
the trajectories of the system is:

v _dh  dl
dt — dt dt’

Using the system of equations, we can show that 42X < 0 for all Il, I >0.

dl o ov o 9 o

ch = 3150y — vl —oly —014.
t

dl o ov o 9 o

7; = ﬁgslfg — ")/IQ — O'IQ — 5]2

Substituting in the given equations:

% = 5152]1 + 5231]2 — ’Y(Il + IQ) — 0'([1 + 12) — 5([1 + IQ).

Now, let’s analyze the terms:

1. The terms 3, ng 1 and ﬁgSH fg represent the new infections. As the number
of infected individuals increases, the number of susceptible individuals (elther
S, or Sg) decreases. This means that these terms will decrease as I; and Ip
increase.



2. The terms —’y(fl —&—152), —aglul +f2), and —(5(f1 + fg) are all negative and

increase in magnitude as I; and I, increase.

As I; and I increase, the positive terms in 2% decrease, while the negative
) p dt )

terms increase in magnitude. This ensures that % is non-positive for all I, I >

0,ie., 4 <o0.

Thus, we’ve shown that % < 0 for all .fl, fg > 0.

12.3 Proof of theorem 6

O

Proof. Consider (S (t), Sa(t), I1(t), I (t), R(t)) to be any solution of the system.

Combining the differential equations for S7 and S5, we get:

dsS;  dS, y .
ot T2 o R —5(9; + 95).
e R (S1+ S2)

From the above inequality, we deduce that

. 5 g u+pR
Jim sup($1(6) + S () < EL

Let,
W (t) = S1(t) + Sa(t) + L1 (t) + Lo(t) + R(t).

Then, summing up all the differential equations, we have,

d
d—vféquprcSW,

which can be simplified as

dw y
W+6W§u+pR-

From differential inequalities theory,

p+pR | W(0)
0<W() < 5 e
Taking the limit as t — oo,
0<w <Ll
1)
Therefore, for any € > 0,
w+ p]?

A
S
A

C = {(§1,§2,f1,f2,é) . 0

(1)



12.4 Proof of theorem 7
Let I* € N* s.t. Z(0) € [£,%]. For n > I*, we denote:

7 €

Z(t) € = and Z(t) ¢ [1, ”r} ,

Jninf{t>0
n’ €

—

here o, representing the stopping time with o = inf{0 < t: Z(t) ¢ E}.

The task remains to show P{t > o} = 0 for every t > 0.

o, < o implies P{o, <t} > P{o < t}.

If lim,, o, sup P{o, < t} = 0, then our assertion holds. For the outset, let’s
take Oy: Rff‘ — R4 as a Lyapunov function.

v v v 9

31 (S1 (1), Sa(t), 11 (1), To(t), R(t) = 17 () + So”(t) + 11 (t) + I (t) + R(t)
(9)

Using Ito’s formula, whenever 0 < t and ¢ € [0,t A 0,,], we get
. . o o 2 2
d%l(Sl (t), Sg(t), Il (t), Ig(t), R(t) == H%ldt - lel d@l(t) - QQSQ d@g(t)
.2 .2
— 031, dD3(t) — o4l dD4(t) — 05 R2dDs5(t),

where
HSy = — M§12 - 51§13f1 - ﬂ2§13f2 + pR§12 - 5§12
- 52§23f2 - 515§—f1 - 5§23 + 51§2f12
- ’yIvlg - 0f13 — 5f13 — ﬂgglfgg - ’yfgg
- of23 - 6f23 - 7f1R2 + 7[}1%2 — pflg —§R?
+ 912§12 + 922§22 + Q32f12 + Q42f22 + 052 R
then

HS, < pé§12 + 51§2f12 +7LR? + 912§12 + 022522 + Q32f12 + {Q42f22 + 052 R?
then we have,
A3, < p+ B+ + 0 + 0 + 03 + o
— L4 (t) — LdDa(t) — 2 dDs(t) — ZdDa(t)
5 151 12 13

< 0dt — 0151dD1 (t) — 0252dDa(t) — 031D (t)
— 0412dD4(t) — 05 RAD5 (t). (10)

0= |p+Bi+v+0]+05+ 05+ 0]



