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Appendix 1. Proof of Theorem 3.1

Proof. We rewrite system (2.1)-(2.4) in the following form

dx

dt
= F (t, x), (S1.1)

where F (t, x) = (F1(t, x), · · · , F34(t, x)). Obviously, F (t, x) has the first-order contin-
uous partial derivatives with respect to x, thus F (t, x) is locally Lipschitz. In addition,
it is easily checked that Fi(t, x) ≥ 0, when x ∈ R34

+ and xi = 0. By Theorem A.4 in [1],
for any x(0) ∈ R34

+ , system (S1.1) has a unique nonnegative solution defined on some
interval [0, b), and if b < ∞, then lim supt→b− Nf (t) = ∞ and lim supt→b− Nm(t) = ∞.
By calculation,

dNf

dt
= Af − µf1Nf1 − µf2Nf2 − df1Df1 − df2Df2 ≤ Af −min{µf1, µf2}Nf ,

dNm

dt
= Am − µm1Nm1 − µm2Nm2 ≤ Am −min{µm1, µm2}Nm.

Thus,

Nf (t) ≤
(
Nf (0)−

Af

min{µf1, µf2}

)
e−min{µf1,µf2}t +

Af

min{µf1, µf2}
,

Nm(t) ≤
(
Nm(0)− Am

min{µm1, µm2}

)
e−min{µm1,µm2}t +

Am

min{µm1, µm2}
.

Obviously, Nf ≤ max
{
Nf (0),

Af

min{µf1, µf2}

}
and Nm ≤ max

{
Nm(0),

Am

min{µm1, µm2}

}
.

This result contradicts lim supt→b− Nf (t) = ∞. Hence, b = ∞. Then, by the

standard comparison theorem, we have lim supt→+∞ Nf (t) ≤ Af

min{µf1, µf2}
and

lim supt→+∞ Nm(t) ≤ Am

min{µm1, µm2} . In particular, when Nf (0) ≤ Af

min{µf1, µf2}
and

Nm(0) ≤ Am

min{µm1, µm2} , Nf (t) ≤ Af

min{µf1, µf2}
and Nm(t) ≤ Am

min{µm1, µm2} . Hence, the

region D is the positively invariant set for system (2.1)-(2.4).

Appendix 2. Proof of Theorem 3.2

Proof. The Jacobian matrix of system (2.1)-(2.4) at Ē is

J |Ē =

F − V O

J1 J2

 ,
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where

J1 =

J11 J12

J13 J14

 ,

in which

J11 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 σu
f1 σu

f1 J11,1 0 σv
f1 σv

f1 J11,2 0 0 0 0 0 0 0 0

ruf1ρ euf1η 0 0 rvf1ρ evf1η 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 σu
f2 σu

f2 J11,3 0 σv
f2 σv

f2 J11,4

0 0 0 0 0 0 0 0 ruf2ρ euf2η 0 0 rvf2ρ evf2η 0 0



,

J13 =



−f51 −f51 −f51 −f51 −f51 −f51 −f51 −f51 −f61 −f61 −f61 −f61 −f61 −f61 −f61 −f61

−f52 −f52 −f52 −f52 −f52 −f52 −f52 −f52 −f62 −f62 −f62 −f62 −f62 −f62 −f62 −f62

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−f71 −f71 −f71 −f71 −f71 −f71 −f71 −f71 −f81 −f81 −f81 −f81 −f81 −f81 −f81 −f81

