Appendix A. Proofs of theorems regarding SDE (??) and RDE (??)

Proof of Theorem 2?2

Let us assume the expression V(¢,z(t)) > c1|z(t)]*. V(to, 7o) < c2|z0)* and the super-
martingale property of V(t, z(¢)) follow from the boundedness of the Lyapunov function
at ¢.

2
P (sup |z (t, zo)| > 61].7-",50) =P (sup V(t,x(t)) > clef]]:t()) < V(to’;m) < 6252 < e
t t
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Hence theorem is proofed.

Proof of Theorem ??

Define the Lyapunov function V(¢, z(t)) = z%(t),

dz?(t) = L [z(t)) dt + o(t,:p(t))a [g(;)] dW ().
Then, .
E [[(t)]?  [ao]*] = /t EL [2(s)]* ds. )

For ¢; > 0 Vi, we can assume V(t,z(t)) > ¢ [z(t)]* with LV(t,z(t)) < —cs[z(t)]> and
V(ty, 7o) < ca|w0/?. Then, from (1) we have:

t
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/ E [2(s)]2 ds < —EV(to, z0) < |zol* < oo.
to Cs C3

In mean-square, zero solution is stable as

B o)) < ZED(Eo(6)] £ B M(to,20)] < 2ol

For 0 < t; < t,, and for positive constants M;, M,, one get for M > 0,
E [[2(ts)]* = [2(t)]"] < M (t; — 1),

E [22(t)] satisfies Lipschitz condition with lim,_,, E |z(¢)|> = 0. In that case, the zero solu-
tion of (??) is asymptotically mean-square stable.

Proof of Theorem ??

Following the argument of the previous theorem, for V(t, z(t)) > ¢;eME [z(t)]?, we have
E [z(0)] < e ME V(L ()] < e ME [V(t, 70)] < ¢ e Mol

for all positive ¢, and this completes the exponential mean-square stability. For global
stability, define the Lyapunov function

V(t,z(t)) = k/t_t e 2% (s)ds + e [z(t)]?,



with LV(¢,z(t)) <0,for0 < k <1, t > ¢,. Then
R [z()]? S EV(E, 2(t)] < EV(to, 20)] < e50|ao|* + ktoes™ o,

implies
E [z()] < |xo[2(1 + ktg)e =10,

Choose € > 0 such that

toe 0 < 1,
kefto < 1. @
Using relations (2) and by the induction, we can show
E [o(t)]? < 1_—266“)1;%?65(”0), £t ®)
Firstly, for [to, 2t¢),
Elz(t)]” < [ao|*(1 + kto)e =)
< ol (1 + kefo)etto) 4)
< ﬁuoﬁes(tm).
For [2ty, 3t¢),
Elo(t)]? < ———|go|2e=<(t—10).
1 — kesto

For [nty, (n + 1)ty), n=1,2,---

Ela(t)]* < |zo|*(1 + kto)e =)
S |:L,0|26—8(t—t0) (1 + ke&‘to + k,2€26t() et k,nené‘to>

1 2 —e(t—to)
S—l—keﬂfolx’e o),

The zero solution of (??) is therefore globally exponentially mean-square stable since
holds.

Proof of Theorem ??
Consider the Lyapunov function [z(¢)]> Hence,

E [d |x(t)|2] =E [2a(w) f(t,w)z(t) + b*(w)g*(t,w)] dt + 2E [b(w)g(t, z;)x(t)] dW (1),

which implies for 0 < ¢; <t

to

E [[w(tg)]2 - [x(tl)ﬂ = / 2 E [2a(w)f(s, w)z(s) + b*(w)g”(s,w)] d8+2/ E [b(w)g(s, z;)x(s)] dW (s).
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For positive constants M, M,

2E|a(w) f(t, w)z(t)] < 2l|a(w)llal[f (€ w)llallz(@)ll2 < M.

Similarly,

E [b*(w)g*(t,w)] < [Ib(w)lillg(t, w)llF < Mo.

