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Figure S1: Schematic illustration of the components of the mem-
brane model. The illustration is taken from [1].

S1 Membrane model formulation

Here we describe the full membrane model formulation, taken directly from
[1]. In this formulation, the membrane potential (v) is given in units of
mV, and the Ca?* concentrations are given in units of mM. All currents are
expressed in units of A/F, and the Ca?" fluxes are expressed as mmol/ms
per total cell volume (i.e., in units of mM/ms). Time is given in ms. The
parameters of the model are given in Tables S1-S6.



S1.1 The membrane potential

The membrane potential is governed by the equation

dv

— = —(Ina + Ina I, Lio + Te + Ts + 1

7t (INa + INaL + Tcar + Tto + Tk + Ixs + I (S1)
+ INaca + Inak + Ipca + Inct + Ioca + I + Itim),

where Iy is an applied stimulus current, and Ina, Inan, IcaL, lios Ikrs IKs,
Ix1, INaca; INak, Ipca, Ibci, Ibca, and Iy are membrane currents specified
below.

S1.2 Stimulation current

In our simulations, Iy, is given as a constant current of size —40 A /F for the
1D simulations and —200 A/F for the 2D simulations. The Iy, current is
applied until the membrane potential reaches a value of —40 mV. We let the
simulation run for 20 ms before applying the stimulation current to allow the
membrane potential to reach a new steady state when parameter changes are
applied (i.e., when we include a border zone with an increased extracellular
potassium concentration, see Figure S2).

S1.3 Membrane currents

The currents through the voltage-gated ion channels on the cell membrane
are in general given on the form

I = gO(U - E)?

where ¢ is the channel conductance, v is the membrane potential and FE is
the equilibrium potential of the channel. Furthermore, o =[], 2; is the open
probability of the channels, where z; are gating variables, either given as a
function of the membrane potential or governed by equations of the form

1
2= —(Zi00 — 2i)- (S2)

Tz;

The parameters 7, and z; o, are specified for each of the gating variables of
the model in Table S7.

Fast sodium current The fast sodium current, Iy,, is given by
INa = gNaONa(U - ENa)7 (83)
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Figure S2: Change in membrane potential resulting from the in-
crease in extracellular potassium concentration used to represent
the infarction border zone. The plots show the results of membrane
model simulations with initial conditions corresponding to the default extra-
cellular potassium concentration of 5.4 mM and 1 Hz pacing.



where the open probability is given by
ONa — mgja (84)

and m and j are gating variables governed by equations of the form (S2).

Late sodium current The late sodium current, Iy, is given by
INaL = gNaLONaL(V — ENa), (S5)
where the open probability is given by
oNaL, = mphr, (S6)
and my, and hy are gating variables governed by equations of the form (S2).
Transient outward potassium current The transient outward potas-
sium current, [, is given by
Lio = Gt00t0(v — Eio), (S7)
where the open probability is given by
Oto = GioTtos (S8)
and ¢, and 1, are gating variables governed by equations of the form (52).

Rapidly activating potassium current The rapidly activating potas-
sium current, [k, is given by

I = grey) 20 o v — Bie) (S9)
' "V54mM T ’
where
OKr = TKr1TKr2, (SlO)

and the dynamics of rk,; and zk.o are governed by equations of the form

(S52).
Slowly activating potassium current The slowly activating potassium
current, Ixs, is given by

]Ks = ngOKs(U - EKS)7 (Sll)

where
OKs = x%is, (S12)

and the dynamics of zkg is governed by an equation of the form (S2).
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Inward rectifier potassium current The inward rectifier potassium
current, Ixq, is given by

Ty = K (o — Ex) (S13)
K1 = gK1 54 mMOKl v K))
where
aKi
= S14
oK1 axy + bki (514)
1
a1 = (815)

1+ e0.2(v—Ex—59)’
0.5¢0-08(0—Ex+5) | o0.06(v—Ex—594)

b1 = 1 + e 05(v—Ex+5) (S16)

Hyperpolarization activated funny current The hyperpolarization
activated funny current, I, is given by

It = groe(v — Ex), (S17)

where
or = Iy, (818)

and the dynamics of ¢ is governed by an equation of the form (S2).
L-type Ca®" current The L-type Ca" current, Ic,r, is given by

(2F)20 0.341cge 7T — 0.341c,
RT | ’

ICaL = JCaLOCaL (Slg)

where

ocar, = df (1 = fca), (520)
and the dynamics of d, f and fc, are governed by equations of the form (S2).