−f72 −f72 −f72 −f72 −f72 −f72 −f72 −f72 −f82 −f82 −f82 −f82 −f82 −f82 −f82 −f82

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0


,

J12 =



−f11 −f11 −f21 −f21

−f12 −f12 −f22 −f22

0 0 0 0

0 0 0 0

−f31 −f31 −f41 −f41

−f32 −f32 −f42 −f42

0 0 0 0

0 0 0 0



, J14 =



0 0 0 0

0 0 0 0

ωu
m1 ωv

m1 0 0

0 0 0 0

0 0 0 0

0 0 ωu
m2 ωv

m2


,
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J2 =



J2,1 δ 0 ζf1 0 0 0 0 0 0 0 0 0 0

kf J2,2 0 0 0 0 0 0 0 0 0 0 0 0

0 0 J2,3 0 0 0 0 0 0 0 0 0 0 0

0 0 γf1 J2,4 0 0 0 0 0 0 0 0 0 0

αf 0 0 0 J2,5 δ 0 ζf2 0 0 0 0 0 0

0 αf 0 0 0 J2,6 0 0 0 0 0 0 0 0

0 0 αf 0 0 0 J2,7 0 0 0 0 0 0 0

0 0 0 αf 0 0 γf2 J2,8 0 0 0 0 0 0

0 0 0 0 0 0 0 0 J2,9 δ ζm1 0 0 0

0 0 0 0 0 0 0 0 km J2,10 0 0 0 0

0 0 0 0 0 0 0 0 0 0 J2,11 0 0 0

0 0 0 0 0 0 0 0 αm 0 0 J2,12 δ ζm2

0 0 0 0 0 0 0 0 0 αm 0 0 J2,13 0

0 0 0 0 0 0 0 0 0 0 αm 0 0 J2,14



,

with

J11,1 = Λ+ (1− Λ)σu
f1, J11,2 = Λ+ (1− Λ)σv

f1, J11,3 = Λ+ (1− Λ)σu
f2,

J11,4 = Λ+ (1− Λ)σv
f2, J2,1 = −(kf + µf1 + αf ), J2,2 = −(δ + µf1 + αf ),

J2,3 = −(γf1 + df1 + µf1 + αf ), J2,4 = −(µf1 + αf + ζf1), J2,5 = −µf2,

J2,6 = −(δ + µf2), J2,7 = −(γf2 + df2 + µf2), J2,8 = −(µf2 + ζf2),

J2,9 = −(km + µm1 + αm), J2,10 = −(δ + µm1 + αm), J2,11 = −(µm1 + αm + ζm1),

J2,12 = −µm2, J2,13 = −(δ + µm2), J2,14 = −(µm2 + ζm2).

The characteristic equation of J |Ē is

(λ+ µf1 + αf )(λ+ kf + δ + µf1 + αf )(λ− J2,3)(λ− J2,4)(λ− J2,5)(λ− J2,6)

(λ− J2,7)(λ− J2,8)(λ− J2,11)(λ− J2,12)(λ− J2,13)(λ− J2,14)(λ+ µm1 + αm)

(λ+ km + δ + µm1 + αm)|λI− (F − V )| = 0

Obviously, the eigenvalues of the matrix J |Ē include −(µf1+αf ), −(kf+δ+µf1+αf ),
−(µm1 + αm), −(km + δ + µm1 + αm), J2,3, J2,4, J2,5, J2,6, J2,7, J2,8, J2,11, J2,12, J2,13,
J2,14 and the roots of equation |λI − (F − V )| = 0. According to Theorem 2 in the
reference [2], s(F − V ) < 0 if and only if R0 < 1, and s(F − V ) > 0 if and only if
R0 > 1, where s(F − V ) > 0 is spectral bound of F − V . In addition, except for the
roots of equation |λI− (F − V )| = 0, other eigenvalues of matrix J |Ē are less than 0.
Hence, if R0 < 1, Ē is globally asymptotically stable. If R0 > 1, Ē is unstable.

Appendix 3. Proof of Theorem 3.3

Proof. Let x(t, x(0)) be a solution of system (2.1)-(2.4) with initial value x(0).
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First, we prove that there is a l̄ > 0 such that

lim sup
t→+∞

d(x(t, x(0)), Ē) ≥ l̄, x(0) ∈ D1,

where d(x, Ē) denotes the distance between x and Ē. Suppose that

lim sup
t→+∞

d(x(t, x(0)), Ē) < l̄, x(0) ∈ D1

for some solutions x(t, x(0)) of system (2.1)-(2.4) with initial value x(0) ∈ D1. Then,
there exists a t0 > 0 such that for t > t0