By utilizing the principles of expectation and the Fubbini theorem, integrating
the aforementioned equation yields,

F(S1(Z(0)) < S1(Zo) + o
Invoking the results from Gronvall, for every o € [0,t A 0,,]
F(S1(Z(e)) < S1(Zo)e’,

we deduce,
.F[%l(Z(t/\Tn)] < C\\Sl(Z())-i-et. (11)

Given that S1(Z(t A oy)) > 0 and Z(0,,) < 1, it follows,

F(S1(Z(tNor)) = F(S1(m(on) (s, <t})s

> nB(o, < t).
From the implications of equations (11) and (12), for all t > 0,

\(\S(Zo) + 0t

B(o, <t) < o

Consequently,
lim supB(o, < t) = 0.
t—o0

12.5 Proof of theorem 8
Let’s assume that for any initial condition (gl (0), S2(0), 11 (0), I>(0), ]:2(0)) € E,
there exists a unique and positive local solution of the form (Sl(t), Sy (t), L1 (t), In(t), R(t))

over the interval [0,0.). The term o, denotes the time of explosion. We aim
to prove o, = oo almost surely, implying the solution is global. Furthermore,
let’s define ;- as our chosen stopping time It is given that the infimum of ¢
is infinite. As j tends towards infinity, it can be observed that o« exhibits an

increasing behavior. If we define o, as lim o+, it follows that o, > 04 with
]*}OQ

high probability. Our goal is to demonstrate that 0., = co almost surely.
. N 1 g 1
o =inft € (0,0.) : S1(t) ¢ (l—*,j) or Sa(t) ¢ (l—*,j)
1

} 1 } y (13)
or [1(t) ¢ (57,7) or [2(t) & (55, ) or B(t) ¢ (57,7)-

Assuming, for the sake of contradiction, that o, = oo isn’t always true, we
would then have some non-negative Q and a value of € within [0,1) such that
the probability D(os < @) > e. This implies:

I(1F € NY(WI* > I*1)D(ol* < Q) > e. (14)



Let’s further introduce the function 9, a twice continuously differentiable
function mapping from R} to R*, given by

v v v v

So(S1 (), Sa(t), 11 (1), Ta(t), R(t), = (51 “1-In §1) + (5“2 1 52) +
(fl —1- lnfl) + (fg —-1- lnfg) .
Applying Ito’s formula, we derive
a2 = HS; (81,85, 11, 1) dt

+ (81— 1) 02dDi(t) + (S2 — 1) 0205 (1)
+ (“1 - 1) 03dD3(t) + (I} - 1) 01dD4(t)

+ (R 1) 05d5(0),
Where the expression for HS is,

HSy = p— 18111 — BoSi Lo + pR—3S) — (u— rly — Bolo + pR — §)
— B28oTy — p1.So0y — 68y — (—Boly — f1]y — ) + 182 —y — 0 — &
+ [3251[; — ’}/IUQ — O'fg — 5f2([32§1 -y — 0 — 5) + ’Yfl +"}/f2 — pR — (51‘?4’

o o 1 1 1 1 1
(1 +v —p—9) + iglgdt + ngzdt + §Q3th + 5@42dt + 5952dt.

This leads to the inequality

HS, < ji+ pR — 68, + By + Baly +9)

+ (52f2 + ﬂ1f1 +0)+ ﬂ1§2 + ﬂ2§1f2 +v+04+9 Jr’}/fl + ’Yfz + (’Y-fl + 7f2)+

1, 1 1 1 1
Z012dt + = 02%dt + = 032dt + = 04%dt + = p52dt =
291 +292 +293 +2Q4 +2Q5 J

Integration over the given interval yields

A%y < T + (5*1 - 1) 01dD 1 (t) + (52 _ 1) 02dDs(t) + (f1 _ 1) 03dD3(t)+

(I; . 1) 04dD4(t) + (}? - 1) 05dDs5(t).
(15)



(G (gl (QAJ[*),§2 (T/\(Tl*) ,fl (Q/\U[*),fg (QAJ[*),R(Q A O’p))
< 92 ($1(0), 5:(0), £1(0), 22(0), (0)) + TE(Q A ).
< 3 ($1(0), 82(0), 11(0), £2(0), (0)) + T Q.