Background currents The background currents, I,c, and Ipc; are given
by

Ihca = gvca(v — Eca), (S21)
Ll = goar(v — Eq). (S22)



Sodium-calcium exchanger The Nat-Ca?* exchanger current, Ix.ca, is
given by

e'm [Nat]3¢, — e T [Nat]3cy

SNaCa (1 + (Kam> ) <1 + ksate(y RlT)Fv)

N +i ’ S
SNaCa — KCM[Na ] <1—|— <[Ki ] ) ) —|—K§a’ecsl (1 + }(Ccl >

+ KCa,e[NaJr]? + [Nat]?c, + [Nat]cy.

(S23)

[NaCa = INaCa

where

Sarcolemmal Ca?t pump The current through the sarcolemmal Ca?* pump,

Ica, is given by
2
o sl
Ipca = IpCa K2 2

. ($24)
pCa + ]

Sodium-potassium pump The current through the Na™-K* pump, Iv.xk,
is given by

7 fNaK [K+]e
Inax = Ina , S25
NaK NK1+<K§:§>4[K+]6+KK£ ( )
[Na™];
where . 0.037
. [Na+]e Fuv
= + "6 —1)|e &Y. 526
I = T el T (e > ‘ (526)
S1.4 Ca’" dynamics
The Ca?* dynamics are governed by
dCd 1 b dbd 1 b
= I, al. — —J3 ) = 17 Yd 2
dt ‘/d<‘]c L ‘]d Jd) dt ‘/d‘]d (S 7)
=—(J*=-J5—J J? = —J S28
dt ‘/sl( e sl sl+ s )7 dt ‘/sl sl ( )
dCC 1 b dbc 1 b
_ n S—— 2
de B 1, ol b dby B 1
de 1
-n —- n __ 718 1
=), (S31)



where ¢4 is the concentration of free Ca?* in the dyad, by is the concentration
of Ca?* bound to a buffer in the dyad, ¢, is the concentration of free Ca?* in
the SL compartment, b, is the concentration of Ca?* bound to a buffer in
the SL compartment, ¢, is the concentration of free Ca?* in the bulk cytosol,
b. is the concentration of Ca?* bound to a buffer in the bulk cytosol, ¢, is the
concentration of free Ca?* in the jSR, b, is the concentration of Ca?* bound
to a buffer in the jSR, and ¢, is the concentration of free Ca?* in the nSR.
The expressions for the fluxes are specified below.

S1.5 Ca?t fluxes

Flux through the SERCA pumps The flux from the bulk cytosol to
the nSR through the SERCA pumps is given by

($32)

J!' = Jsgrea 5 5
v (i) + (&)

Flux through the RyRs The flux from the jSR to the SL compartment
is given by
T3 = Tryr + Jicaks (S33)

where Jryr represents the flux through the active RyR channels and Jjeax
represents the flux through the RyR channels that are always open, given by

JRyR =p-r- aRyR(Cs — Csl>7 (834)

Jleak = YRyR OéRyR(cs - csl)> <835)

respectively. Here, p is the open probability of the active RyR channels given

by ,
Cd

= —4 S36

p A+ m?f{yR (836)

and r represents the fraction of RyR channels that are not inactivated and
is governed by the equation

dr JRyR . TRyR
— = DR — ). S37
o Ban | p (1-7) (S37)



Passive diffusion fluxes between compartments The passive diffu-
sion fluxes between compartments are given by

Jq = ag(ca —co), (S38)
¢ = a8 (cu — co), ($39)
Jl=al (e, — cs). (540)

Buffer fluxes The fluxes of free Ca?t binding to a Ca?* buffer are given
by

Jg = Va(kgca( By — ba) — kigba), (541)
T4 = Va(kshea (B — ba) — kigba), (542)
Jf = Ve(kgnCe(Bioy — be) — kogbe), (S43)
Jg = Vi(koucs(Bisy — bs) — Kighs). ( )
Membrane fluxes The membrane fluxes, Jcar, Jhca; Jpca, and JNaca, are
given by

XCnm XCm

JCaL = - oF ICaL7 JpCa = - oF [pCa7 (845)
XCrm XCrn
a — I ay aCa — I aCa 4
Jro 57 [vc JINac 7 Inac (S46)

where Icar, Ibca, Ipca, and Inaca are defined by the expressions given above.
Furthermore,

J:l = JNaCa + JpCa + JbCa- (847)



Parameter | Description Value
Vy Volume fraction of the dyadic subspace | 0.001
Vi Volume fraction of the SL compartment | 0.028
V. Volume fraction of the bulk cytosol 0.917
Vs Volume fraction of the jSR 0.004
V. Volume fraction of the nSR 0.05
X Cell surface to volume ratio 0.6 pm~*

Table S1: Default geometry parameters of the membrane model.