S̄g
fi − l̄ < Sg

fi(t) < S̄g
fi + l̄, S̄g

mi − l̄ < Sg
mi(t) < S̄g

mi + l̄,

0 < Nfi(t) < N̄fi + 12l̄, 0 < Nmi(t) < N̄mi + 5l̄,

where g ∈ {u, v} and i ∈ {1, 2}. Therefore, when t > t0, the following expressions
hold:

s̄uf1 =
S̄u
f1 − l̄

N̄f1 + 12l̄
≤ suf1, s̄vf1 =

S̄v
f1 − l̄

N̄f1 + 12l̄
≤ svf1, s̄uf2 =

S̄u
f2 − l̄

N̄f2 + 12l̄
≤ suf2,

s̄vf2 =
S̄v
f2 − l̄

N̄f2 + 12l̄
≤ svf2, s̄um1 =

S̄u
m1 − l̄

N̄m1 + 5l̄
≤ sum1, s̄vm1 =

S̄v
m1 − l̄

N̄m1 + 5l̄
≤ svm1,

s̄um2 =
S̄v
m2 − l̄

N̄m2 + 5l̄
≤ sum2, s̄vm2 =

S̄v
m2 − l̄

N̄m2 + 5l̄
≤ svm2.

Let

Fl̄ =


O O Pl̄

O O Ql̄

Wl̄ Zl̄ O

 ,
where

Pl̄ =



f̄11 f̄11 f̄21 f̄21

0 0 0 0

0 0 0 0

0 0 0 0

f̄12 f̄12 f̄22 f̄22

0 0 0 0

0 0 0 0

0 0 0 0



, Ql̄ =



f̄31 f̄31 f̄41 f̄41

0 0 0 0

0 0 0 0

0 0 0 0

f̄32 f̄32 f̄42 f̄42

0 0 0 0

0 0 0 0

0 0 0 0



,

Wl̄ =



f̄51 f̄51 f̄51 f̄51 f̄51 f̄51 f̄51 f̄51

f̄52 f̄52 f̄52 f̄52 f̄52 f̄52 f̄52 f̄52

f̄71 f̄71 f̄71 f̄71 f̄71 f̄71 f̄71 f̄71

f̄72 f̄72 f̄72 f̄72 f̄72 f̄72 f̄72 f̄72

 , Zl̄ =



f̄61 f̄61 f̄61 f̄61 f̄61 f̄61 f̄61 f̄61

f̄62 f̄62 f̄62 f̄62 f̄62 f̄62 f̄62 f̄62

f̄81 f̄81 f̄81 f̄81 f̄81 f̄81 f̄81 f̄81

f̄82 f̄82 f̄82 f̄82 f̄82 f̄82 f̄82 f̄82

 ,

in which

f̄11 = βmcm11s̄
u
f1, f̄12 = (1− εf1)βmcm11s̄

v
f1, f̄21 = βmcm21s̄

u
f1,
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f̄22 = (1− εf1)βmcm21s̄
v
f1, f̄31 = βmcm12s̄

u
f2, f̄32 = (1− εf2)βmcm12s̄

v
f2,

f̄41 = βmcm22s̄
u
f2, f̄42 = (1− εf2)βmcm22s̄

v
f2, f̄51 = βfcf11s̄

u
m1,

f̄52 = (1− εm1)βfcf11s̄
v
m1, f̄61 = βfcf21s̄

u
m1, f̄62 = (1− εm1)βfcf21s̄

v
m1,

f̄71 = βfcf12s̄
u
m2, f̄72 = (1− εm2)βfcf12s̄

v
m2, f̄81 = βfcf22s̄

u
m2,

f̄82 = (1− εm2)βfcf22s̄
v
m2.

Then, from system (2.1)-(2.4), we get

dyT

dt
≥ (Fl̄ − V )yT (S3.1)

for t > t0, where yT is transpose of y. Consider the following linear system

dȳT

dt
= (Fl̄ − V )ȳT . (S3.2)

Let s̄(l̄) be spectral bound of Fl̄ − V . Since the non-diagonal elements for the matrix
Fl̄ − V are non-negative and its corresponding directed graph is strongly connected,
system (S3.2) is quasi-monotone and irreducible. Further, by Theorem 5.5.1 in the
reference [3], s̄(l̄) is a root of

|ΛI− Fl̄V
−1| = 0.

Let R̄0(l̄) = ρ(Fl̄V
−1) = max{|Λ| | |ΛI−Fl̄V

−1| = 0}. Obviously, R̄0(0) = R0 > 1. By
Theorem 2 in the reference [2], when R0 > 1, s̄(0) > 0. Then, due to the continuity of
s̄, s̄(l̄) > 0 for l̄ > 0 sufficiently small. Further, by Theorem 5.5.1 in the reference [3],

system (S3.2) has a solution ȳT = es̄(l̄)tŷ, where ŷ is the positive eigenvector for s̄(l̄).
Further, from (S3.1), comparison theorem implies that there exists a l1 > 0 such that

yT ≥ l1e
s̄(l̄)tŷ for t > t0. Hence,

lim
t→+∞

ỹ(t) = ∞,∀ỹ ∈ Y.