Therefore,
E [|z(t2)” — [2(t1)]?] < M (ta — t1),

for M > 0, E [22(t)] satisfies Lipschitz condition with lim,_,.. E |z(¢)|> = 0, and this com-
pletes the proof.
Appendix B. Proofs of Propositions regarding the applications

Proof of Proposition 7?
Let

V(t, z1,x9, 13) = szz(t) (5)

By It6 formula, the differential of V takes the form:

dV(t,z(t)) = LV(t, x(t dt—l—Zazxz Wi(t),

i
where,

LV(t,2(t) = —2(A + BI)VE(t) — 285" (t)as(t) + 261 21 (1) (t) + 285" — A — 8)a3(1)

+20ma(t)as(t) — 2(A + d)23(t) + > ofx

= (o} + BS* + BI* — 2(A + BI*)) %( t)+ (03 4+ 0+ BS*+ BI* +2(8S* — A —6)) z3(t)
+ (0340 —2(A+d)) z5(t).

Then

d[EV(t,z(t))]] = E[LV(¢ 2(t)] dt + E

Sy ]

< (of + BS* + BI* —2(A+,6[* 23 ()] d
+(02+5+55*+51*+2(BS* —9))E [xg(t)}dt
+ (03 +6 —2(A+ d)) E [23(t)] dt + 2E Zaz dW()]




implies

E [V(t,z(t)) — V(to, z0)] < (05 + BS* + BI* — 2(A + BI7)) /tE [21(s)] ds

to

(02464 8BS+ BI" +2(85* — A —5)) / E [23(s)] ds

to

+ (0540 —2(A+a)) /ttIE [23(s)] ds

+2E </t0 ;Jim?(s)dﬂfi(s)> :

The stochastic integral’s zero- mean property causes the final term to disappear. Addi-

tionally, all ordinary integrals j; 22(s)] Accordingtothesquareintegrabilityo fthestochasticprocessx(t)
for: = 1,2, 3, are finite. The zero solutlon of the linear system (??) is then mean-square

stable, in accordance with Theorem %2, if these inequalities hold true

o + BS* 4+ BI* —2(A+ BI*) <0,
o5+ 8+ BS*+ BI*+2(8S* —A—-6) <0
o2 +8—-2A+d) <0,

are satisfied, and if equation (??) holds, then

\u(t,z) — F -z +|o(t,2) — G- z| = \/(=Bx129)? + (Br217,)? J Za z? — o?
= /20322323
< V28l

and this is in the small neighborhood (—¢,¢) x (—¢,¢) x (—¢,¢) of = 0. Then under
conditions (2?), the endemic equilibrium E£* is stochastically stable.

Proof of Proposition 72
For Ry > 1, choose

3 t 3
1
Vitr) = Skt + g [ S al)ds
i=1 0 Jit—to i=1



Then,

LV(t,x(t)) = e [2:U1(t) (—(A + BIM)x(t) — 8BS x2(t)) + ZO’ — —l— € Zx

+2a2(t) (BT @1 (t) + (BS™ — A = 6)xa(t)) + 2173( ) (022(t) — (A + d)él?3( )
_iefsto Z x?(t _ tO)]
[(01 + —+€—2(A+5]*)+ﬁ(5*+l*)> 2(t)

+(0 +]; + e+ BS*+ BT +2(BS" — A—5)+5)m§(t)
0

+(2+Ri0+a+5—2(/\+d)> — etOth—t()]
Then,
E[LV(t,2(t))] < K2+i+a—2(A+5l*)+ﬁ(I*+S*)> [23(8)]
+ (o—§ + ;0 +e+ BS*+ B +2(BS* — A —9) +5) E [23(1)]

+( 2+Ri0+5+5—2(A+d))E[ (t)] —Rioe_d"Zasf(t—tg)]

According to Theorem. 22, E [LV(¢, z(t))] < 0if

+i+€—(2A+5[*)+ﬁ(I*+S*)

Ry
1
a§+R—+g+3BS*+BI*—(2A+5)go,
1
os+ —+e+6—2(A+d) <0.
Ry

Choose ¢ > 0 and ¢, as the size of an interval such that

1
toeisto < 17 and Eeﬁto < 1. (6)
0

ASE[LV] < 0, then E [V(t, 2(t))] < E[V(ty, z0)] then,

> at)