S1.6 Nernst equilibrium potentials

The Nernst equilibrium potentials for the ion channels are defined as

Fna = % log (&Ei?) , (S48)
Eca = %1 g ([Ci]e , (S49)
Fx = % log (EZ:%T) : (S50)
o = T o8 (G T ismerT ) 1)
Fo = % log Ggl;]]) , (852)

Er=—17mV, (S53)

for the parameter values given in Table S2.
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Parameter | Description Value
Cn Specific membrane capacitance 0.01 pF/pm?
F Faraday’s constant 96.485 C/mmol
R Universal gas constant 8.314 J/(mol-K)
T Temperature 310 K
[Ca®t], | Extracellular Ca?* concentration 1.8 mM
[Nat], | Extracellular sodium concentration 140 mM
[Nat]; Intracellular sodium concentration 8 mM
[K*]. Extracellular potassium concentration | 5.4 mM
[K*]; Intracellular potassium concentration | 120 mM
[Cl7]. Extracellular chloride concentration 150 mM
[C17]; Intracellular chloride concentration 15 mM

Table S2: Physical constants and ionic concentrations of the membrane
model.

Parameter | Value Parameter | Value

gNa | 12.6 mS/uF gcar | 0.12 nL/(uF ms)

gNaL | 0.025 mS/uF gbca | 0.00055 mS/uF
Gto | 0.27 mS/uF INaca | 4.9 puA/uF
gkr | 0.025 mS/uF Loca | 0.068 pA/uF
gxs | 0.003 mS/uF Jserca | 0.00024 mM /ms
g1 | 0.37 mS/uF agyr | 0.0075 ms™*

g | 0.0001 mS/uF a§ | 0.0017 ms™!
gvcr | 0.007 mS/uF a | 0.15 ms™!
Inax | 1.8 pA/uF af | 0.012 ms™!

Table S3: Conductance values and similar parameters for each of the mem-
brane currents and intracellular Ca?* fluxes of the membrane model.
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Parameter | Flux | Value
K. Jr 0.00025 mM
K, Jr 1.7 mM
BryRr Js 0.038 mM
YRyR Js! 0.001
KRyR Jryr | 0.015 mM
TRyR J;l 0.00001 ms~*

Table S4: Parameters for the intracellular Ca?t fluxes of the membrane
model.

Parameter | Current | Value
Fsat INaca 0.3
4 INaca 0.3

Kact INaca 0.00015 mM
Kcai INaca 0.0036 mM
KCa,e [NaCa 1.3 mM
KNa,i INaca 12.3 mM
Knae INaca 87.5 mM
Kll\\rjglf Inax 11 mM

Ky . Inak 1.5 mM
Kyca Ica 0.0005 mM

Table S5: Parameters for the membrane currents of the membrane model.



Parameter | Compartment Value
B, Bulk cytosol 0.07 mM
ke, Bulk cytosol 40 ms~'mM~!
ke Bulk cytosol 0.03 ms™!
B2, Dyad 1.2 mM
kS Dyad 100 ms™'mM~*
ks Dyad 1 ms™!
B:, Subsarcolemmal space | 0.9 mM
kst Subsarcolemmal space | 100 ms™'mM~*
keL, Subsarcolemmal space | 0.15 ms™*
B, Junctional SR 27 mM
ks, Junctional SR 100 ms~'mM~*
kg Junctional SR 65 ms™*