This is a contradiction. Therefore, W s(Ē)
⋂D1 = ∅, where W s(Ē) is the stable

manifold of Ē.

Let Ω =
⋃

x(0)∈D2

ω(x(0)), where ω(x(0)) is the omega limit set of orbit x(t, x(0)).

If x(0) ∈ D2, ỹ(t) ≡ 0 for all ỹ ∈ Y. Then, lim
t→∞

x(t) = Ē. Hence, Ω = Ē and there

is no cycles in D2 from Ē to Ē. Finally, by Theorem 3 in the reference [4], system
(2.1)-(2.4) is uniformly persistent when R0 > 1.
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Appendix 4. Annual number of cervical cancer cases and deaths

Annual number of cervical cancer cases and deaths from 2006 to 2016 can be seen
in Table S1. The data are directly obtained or estimated based on the data in the
references [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. In China, the proportion of HPV16
infection among cervical cancer patients is about 75.55%; the proportion of HPV18
infection is about 10.835% [17, 18]. Therefore, when fitting the data of HPV16, we
multiply the data in Table S1 by 0.7555; similarly, when fitting the data of HPV18, we
multiply by 0.10835; when fitting the total data of HPV16 and HPV18, we multiply
by 0.86385. In addition, the cumulative cases and cumulative deaths of cervical cancer
related to HPV16 and HPV18 can be obtained by simple summation calculation, as
shown in Fig. 4 (see text) and Figs. S3 and S7.

Table S1: Annual number of cervical cancer cases and deaths

Year
New cases New deaths

15 ∼ 44 years old ≥ 45 years old ≥ 15 years old 15 ∼ 44 years old ≥ 45 years old ≥ 15 years old

2006 29880 36658 66538 3777 13932 17709

2007 31601 44839 75756 3565 14275 17840

2008 32199 48346 80545 2156 15243 17399

2009 36550 48504 85054 2247 16791 19038

2010 32376 44508 76884 4043 17583 21626

2011 34542 53440 87982 4559 18816 23375

2012 38094 60906 99000 5210 19790 25000

2013 33913 67087 101000 4459 21541 26000

2014 26800 75200 102000 4400 26600 31000

2015 26646 84354 111000 4695 29105 33800

2016 26980 92320 119300 4630 32570 37200
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Appendix 5. Some known parameters

(1) The values of parameters Af , Am, µf1, µm1, µf2, µm2, αf and αm over time
can be obtained from the population estimation data of United Nations Department
of Economic and Social Affairs Population Division [19], see Fig. S1.

(2) Assume that σu
f1 = σu

f2. The screening rate of cervical cancer from 2006 to 2020
can be seen from the YEAR BOOK OF HEALTH IN THE PEOPLE’S REPUBLIC
OF CHINA on the official website of the National Health Commission of the People’s
Republic of China (http://www.nhc.gov.cn/), as shown in Fig. S2.
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Fig. S1: Variation of parameters Af , Am, µf1, µm1, µf2, µm2, αf and αm over time.
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Appendix 6. Initial value

(1) We take the population of the two age groups in 2006 as the initial values of
Nf1, Nf2, Nm1, and Nm2 [19].

Nf1(0) = 331723224, Nf2(0) = 190437869,

Nm1(0) = 350801169, Nm2(0) = 183501173.

(2) In addition to fitting the unknown parameters, we also need to fit the initial
values Cu

f1(0) and Cu
f2(0). The initial values of other variables are obtained by assum-

ing that the system is in equilibrium at the initial moment (that is, these values can
make the right-hand sides of system (2.1)-(2.4) equal to 0). Since vaccinated compart-
ments are not considered when fitting the data from 2006 to 2016, only the initial
values of unvaccinated compartments need to be considered here. In 2016, the ratio of
male and female tumor incidences attributed to HPV infection was 7654 : 117118 [20].
We therefore assume that the proportion of infected men among men is equal to the
proportion of all infected women among women multiplied by 7654/117118. In sum-
mary, for the female variables, the relationship between the initial values is as follows:

Hu
f1(0) =

[Λ + (1− Λ)σu
f1(0) + µf1(0) + αf (0)]C

u
f1(0)

