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Appendix A

The steady state of model IV is defined when the variation of all chemical
species is zero. Specifically, this occurs when we solve the following system
of equations, which represent the equilibrium conditions of our biochemical
network. Thus, we can write

ap =vy/ac

a1 = v/ Kc?

ag =v/a K1 Kyc®

a—ye — 'yK102 — 'yKlec?’ — WK1K2K364 =0.

(1)

Each variable ag, a1, a2, and c¢ represents a specific chemical species in
our model, where ¢ might be the concentration of a key regulatory protein.
The last equation in (??) is a polynomial with four roots that define the
fixed points of the system. These roots are two complex conjugated, one
real negative and one real positive. This last fixed point has an analytic
expression and it is the steady state of interest in our problem and will
be denoted by S = (af,aja3,c*). To study the stability of this state we
linearize the system about the steady-state S and compute the Jacobian



matrix evaluated in S:

—/€01C* kl() 0 —kmaé
koic®  —(kio + k12c™) ko1 (korafy — k12a7)
—ks32 kioc® — k3o —(ka1 + kasc® + k32)  (k12a] — koza3)

« 0 0 —y

The associated eigenvalues \; are given by the roots of the polynomial:
boA? 4 by A3 + ba A2 + b3\ + by. Taking into account the relationships between
a; and ¢ at the steady state in (?7?), the coefficients b; can be written as:

by =1,

by = " (ko1 + k12 + ko3) + v + k1o + ko1 + k32,

by = c**(korkia + korkos + kiokas) + c*(korkar + korksa + kiokas + k12kso)
+ " y(2ko1 + k12 + ka3) + (k1o + k21 + k32) + kioka1 + kioks2 + kaikaz,

by = c*2y(3ko1kia + 2ko1kes + ki2kas) + ¢y (2korkar + 2ko1ksz + k1okas + ki2ks2)
+ v(koka1 + kot kiokas + ¢ Zkorkiaksa + ¢*korkaiksz + kioksa + kaikss)
+ k1ok21k32,

by = y(4c* ko1 krakas + 3¢ korki2ksa + 2¢ ko1 ko kaz + kioka1 ksa,

Note that the necessary condition for the stability is satisfied if all the
coefficients b; > 0, which is granted because they are sums of positive terms.
Of course, we are considering all parameters to be positive. Following the
Routh-Hurwitz stability criterion: The roots of the characteristic polynomial

have negative real parts if and only if all the principal diagonal minors, A;,
of the Hurwitz matrix are positive. That is:

bo > 0, A1:b1>0, Ay = b bo = bi1by — bpbz > 0,
bs by
bi by O
Az =1 b3 by by | =biboby—b3by —bob2 >0, Ay=0bsA3>0
0 by b3

It is possible to demonstrate that principal diagonal minors As and Ag are
summation positive terms. As all b; are positive we have that A; and Ay
are also positive we can conclude that the real positive solution of (?7?) is
asymptotic stable for all parameters values independent on which cooper-
ative binding mechanism is acting. However, when considering time-delay
variables, we show that the stability of the fixed point can depend on the
cooperative mechanism.



Appendix B

For the model V| the steady state of protein concentration, denoted by p*,
is determined by following relationship
QmQ

— L+ K 4 K Ko™ + K Ko Kae™ =0, (2)
Ym"Y

where K1 = k(n/ku), K2 = klg/k’gl and Kg = k‘gg/kgg are the equilibrium
constants. The steady-state associated with the other variables can be writ-
ten in terms of ¢* as follow:

m* =2 ¢ ap = Im7
o O O (3)
ai = Jm¥ Kyc*? ay = Imy K1 Kyc*
QO O O

The equation (?7) is a polynomial have four roots. The steady state of
interest in our problem is in two branches depending on e value, it has a
complicated form but closed expression:

2 (4€2 4 66 — 9) (3 — 2¢)
V4eF(g,x,€) + (9 — 8¢)

1
(g, x,e)F =1 <\/2(9 —8¢) —4eF(g,x,€) £

—/4eF(g,z,€) 4 (9 — 8¢) — 3) ,

where x = p/q, and g = 2™I. = indicates the correct branch for a real
positive solution (4 when 15 < 3/2, and — when 3/2 < €). The function
F'is given by:

F(g,z,€) =

)

3(1—6)9—463%’ + 3 f1(g,$,6)+f2(g,$,€)
3g€/f1(gax76);gf2(g7$76) 29
and

fi(g,x,€) = (63 —3e+2)g— €2(9 — 8e)x,

—€)g — 4€e32)?
olg,2,6) =\/f1<g,x,e>2—4<3(1 Jo—ieo),

To study the stability of this state we linearize the system about the



steady-state S and compute the Jacobian matrix evaluated in S:

—]COlC* klO 0 0 —k:()laf‘)
koic*  —(kio + ki2c¥) ka1 0 (koray — ki2a})
— k32 kioc® — k3o —(ko1 4+ kasc® +k32) 0 (Kioa] — kasal)