Considering the set ;» where 7 < j, and from the relation in (14), we can infer
that,

&

v v

2 (51(0), $:(0), 11(0), (0), B(0) ) + 7 Q
>E (lgl* S (Sl (op+,w), S (rj,w), Ih (o1, w) , Iz (07, w) , R(U;* ))) ,

1
>efl*—1—Inl*] A [z —1+lnl*} .

Upon letting [* approach infinity, we encounter the contradiction,

0o > Sy <§1(O),gg(O),fl(O),fg(O),R(O)) + JQ = oo a.s. This inconsistency
with our initial assumption proves our desired result.

12.6 Proof of theorem 9

Let %3 = lnfl(t).

y 1 1
dinT(t) = ITldfl — 592%,

1
= |:6152 _7_0_6_ 2@22:| dt+92d©2(t)7 (16)

1
< {5152 —0— 2922} dt + 02dDs(t).

Integrating (16) gives

t

o v 1 o

lnfl(t) S ﬂl / Sl(T‘)dT — (5(t) - 5@22t + ngz(t) — QQ@Q(O) + hl.[l(O),
0

Bl / Sl dr— )—*Q22t+P1( )



where Py (t) = 0204 (t) — 0292(0) + In [ (0). Dividing (17) by t, we have

@§51<§1>*5*%Q22+P1T(t)~ (18)

Integrating the model, we can write

SO0 gy (YT — By [ ST + p(R) — 6(S1) + [ S1(r)dD (r),
50500 — _g) [V 5,1, — 8 [V Soly — 5(Sa) + 2 [1 Sa(r)dDa(r),
DOZRO = gy [ Soy = (5 = o(h) = 8{0) + 2 fy Li(r)aDs(r)

t

LOZLO = gy [V SiIo — (o) — o) — §(I) + % [ L(r)dDa(r),

t

AU = (D) + (B} = p(R) = 6(R) + % [ R(r)dDs(r),

Adding the previous equations of (19), we obtain

W S1(t) ; 51(0) n Sa(t) ; 52(0) + 1i(¢) ;1'1(0) n I>(t) ;—72(0) R(t) ; R(O)’

9 v v

= = 8(81) = 8(Ss) = 6(0) = 6(I2) = §(R) = (1) = (L) — o (1) — o (L)

+%A§mmam+%4$@@m)

+%OﬁM@WH%AEM@WH%ARM@W)

v v v v

W= = 5(81) — 605} — (1) — 5(I) — 8(R) — w{hi) () — ot} — () + 7,

where




Substitute (20), we obtain

Inli(t y y y y y y y y
MO < By sty — a0y — 800) — 3(B) — (1) — (D)  o(Ly) o)
L Si(t)—81(0)  Sy(t)—S2(0) Ii(t)—1(0)  Iy(t) — Ip(0
P 1(t) 1()+ 2(t) 2()+1() 1()+2() 2()Jr
t t t t t
R(t) — R(0 1
RO ZRON 50) - Lot + A
(21)
Hence, utilizing study in [17] we can write
hlfl(t) BLU/ 1 2
dm = = 5 —(r+ ot o) - 507,
1 2
§(7+5+0)[R1—1]—502 ;
then
. hlfl(t) Q%
< -1 - —=. 22
tliglo <(y+d+o0) R -1 IO (22)

The process can be repeated to show tlim I5(t) = 0 when R§ < 1.
— 00

12.7 Codes

import numpy as np

from scipy.integrate import odeint

import matplotlib.pyplot as plt

import seaborn as sns

from mpl_toolkits.mplot3d import Axes3D

import pandas as pd

def model(y, t, betaO, alpha, r, K, gamma, mu, delta, sigma, rho):
S1, S2, I1, 12, R=y
I =11+ 12
betal = beta2 = betal * (1 + alpha * r * I x (1 — I / K))

dS1 = mu — betal % S1 % Il — beta2 % S1 % I2 4+ rho *x R — delta *x S1
dS2 = —beta2 % S2 x I2 — betal % S2 % I1 — delta x S2

dI1l = betal % S2 % Il — gamma * Il — sigma % I1 — delta *x Il

dI2 = beta2 % S1 % I2 — gamma *x [2 — sigma * [2 — delta *x 12

dR = gamma * I1 + gamma % I2 — rho *x R — delta *x R

10



return [dS1, dS2, dIl1, dI2, dR]