ξuf1
,

Lu
f1(0) =

(ξuf1 + σu
f1(0) + µf1(0) + αf (0))H

u
f1(0)

(1− euf1)η
,

Iuf1(0) =
(η + σu

f1(0) + µf1(0) + αf (0))L
u
f1(0)

(1− ruf1)ρ
,

Df1(0) =
σu
f1(0)(L

u
f1(0) +Hu

f1(0)) + [Λ + (1− Λ)σu
f1(0)]C

u
f1(0)

γf1 + df1 + µf1(0) + αf (0)
,

Rf1(0) =
γf1Df1(0) + ruf1ρI

u
f1(0) + euf1ηL

u
f1(0)

µf1(0) + αf (0) + ζf1
,

Su
f1(0) = Nf1(0)− Iuf1(0)− Lu

f1(0)−Hu
f1(0)− Cu

f1(0)−Df1(0)−Rf1(0),

Hu
f2(0) =

(Λ + (1− Λ)σu
f2(0) + µf2(0))C

u
f2(0)− αf (0)C

u
f1(0)

ξuf2
,

Lu
f2(0) =

(ξuf2 + σu
f2(0) + µf2(0))H

u
f2(0)− αf (0)H

u
f1(0)

(1− euf2)η
,

Iuf2(0) =
(η + σu

f2(0) + µf2(0))L
u
f2(0)− αf (0)L

u
f1(0)

(1− ruf2)ρ
,

8



Df2(0) =
σu
f2(0)(L

u
f2(0) +Hu

f2(0)) + [Λ + (1− Λ)σu
f2(0)]C

u
f2(0) + αf (0)Df1(0)

γf2 + df2 + µf2(0)
,

Rf2(0) =
αf (0)Rf1(0) + γf2Df2(0) + ruf2ρI

u
f2(0) + euf2ηL

u
f2(0)

µf2(0) + ζf2
,

Su
f2(0) = Nf2(0)− Iuf2(0)− Lu

f2(0)−Hu
f2(0)− Cu

f2(0)−Df2(0)−Rf2(0),

Ium1(0) = Nm1(0)
Iuf1(0) + Lu

f1(0) +Hu
f1(0) + Cu

f1(0) +Df1(0)

Nf1(0)

7654

117118
,

Ium2(0) = Nm2(0)
Iuf2(0) + Lu

f2(0) +Hu
f2(0) + Cu

f2(0) +Df2(0)

Nf2(0)

7654

117118
,

Rm1(0) =
ωu
m1I

u
m1(0)

µm1(0) + αm(0) + ζm1
,

Rm2(0) =
αm(0)Rm1(0) + ωu

m2I
u
m2(0)

µm2(0) + ζm2
,

Su
m1(0) = Nm1(0)− Ium1(0)−Rm1(0),

Su
m2(0) = Nm2(0)− Ium2(0)−Rm2(0),

where µf1(0), µm1(0), µf2(0), µm2(0), αf (0), αm(0), σ
u
f1(0) and σu

f2(0) correspond to
values in 2006.

(3) The initial values of the variables Ỹc1, Ỹc2 and Ỹc3 are the corresponding
number of cases in 2006, and the initial values of Ỹd1, Ỹd2 and Ỹd3 are the corresponding
deaths in 2006.
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Appendix 7. Data fitting results and parameter uncertainty analysis

7.1 Data fitting results of HPV16 and parameter uncertainty analysis

(1) For HPV16 [21, 22],

ζf1 = ζf2 = 0.041 (95%CI [0.032, 0.054]),

ζm1 = ζm2 = 0.076 (95%CI [0.0429, 0.1195]).

(2) All fitting results:

• Fig. S3: Fitting results regarding the number of HPV16-related cervical cancer
cases and deaths from 2006 to 2016.

• Fig. S4: For HPV16, histogram of 1000 values for parameters βm11, βm12, βm21,
βm22, βf11, βf12, βf21 and βf22.

• Fig. S5: For HPV16, estimation results about df1 and df2.

• Fig. S6: For HPV16, time-varying reproduction number.

• Table S2: For HPV16, means and 95% confidence interval of the estimated param-
eters and initial values.