O, 0 0 —Ym 0
0 0 0 o —y

This matrix leads us to a characteristic polynomial with order five:
bo\S + b1 At 4 baA® + b3 A2 + bo )\ + bs, where the coefficients b; are given by:
bo = 1,
b1 = c"(kot + k12 + ka3) + k1o + ko1 + k32 + (Ym + ),
by = (koi(kiz + ka3) + k12kas) + (v (ko1 + k2 + kaz) + ko1 (k21 + k32 + )
+k23 (k10 + ) + kr2(ks2 + 7)) + (v + ) (k10 + ka1 + k32) + (YY)
+k1oka1 + k1oks2 + ka1ks2,
by = Photkiokas + ¢ ((ym + ) (korkas + kiokas + korki2) + koiki2ks)
+c*((Ym + 7) (kork21 + ko1ksz + k1okaz + k12k32) + ymY(2ko1 + k12 + ko3) + ko1k21k32)
+(vm + ) (k10k21 + k1oksz + ka1ks2) + Ymy (k1o + ka1 + ks2) + k1ok21ks2,
bi = Photkiokas(ym +7) + ¢ (korkioks2 (Ym + ) + vmY (3kor k12 + 2ko1kas + kiakas))
+c* (ymY(2ko1 (ko1 + k32) + k1okas + ki2ks2) + kork21ks2(ym + 7))
+k10ko1ks2(Ym + ) + ymY(k10k21 + kioks2 + k21ks2),
bs = Ym7 (4¢P korkiokas + 3¢ ko1 kioksz + 2 kor ka1 ksa + kioka1ka2) (4)
Note that the necessary condition for the stability is satisfied if all the co-
efficients b; > 0, which is granted because they are sums of positive terms.
Following the Routh-Hurwitz stability criterion: The roots of the charac-

teristic polynomial have negative real parts if and only if all the principal
diagonal minors, A;, of the Hurwitz matrix are positive. That is:

b0>0, Al:b1>0, Ag_‘bl bo :blbg—bobg>0,
bs bo
b1 by O
Az =|bg by by | =Dbibobg — b3by — bob3 + bobibs > 0,
bs by b3
by bg 0 O
| b3 b2 b1 bo _
A4 = b5 by bg b s A5 = b5A4 >0
0 0 by by



Taking into account the relationships between a; and ¢ in Eq. (??) at the
steady state, we can show that the principal diagonal minors Aj, As and
A3 are both summation of positive terms. We cannot determine the sign
of A4 in an analytical fashion for the whole parameter space. However, we
have found numerically that it is positive in a large region of the parameter
space. As all b; are positive we have that Ay and As are also positive and
can conclude that the real positive solution of (??) is asymptotic stable for
a large region of parameters values.

Appendix C

In this section, we delve deeper into the dynamics of the model governed by
Egs. (14) by performing a linear stability analysis, considering a more general
case with a Gamma distributed delay kernel of order n. This approach allows
us to account for temporal delays in biological responses, represented by the
delay operator D”. Of course for n = 1 we have D} = D,,. Before performing
this analysis it is important to note that fixed points of the system without
delay are also fixed points of the delayed system. However, delays can change
the stability of fixed points, even without altering their position with respect
to the system without delay.

In the present case, the model without delay corresponds to model TV
studied in Appendix A, but where variable ¢ changes to m’. For the sake of
simplifying the notation, we will remove the tilde from m’. The steady state,
now denoted by (ag, ajas, m*), is determined for a set of equations formally
identical to (??). Linearizing around the fix point S = (a§, ajas, m*), with
respect to the variables: ag, a1, a2, m and m(t—7) and obtain linear equations
for small deviations @; = a; — a; and ™ =m —m*

ay = —koim*ap + ka1 — korag D7 [m]
a1 = —kppaim® + kyas + koym*ao — kioa

—k12a1 D [m] + korag D7 [m] (5)
az = —kogaom™ — ksa(a@op + a1 + a2) + kiom*a; — ko1as

—kazas DY [m] + ki2ay D7 [m]
ﬁ = Qmao — YmMm
As (?7) is a linear system, we propose a solution in the form A;exp(wt)

for variables @; and similar one Cexp(wt) for m, where the amplitude of
deviation A;, C' and w are constants to be determined. Thus, replacing this



solution in (??) and taking into account that
n

DI [m(t)] = /000 K, (1)Cexpw(t—7)dr = C’exp(wt)m,

This calculation holds for complex w satisfying Re(w) > —7. One can arrive
at the secular equation (J — wl)A = 0, where [ is the identity matrix and
A = (Ap, A1, Ay, C). J is the Jacobian matrix of (??) evaluated in the
steady state S which is given by:

—k:(nm* klg 0 —k:(naB( L

(T+w)™
koym*  —(kio + kiam™) ka1 (koragy — leGT)(TIW
—ks32 kiom™ —kga  —(ka1 + kagm™ + k32) (k1207 — k2303)%
Qi 0 0 —Ym

The amplitude of perturbation A can be different from zero, if and only
if det(J — wl) = 0. This condition leads us to a characteristic polynomial
with order 4 4+ n. In the weak delay kernel case, n = 1, we have: bg\® +
bi At + ba A3 + b3A? + bo A + bs, where the coefficients b; are formally the same
that (7?), which implies that the steady state is asymptotically stable. Due
to the complexity of the problem, we do not compute the stability for the
strong delay case, n = 2.