Table S6: Parameters for the Ca2t buffers of the membrane model.
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Current | Gate 2o (0% /BZ T,
m ﬁ 0.13¢((v+46)/16)? 0.06¢=((v=5)/51)* O + B
+ el=o7—v
Ina Oifvz—d0 ) 060%™ s 4o
j 1 —2.5-10%€0-2 . 1+ e 01(v+32) 2 1
(1+ e(r,‘+72)/7>2 _7.10~6¢—0-04 (v+38) . 0.02¢~0-01v herwis a; + B35
13 0379 , otherwise 1 00T 10)" otherwise
m 1 __ 8.6~ (v+T/6 U+ B
L 11 =0/ 68e 1275 Ge Vi + B
I\TaL
Ne 1
hL 1 + c(v+88)/75 200 ms
1 1—e
d —_— —_ i
1+ e (D6 0.035(u + 5) ffloo
I f 0.6 1 »
CaL 14 c85)/0 T 1 1 oa0-v)/20 0.02¢— 0031w 1457) 1 (.02 af
f 1,7(Zd 1
) [ Qca
Ca 17¢,+0.012 L.7¢q + 0.012 e
1 39 , .
o 1 + e(v+53)/13 0.57¢-0-08(v+44) 1~ () 0G5e0-L(v+16) 6 g + Bao
Ito 1 14.4 3
Tto 1+ o (-223)/1875 20-09(0+3061) |- () 37¢—0-12(v+24) 2.75 Crio + Pre,
1 450 6 )
TKrl 1 4+ e~ (v+20.7)/4.9 1 + e~ (+45)/10 1 + e(v+30)/115 Qg ™ P
+
]Kr
1 3 1.12
TKr2 Y o —— e Qays * B
1+ e(u+88)/o(] 1+ e—(u+60)/20 1+ 6(u—(:())/zo Kr2 Kr2
1 990
Ixs | ks Ry vive STty Q.
1+ e~ (v+3.8)/14 1+ e~ (v+24)/14 Ks
I T 1 1900
f f L+ e/ 1t cr/10 Qg
Table S7: Specification of the parameters z,, and 7., for z = m, j, mg,

hr, d, f, fcas Gtos Ttos TKrl, TKr2, Tks and x¢ in the equations for the gating

variables (52).




S2 Definition of biomarkers

S2.1 Conduction velocity (CV)

In the 1D strand simulations in Figures 2-3, the first cell of the cell strand (or
a corresponding length) is stimulated. The conduction velocity is computed
as the distance between the centers of cells 10 and 20 divided by the duration
of time between when the membrane potential in these two points reaches a
value above —20 mV.

S2.2 Action potential duration (APD)

The action potential duration at 90% repolarization is computed from the
membrane potential in the center of

cell number 10. It is defined by a 40
threshold membrane potential value, 20 |

Vth = Umax — 0.9(Vmax — Vmin), (S54) of

S 20t

where v, and v, are the maxi- % 40 |
mum and minimum values, respec-
tively, of the membrane potential ob- 60y APDI0
tain over time. The APD90 value is -80 1
defined as the difference in time be- -100 : : :
tween when the membrane potential 0 100 . (?r?;)) 300 400

crosses this threshold value during
the upstroke/depolarization phase of Figure S3: Definition of APD90.
the action potential and during the
repolarization phase (see Figure S3).

S2.3 Time of arrival (ToA)

The time of arrival in a spatial point is defined as the point in time when the
membrane potential in that point reaches a value > 0 mV.

15



S3 Numerical implementation of the models

In this subsection we describe the implementation of the numerical solution
algorithms for the five models EMI, KNM, SKNM, BD, and MD.

S3.1 Implementation of KNM and SKNM

The numerical solution of KNM and SKNM are implemented in C++. A
classical first-order operator splitting scheme is used to split the linear and
the non-linear parts of the systems (see, e.g., [2]). Here the non-linear part
of the systems is the part concerning the membrane dynamics, I¥ and Fj.
These non-linear ordinary differential equations are solved using a first-order
Rush-Larsen method [3] with code generated using the Gotran code genera-
tor [4] and OpenMP parallelization [5]. The remaining linear equations are
solved using the backward Euler method. The resulting linear systems are
solved using the biconjugate gradient stabilized method (BiCGSTAB) from
the MFEM finite element library [6, 7]. For KNM, we use a block Jacobi
preconditioner [8]. Unless otherwise stated, we use the time step At = 10 us
in the solution of KNM and SKNM.

S3.2 Implementation of BD and MD

The numerical solution of BD and MD are also implemented in C++ using
the MFEM finite element library [6, 7]. The meshes are generated using gmsh
[9], and we use first-order finite elements. Like for KNM and SKNM, we split
the system of equations into linear and non-linear parts using a first-order
operator splitting scheme [2]. Again, the non-linear part of the systems is the
part concerning the membrane dynamics, [I;,, and F', and these are solved
using a first-order Rush-Larsen method [3] with code generated using the
Gotran code generator [4] and OpenMP parallelization [5]. The remaining
linear equations are solved using the backward Euler method and the linear
systems are solved using the generalized minimal residual method (GMRES).
For BD, we use a block Jacobi preconditioner [8]. Unless otherwise stated,
we use the time step At = 10 us and the spatial resolution Az = 10 pym in
the solution of BD and MD.