7.2 Data fitting results of HPV18 and parameter uncertainty analysis

(1) For HPV18 [21, 22],

ζf1 = ζf2 = 0.029 (95%CI [0.021, 0.045]);

ζm1 = ζm2 = 0.0621 (95%CI [0.0225, 0.1171]).

(2) All fitting results:

• Fig. S7: Fitting results regarding the number of HPV18-related cervical cancer
cases and deaths from 2006 to 2016.

• Fig. S8: For HPV18, histogram of 1000 values for parameters βm11, βm12, βm21,
βm22, βf11, βf12, βf21 and βf22.

• Fig. S9: For HPV18, estimation results about df1 and df2.

• Fig. S10: For HPV18, time-varying reproduction number.

• Table S3: For HPV18, means and 95% confidence interval of the estimated param-
eters and initial values.
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Fig. S3: Fitting results regarding the number of HPV16-related cervical cancer cases
and deaths from 2006 to 2016. The red circles represent the actual cumulative

number of cervical cancer cases or deaths. The black solid line represents the fitting
result, and the black dashed line represents the 95% confidence interval. (a)

Cumulative cases in the first age group. (b) Cumulative cases in the second age
group. (c) The sum of cumulative cases in the two age groups. (d) Cumulative
deaths in the first age group. (e) Cumulative deaths in the second age group. (f)

The sum of cumulative deaths in the two age groups. (g) Relation between observed
and predicted cases.
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Fig. S4: For HPV16, histogram of 1000 values for parameters βm11, βm12, βm21, βm22,
βf11, βf12, βf21 and βf22.
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Fig. S5: For HPV16, estimation results about df1 and df2. The black solid line
represents the fitting result, and the black dashed line represents the 95% confidence

interval.
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Fig. S6: For HPV16, time-varying reproduction number. The black solid line
represents the fitting result, and the black dashed line represents the 95% confidence

interval.

Table S2: For HPV16, means and 95% confidence interval of the estimated parameters and
initial values.

Parameter or initial value Value 95% CI

βm11 2.4632 [2.2573, 3.1338]

βm12 0.0216 [0.0198, 0.0275]

βm21 0.4363 [0.2721, 0.6281]

βm22 3.6948 [2.3046, 5.3197]

βf11 0.49 [0.3568, 0.5415]

βf12 0.0445 [0.0324, 0.0492]

βf21 0.0033 [0.0016, 0.0051]

βf22 0.296 [0.1473, 0.458]

dk1 0.01 [0.008, 0.0124]

db1 1.4645× 10−11 [3.23× 10−13, 0.01]

dk2 0.086 [0.05, 0.12]

db2 0.1299 [0.0533, 0.1994]

Cu
f1(0) 6.6553× 104 [5.9691× 104, 7.4764× 104]

Cu
f2(0) 8.3676× 104 [8.3462× 104, 9.6801× 104]
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Fig. S7: Fitting results regarding the number of HPV18-related cervical cancer cases
and deaths from 2006 to 2016. The red circles represent the actual cumulative

number of cervical cancer cases or deaths. The black solid line represents the fitting
result, and the black dashed line represents the 95% confidence interval. (a)

Cumulative cases in the first age group. (b) Cumulative cases in the second age
group. (c) The sum of cumulative cases in the two age groups. (d) Cumulative
deaths in the first age group. (e) Cumulative deaths in the second age group. (f)

The sum of cumulative deaths in the two age groups. (g) Relation between observed
and predicted cases.
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Fig. S8: For HPV18, histogram of 1000 values for parameters βm11, βm12, βm21, βm22,
βf11, βf12, βf21 and βf22.
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Fig. S9: For HPV18, estimation results about df1 and df2. The black solid line
represents the fitting result, and the black dashed line represents the 95% confidence

interval.
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Fig. S10: For HPV18, time-varying reproduction number. The black solid line
represents the fitting result, and the black dashed line represents the 95% confidence

interval.

Table S3: For HPV18, means and 95% confidence interval of the estimated parameters and
initial values.