S1.0 = 0.9
S52.0 = 0.9
I1.0 = 0.01
120 = 0.01
RO = 0.0

y0 = [S1.0, $2.0, I1.0, 12.0, R.0]
t = np.linspace (0, 65, 5000)

beta0 = 0.5
alpha = 0.1
r = 1.0
K=1.0
gamma = 0.1
mu = 0.02
delta = 0.01
sigma = 0.01
rho = 0.005

sol = odeint (model, y0, t, args=(betal,alpha,r K, gamma,mu, delta ,sigma,rho))
plt.figure (figsize=(12, 8))

plt.plot(t, sol[:, 0], ’b’, label=’S1")

plt.plot(t, sol[:, 1], ’g’, label=’S2")

plt.plot(t, sol[:, 2], ’'r’, label="11")

plt.plot(t, sol[:, 3], 'm’, label="12")

plt.plot(t, sol[:, 4], ’'c¢’, label="R’)

plt.title (’Dynamics of Susceptibles, Infected, and Recovered Populations )
plt.xlabel (’Time’)

plt.ylabel (’Population Fraction )

plt.legend ()

plt.grid (True)

plt.tight_layout ()

plt .show ()

##Population Distribution ##

populations_at_t100 = [sol[index_at_t100, i] for i in range(5)]

labels = [’S1’, ’S2’, ’I1’, ’I2’, ’'R’]

colors = [’blue’, ’green’, ’red’, ’magenta’, ’'cyan’]

plt.figure (figsize=(8, 8))

plt.pie(populations_at_t100 , labels=labels, colors=colors, autopct="%1.1f%%’)
plt.title ("Population Distribution at t=100")

plt .show ()

##Time series#H#

plt.figure (figsize=(10, 6))

plt.plot(t, sol[:, 0], label="S_1")
plt.plot(t, sol[:, 1], label=’S_2")
plt.plot(t, sol[:, 2], label="1_1")
plt.plot(t, sol[:, 3], label="1_2")
plt.plot(t, sol[:, 4], label="R’)



plt.legend ()

plt. title (’Time Series of Populations’)
plt.xlabel (’Time’)

plt.ylabel (’Population Fraction )

plt.grid (True)

plt .show ()

##Phase Plane##

plt.figure (figsize=(10, 6))

plt.plot(sol[:, 0], sol[:, 2], label="S_1 vs I.1")
plt.plot(sol[:, 1], sol[:, 3], label="S_2 vs I.2")
plt.legend ()

plt.title (’Phase Plane Plot’)

plt.xlabel (’Susceptible Population )

plt.ylabel (’Infected Population )

plt.grid (True)

plt .show ()

##Quiver Plot#H#

U= sol[l:, 2] — sol[:—1, 2]

V = sol[l:, 3] — sol[:=1, 3]

plt.figure (figsize=(10, 6))

plt.quiver(sol[: =1, 2], sol[:—1, 3], U, V, scale=50)

plt.title (’Quiver Plot showing changes in Il and 127)

plt.xlabel (711 7)

plt.ylabel (712 7)

plt.grid (True)

plt .show ()

##Hmoving_avgH#H

moving_avg_I1 = np.convolve(sol[:, 2], np.ones(50)/50, mode="valid 7)
moving_avg_I2 = np.convolve(sol[:, 3], np.ones(50)/50, mode="valid ”)
plt.figure (figsize=(10, 6))

plt.plot(t, sol[:, 2], label="I1")
plt.plot(t[len(t)—len(moving_avg_I1):], moving_avg_I1,'r——",label="11")
plt.plot(t, sol[:, 3], label="12")

plt .plot (t[len(t)—len(moving_avg_12):] , moving_avg_ 12 ,’'m——",1label="12")
plt.title (’Time Series with Moving Average’)

plt.xlabel (’Time’)

plt.ylabel (’Population Fraction )

plt.legend ()

plt.grid (True)

plt.show ()
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