S3.3 Implementation of EMI

The EMI meshes are generated using gmsh [9]. To solve the EMI equations,
we apply the temporal and spatial splitting algorithm introduced in [10] (see
Algorithm 1). In this splitting algorithm, the non-linear membrane dynamics

16
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Initial conditions: v*0, %0 k0 ul, for all k.

forn=1,... N;:

Step 1: For all k, find s*" and ©* at the nodes of the membrane T,
by solving a time step At from (s57~1 vF7=1) of

Uf = _élion(vkask)» (S55)
sF = F(uF, s%). (S56)

Define @, = u?~t, @w* = wk"~! for all k.
for j=1,..., Ny :
Step 2:
form=1,..., My :
For every k, find ﬂf by solving

V.o, Vak =0 in QF, (S57)
ﬂf + é‘—inf . aiVﬁf =" + 7, at 'y,  (S58)
—nF. oVl = Riqwk + Cg%l;’n_l at I'y 7, (S59)

where k denotes each of the neighboring cells of cell k.
Update @wF = aF ﬂf at I', ; for all £ and k.

) —

end
Step 3: Find u. by solving

V- 0.Vie =0 in Q, (S60)

e =0 at 90D, (S61)
Ne - 0eVie =0 at 0QY, (S62)
Ne - 0Vl = —nf - o;Val  at Ty, for all k. (S63)

end

ok _ _
Define ul’ = @, u;" = uf, wh™ = @F for all k.

Step 4: Define vF" = uf" — y? at Ty for all k.
end

Algorithm 1: Spatial and temporal splitting algorithm applied to
solve the EMI model equations, taken from [10, 11]. Here, o*, L,
w"*, and @ are temporary solutions of v*, u., w*, and u¥, respectively.
Moreover, N;; and M;; denote the number of outer and inner iterations
of the algorithm. In our computations, we use Ny = M, = 1.



(IF, and F},) are treated in Step 1 like in the operator splitting for KNM,
SKNM, BD and MD. We use a first-order Rush-Larsen method [3] with code
generated using the Gotran code generator [4] and OpenMP parallelization
[5] to solve these ordinary differential equations.

In addition, operator splitting techniques are applied so that in each time
step, the linear system of model can be split spatially into distinct parts
that can be handled separately [10]. More specifically, the linear system is
split into one equation for each cell (Step 2) that may be treated indepen-
dently of each other (i.e., in parallel). In addition, we get one system for
the extracellular part of the domain that can be handled separately (Step
3). Consequently, the sub-problems needed to be solved for each time step
are standard Laplace problems with Dirichlet, Neumann or Robin boundary
conditions. We have used one iteration of this algorithm for each time step,
but the accuracy of the splitting algorithm could potentially be improved by
increasing the number of iterations (see [10]).

In our implementation, we use first-order finite elements from the MFEM
finite element library [6, 7]. The resulting linear systems for the intracellular
and extracellular systems are solved using the conjugate gradient method
(CG) with a Gauss-Seidel preconditioner [8]. We also consider the use of CG
with an algebraic multigrid (AMG) preconditioner, namely the BoomerAMG
implementation from hypre [12], as well as two different sparse direct solvers,
UMFPACK [13] and SuperLU [14]. BoomerAMG and SuperLU are paral-
lelised using OpenMP, whereas the other solvers do not benefit from multi-
threading. The intracellular systems are solved in parallel using OpenMP [5].
Unless otherwise stated, we use the time step At = 10 us and the spatial
resolution Ax = 5 pum in the solution of EMI.