3

<EV(t,2)] <E[V(ty, 20)] < e Z Rot ot me. @)
=1

=1
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we can show,

1
< —1@—€<t—t0> > ap, for t >t (8)
1 — —ecto i=1
0

Firstly, for the interval [tq, 2¢,), using @, then (??) implies

3 3
1 e(t—
|3 et0] <04 g0yt
i=1 i=
1 eto ,—&(t—t0) & 2 1 —e(t—to) & 2 (9)
< (1+§06 Je ino <—F ¢ ino.
i=1 1 — —ecto i=1
0
For the interval [2¢, 3t,), using (6), (9)
3 1 3
2 - —e(t—to) 2
E ;w (t)] <(1+ Rotg)e 0 ;xo
3 1 1 3
< e—a(t—to) Z x?o + R_Oeatoe—a(t—to)(l + ﬁoeato)e_s(to_m) Z xzzo
i=1 i=1
3 1 2 3
_ e—a(t—to) Z x?() + (Roeato + R_O 625t0)6—5(t—t0) szzo
i=1 =1
— (1+ ieé‘to + L2 25t0> —e(t—to) 23: 2 e(t— tO)Zx
RO RO i=1 —_ _6Et0 v
0
For [nto, (n + 1)t0) , N € 7z
3 1 3
E Z xf(t)] < (1+ R—Ot )eelt=to) Zx?ﬂ
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So under conditions (??) and inequality (8) holds. zero solution of (2?) is globally expo-
nentially m.s stable. Consequently, the endemic point of (22) is stochastically globally
exponentially stable.



Proof of Proposition 72
Assuming V(t, z(t)) = 2%(t)e~*?!, X > 0 is sufficiently large, one gets

LY(t, z(t)) = Vi(t, z(t)) + Vo (t, x(t)) (rz(t)) + %Vm(t,x(t))a2 sin?(z(t))
= Aoz (t)e " + 2ra? (t)e " 4 0% sin(z(t))e "
= (2r — o) e 22 (t) + o sin?(x(t))e "

For sufficiently big ), the last term vanishes. Hence, if
2r— Ao <0, >0, (10)

then, LY < 0 and the trivial solution is stochastically stable according to Theorem. 22.
As sin?(r) < 2?2, then

ELV(t, z(t)) < (02 + 2r — Ao) e 'E [2°(1)]

Hence, if 2r — Ao +0? < 0, then equation (2?) is globally mean-square exponentially stable
according to Theorem. 22. For the Lyapunov function V(¢, z(t)) = z%(t) , we get

ELV(t, z(t)) < (0 + 2r) E [2%(1)] .
According to Theorem. 22, the mean square stability condition is o2 + 2r < 0.

Proof of Proposition 72
Consider the random Lyapunov function V(t, S(t,w)) = S2(t,w)e " with o, A\ > 0.
Then,

LV(t, S(t,w)) = —AaS%(t,w)e " — 2A(w)S?(t,w)e " 4+ 20C (w)S?(t,w)e

11
< —Aa St w)e M 4 S (t w) (1 4 A%(w))e ™" + 200 (w) S2(t, w)e . (b

1
ELV(t, S(t,w)) < —AoE [S*(t,w)] e " + (1 + [E [A4(w)]]4_1) E [S*(t,w)] e "

1
+20 [E[C*(w)]]2 E [$%(t,w)] e
1 1
- [1 — o + [E [44w)]]4 + 20 [E [C*(w)]] 5} E [S%(t,w)] e .

Then, the mean-square exponential stability condition of (22) is || A(w)||4+ + 20||C(w)]]2 <
Ao — 1, according to Theorem. ?2.
Wy introducing a random Lyapunov function V(¢, S(t,w)) = S%(¢,w), one gets

)]

ELV(t, S(t,w)) = —2E [A(w)S*(t,w)] + 20E [C(w)S*(t,w
1 1
<{ [E [4*(w)]]2 + 20 [E [C*(w) 5] [S2(t,w)],



1 1
ifonly [-E [4%(w)]]2 + o [E[C?*(w)]]2 < 0. Therefore, according to Theorem. 22, the model
(2?) is mean-square stable if o||C(w)||2 < ||A(w)]|2 for ¢ > 0. For stochastic stability, the
last term vanishes for sufficiently large A in which implies LV(¢, z(t)) < 0. Hence,
according to Theorem. ??2, equation (??) is stochastically stable if only A(w) is a non-
negative random variable.