S4 Parallel solvers for EMI

As noticed in Figure 4 in the paper, the computation time for the EMI solver
is very significantly longer than for the other models. This is reasonable since
EMI offers sub-cellular resolution whereas the other models average many
cells (MD, BD) or represent every cell (KNM, SKNM) without sub-cellular
resolutions. Since EMI clearly is the most accurate representation of the
biophysics involved, it is of great importance to speed up the simulations.
In Algorithm 1, the EMI model has been broken down to components that
invite parallel solution in the sense that all computations can be performed
independently for every cell except for the extracellular potential that binds
everything together. In this section, we consider steps to speed up this
part of the computations. In particular, we describe numerical experiments

18



Threads CG-Gauss-Seidel CG-AMG (hypre) UMFPACK SuperLU

1 127.90 21.26 15.69 25.10
2 - 12.34 - 18.77
4 - 7.60 - 15.71
8 - 6.39 - 15.82
16 - 5.04 - 16.43
24 - 0.23 - 17.37

Table S8: Execution time (in seconds) for solving the extracellular
equations. We perform 10 time steps of the EMI model using the same setup
as in Figure 4, where the extracellular system consists of 453 572 unknowns.
Four different solvers are used, and we report the total execution time for all
time steps. The measurements are obtained on a 24-core AMD Epyc 7413
CPU, where up to 24 threads are used if the solver is parallel (i.e., CG-AMG
and SuperLU). Otherwise, only the serial execution time is reported.

concerned with the shared-memory parallel performance of the EMI solver
implementation. The experiments are carried out on a 24-core AMD Epyc
7413 CPU.

Recall that the problem described in Figure 4 requires about 16 hours to
simulate a configuration of 13x65 cells for 4 000 time steps, using a sequential
CG-Gauss-Seidel solver for the linear system arising from the extracellular
equation each time. A profiling shows that more than 80 % of the execution
time is spent on solving the extracellular equations (S60)—(S63), about 10 %
on solving the intracellular equations (S57)—(S59), a mere 1% on solving
the membrane model (S55)—(S56), and a small, remaining fraction is mostly
spent on moving data and updating the solution between time steps and
solver iterations.

Based on this observation, we first consider alternative solvers for the
extracellular equations. In addition to CG with Gauss-Seidel precondition-
ing, we also consider hypre (i.e., CG with AMG preconditioning) as well
as the sparse direct solvers UMFPACK and SuperLU. Table S8 shows exe-
cution times for solving the extracellular equations for 10 time steps using
the different solvers. Only sequential execution times are reported for CG-
Gauss-Seidel and UMFPACK, whereas parallel execution times using up to
24 threads are reported for hypre and SuperLU.

Speed-up using multiple threads. In the sequential case, hypre, UMF-
PACK and SuperLU yield speedup factors of 6.0, 8.2 and 5.1, respectively,
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over the baseline solver with CG and Gauss-Seidel preconditioning. SuperLU
benefits from using up to 4 or 8 threads, which results in about 60 % im-
provement over its sequential runtime. At this point, SuperLU reaches the
same performance as UMFPACK, about 15.7 seconds. Additional threads
do not provide any further benefit and only result in poor parallel efficiency.
By comparison, hypre benefits from using up to 16 threads and attains a
speedup of 4.2x over its sequential runtime. It is thus the fastest among the
candidates considered for solving the extracellular equations in parallel, and
it results in a speedup of 25x compared to the sequential baseline solver.

Direct vs. iterative solvers. In the case of UMFPACK and SuperLU,
the reported times include both the initial factorization as well as solving
triangular linear systems during each time step. Although factorization is
performed only once, it accounts for nearly half of the runtime for UMF-
PACK in the current example. On the other hand, if the number of time
steps increases, more time will be spent on performing the triangular solves,
and the factorization time eventually becomes negligible. By this reasoning,
direct solvers can be regarded as more competitive than they would seem
at first. Supposing that we ignore factorization, then the execution time for
UMFPACK is 8.5 seconds. So, even in this case, hypre remains the fastest
alternative.

Parallel performance of EMI model. Besides the extracellular equa-
tions (S60)—(S63), parallel processing is also beneficial when solving the in-
tracellular equations (S57)—(S59) and the membrane model (S55)—(S56). Ta-
ble S9 shows the execution time when using up to 24 threads to solve the
EMI model for 10 time steps. The top half of the table shows the initial
parallel performance of the code, whereas the bottom half shows the parallel
performance after applying certain code optimizations that are discussed in
detail below. The execution times are also broken down into five main parts,
including solving the membrane model, as well as assembling and solving
linear systems for the intracellular and extracellular equations. Based on our
earlier findings, hypre is used to solve the linear systems arising from the
extracellular equations.

Good speed-up for membrane and intracellular models. Both
membrane model and intracellular solvers show nearly perfect scalability with
speedups of 21.2x and 20.8 x, respectively, when using 24 threads. As we saw
earlier, the extracellular solve exhibits a more modest speedup of 4.6x. This
is expected for iterative solvers of large, sparse linear systems [15], whose
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Intracellular Extracellular

Threads | Total | Membrane Assembly Solve Assembly  Solve

1] 72.704 2.669 13.947  5.048 20.994 22.238
2| 58.738 1.346 13.966 2.551 21.012 12.114
4 | 52.247 0.663 13.949 1.276 21.016  7.556
8 | 50.047 0.337 13.948 0.658 20.959  6.425
16 | 47.888 0.172 13.975 0.337 20.990  4.765
24 | 47.797 0.126 13.947 0.243 20.943  4.808
11]61.125 2.603 9.371 4.972 15.969 21.303
33.505 1.323 4.747  2.504 8.455 11.861

4 | 19.582 0.622 2.388 1.259 4.744  T7.187
8 | 16.915 0.337 1.212 0.644 5.184  6.406
16 | 14.569 0.176 1.050 0.336 5.251  4.917
24 | 16.896 0.120 0.998 0.254 7.485  5.170

Table S9: Execution time (in seconds) for solving the EMI model.
We perform 10 time steps of the EMI model with the same setup as in
Figure 4 and using hypre to solve the extracellular equations. Measurements
are obtained on a 24-core AMD Epyc 7413 CPU, where up to 24 threads are
used. The top half of the table shows the initial parallel performance before
optimization and parallelization of the right-hand side assembly, whereas the
bottom half of the table shows the parallel performance after optimizing and
parallelizing the assembly of right-hand sides.



Intracellular Extracellular

Cells ‘ Total ‘ Membrane Assembly Solve Assembly Solve
13x65 | 16.90 0.12 1.00 0.25 749  5.17

26x65 | 34.65 0.25 220 049 13.48 12.16

Table S10: Execution time (in seconds) for solving the EMI model
for different meshes. We perform 10 time steps of the EMI model, using
hypre to solve the extracellular equations. Measurements are obtained using
24 OpenMP threads on a 24-core AMD Epyc 7413 CPU.

performance is limited by memory bandwidth, a resource that is shared by
all cores. Solving the intracellular equations does not suffer from this issue
due to solving many, small linear systems that are likely to fit within on-chip
caches on each CPU core.

Inefficient assembly of right-hand sides. In any case, a much bigger
concern is posed by the assembly of right-hand side vectors for the extracel-
lular and intracellular equations, which takes place during every time step.
(Note that left-hand side matrices are assembled only once and their contri-
bution to the overall simulation time is negligible.) In the sequential case,
assembly of right-hand sides accounts for half of the overall execution time.
Moreover, this part of the computation does not currently benefit from paral-
lel execution, and therefore constitutes a larger share of the overall execution
time as more threads are used. Next, we therefore describe code optimiza-
tions that aim to parallelize the assembly of right-hand side vectors.

Parallel assembly for the intracellular equations. The intracellu-
lar linear systems (S57)—(S59) are all independent, and multiple threads can
therefore be used to assemble each of the right-hand sides independently
and in parallel. In principle, this is achieved by adding an OpenMP parallel
region and worksharing-loop construct (i.e., #pragma omp parallel for)
to the loop that assembles the intracellular right-hand sides. Unfortunately,
this alone is not enough, as we observe severe slowdowns when increasing the
number of threads. We traced the cause to the OpenBLAS library, which
uses locking to ensure thread-safety in a multithreaded setting. By default,
MFEM relies on an external BLAS library to perform factorization and in-
version of small, dense matrices during assembly.

To work around the issue, we disable the use of BLAS and fall back to
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MFEM’s native routines for dense matrix inversion. The result is, first, a
performance improvement of 30-50 % from avoiding the overhead of invok-
ing BLAS to invert small matrices. Second, and more importantly, assembly
of right-hand sides can now be performed in parallel for the intracellular
equations, and it scales almost perfectly up to 8 threads, see the lower part
of Table S9. It is likely that 8 threads are sufficient to saturate the mem-
ory bandwidth, and additional threads therefore have little impact on the
performance.

Parallel assembly for the extracellular equations.  Right-hand side
assembly for the extracellular equations (S60)—(S63) is sequential, and lim-
itations in MFEM prevent parallelization for the particular case of using
tetrahedral mesh elements. We work around this limitation by adding our
own OpenMP-parallel version of the right-hand side assembly, where atomic
operations are used to avoid race conditions from multiple threads updating
the same element in the right-hand side vector. Ultimately, parallelization
speeds up the right-hand side assembly for the extracellular equations by
3.37 times when using 4 threads. Additional threads degrade the perfor-
mance because of contention and overhead associated with the use of atomic
operations.

Due to MFEM being a general finite element framework that supports
different kinds of meshes and elements, we observe a non-trivial overhead in
its implementation of assembly of right-hand side vectors. In the future, we
plan to investigate if a simpler, bespoke code can provide the features that
we need while offering further opportunities for optimizing the code.

Feynmann optimality. Finally, Table S10 compares the execution time
of the parallel EMI solver for tissues of two different sizes. More specifically,
we double the size of the tissue to 2.6 mm x 1.3 mm and the number of cells
to 26x65. Roughly speaking, the total execution time also doubles, which
indicates that the amount of work performed by the solver is proportional
to the tissue area and number of cardiac cells. In [16], Feynman formulated
a rule for the complexity of a simulation stating that the computing efforts
should only increase linearly with the space-time volume under consideration.
For the EMI model, this means that the CPU efforts should only increase
linearly with the number of cardiomyocytes and the time interval under con-
sideration. Table S10 indicates that this is the case in these simulations.
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S4.1 MFEM configuration

The numerical experiments presented in Section S4 use MFEM 4.5.2, which
is configured with the following options:

e CMAKE BUILD_TYPE=Release

e MFEM_USE_MPI=YES

e MFEM_USE_OPENMP=YES

e MFEM_THREAD_SAFE=YES

e MFEM_USE_LAPACK=NO

e MFEM USE METIS=YES and MFEM USE METIS 5=YES
e MFEM_USE_HYPRE=YES

e MFEM_USE_SUITESPARSE=YES

e MFEM_USE_SUPERLU=YES

We note especially that the option MFEM_THREAD SAFE=YES is required to
ensure thread-safe versions of certain MFEM functions are used. This is
necessary due to assembling and solving multiple linear systems in parallel.
In addition, the use of BLAS to invert small, dense matrices during assembly
of right-hand side vectors is disabled with the option MFEM_USE_LAPACK=NO.

Besides MFEM, several additional software packages are needed, includ-
ing METIS 5.1.0, hypre 2.26.0, SuiteSparse 5.12.0, SuperLLU dist 8.1.0 and
OpenMPI 4.1.4. We further note that OpenMP support is enabled in hypre
(i.e., ——with-openmp) and SuperLU_dist (i.e., enable_openmp=0N). The code
is compiled using GCC 11.4.0.

Finally, the listing below shows the parallel code that was used for as-
sembling right-hand side vector of the extracellular equations. The code is
based on the function LinearForm: :Assemble() from MFEM. It is some-
what simplified because only boundary integrals are required for our partic-
ular case. A parallel region and worksharing-loop construct were added, as
well as atomic operations to avoid race conditions when updating the en-
tries of the right-hand side vector. Furthermore, we note that calls to the
function Mesh: :GetBdrElementTransformation() were substituted with a
thread-safe version to avoid race conditions and thus ensure correct results.
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void linearform_assemble_omp(LinearForm & b)

{
b

0.0;

/* Only boundary tintegrals are needed in our case. */
Array<LinearFormIntegrator*> *boundary_integs = b.GetBLFI();
if (boundary_integs->Size ())

{

FiniteElementSpace *fes = b.FESpace();
Mesh *mesh = fes->GetMesh ();

#pragma omp parallel for
for (int i = 0; i < fes -> GetNBE(); i++)

{
Array<int> vdofs;
IsoparametricTransformation eltrans;
DofTransformation *doftrans;
Vector elemvect;
mesh -> GetBdrElementTransformation (i, &eltrans);
for (int k=0; k < boundary_integs->Size (); k++)
{
(*boundary_integs) [k]->AssembleRHSElementVect (
*fes->GetBE(i), eltrans, elemvect);
double * bx = b.HostReadWrite();
double * elemvectx = elemvect.HostReadWrite ();
for (int 1 = 0; 1 < vdofs.Size(); 1++) {
int j = vdofs[1l];
if (j >= 0) {
#pragma omp atomic
bx[j] += elemvectx[1];
} else {
#pragma omp atomic
bx[-1-j] -= elemvectx[1l];
}
}
}
}
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