Parameter or initial value Value 95% CI

βm11 2.4189 [1.953, 2.9167]

βm12 0.0212 [0.0171, 0.0256]

βm21 0.4196 [0.2304, 0.5738]

βm22 3.5535 [1.9512, 4.8601]

βf11 0.389 [0.3035, 0.4678]

βf12 0.0353 [0.0276, 0.0425]

βf21 0.0027 [0.0013, 0.0048]

βf22 0.2435 [0.1164, 0.4288]

dk1 0.0105 [0.0075, 0.0134]

db1 0.01 [2.488× 10−13, 0.02]

dk2 0.0871 [0.0442, 0.1352]

db2 0.1321 [0.046, 0.2165]

Cu
f1(0) 9.7364× 103 [8.2169× 103, 1.0923× 104]

Cu
f2(0) 1.2987× 104 [1.1406× 104, 1.4177× 104]
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Appendix 8. System (S8.1)-(S8.5)

dSu
f1

dt
= Af (1− ϕf (t))− λm1S

u
f1 − kf (t)S

u
f1 + δSv

f1 − µf1S
u
f1 − αfS

u
f1 + ζf1Rf1,

dIuf1
dt

= λm1S
u
f1 − ρIuf1 − µf1I

u
f1 − αfI

u
f1,

dLu
f1

dt
= (1− ruf1)ρI

u
f1 − ηLu

f1 − σu
f1(t)L

u
f1 − µf1L

u
f1 − αfL

u
f1,

dHu
f1

dt
= (1− euf1)ηL

u
f1 − ξuf1H

u
f1 − σu

f1(t)H
u
f1 − µf1H

u
f1 − αfH

u
f1,

dCu
f1

dt
= ξuf1H

u
f1 − ΛCu

f1 − (1− Λ)σu
f1(t)C

u
f1 − µf1C

u
f1 − αfC

u
f1,

dSv
f1

dt
= Afϕf (t)− (1− εf1)λm1S

v
f1 + kf (t)S

u
f1 − δSv

f1 − µf1S
v
f1 − αfS

v
f1, (S8.1)

dIvf1
dt

= (1− εf1)λm1S
v
f1 − ρIvf1 − µf1I

v
f1 − αfI

v
f1,

dLv
f1

dt
= (1− rvf1)ρI

v
f1 − ηLv

f1 − σv
f1(t)L

v
f1 − µf1L

v
f1 − αfL

v
f1,

dHv
f1

dt
= (1− evf1)ηL

v
f1 − ξvf1H

v
f1 − σv

f1(t)H
v
f1 − µf1H

v
f1 − αfH

v
f1,

dCv
f1

dt
= ξvf1H

v
f1 − ΛCv

f1 − (1− Λ)σv
f1(t)C

v
f1 − µf1C

v
f1 − αfC

v
f1,

dDf1

dt
= σu

f1(t)(L
u
f1 +Hu

f1) + [Λ + (1− Λ)σu
f1(t)]C

u
f1 + σv

f1(t)(L
v
f1 +Hv

f1)

+ [Λ + (1− Λ)σv
f1(t)]C

v
f1 − (γf1 + df1 + µf1 + αf )Df1,

dRf1

dt
= γf1Df1 + ruf1ρI

u
f1 + euf1ηL

u
f1 + rvf1ρI

v
f1 + evf1ηL

v
f1 − µf1Rf1 − αfRf1 − ζf1Rf1,

dSu
f2

dt
= αfS

u
f1 − λm2S

u
f2 + δSv

f2 − µf2S
u
f2 + ζf2Rf2,

dIuf2
dt

= αfI
u
f1 + λm2S

u
f2 − ρIuf2 − µf2I

u
f2,

dLu
f2

dt
= αfL

u
f1 + (1− ruf2)ρI

u
f2 − ηLu

f2 − σu
f2(t)L

u
f2 − µf2L

u
f2,

dHu
f2

dt
= αfH

u
f1 + (1− euf2)ηL

u
f2 − ξuf2H

u
f2 − σu

f2(t)H
u
f2 − µf2H

u
f2,

dCu
f2

dt
= αfC

u
f1 + ξuf2H

u
f2 − ΛCu

f2 − (1− Λ)σu
f2(t)C

u
f2 − µf2C

u
f2,

dSv
f2

dt
= αfS

v
f1 − (1− εf2)λm2S

v
f2 − δSv

f2 − µf2S
v
f2, (S8.2)

dIvf2
dt

= αfI
v
f1 + (1− εf2)λm2S

v
f2 − ρIvf2 − µf2I

v
f2,

dLv
f2

dt
= αfL

v
f1 + (1− rvf2)ρI

v
f2 − ηLv

f2 − σv
f2(t)L

v
f2 − µf2L

v
f2,

dHv
f2

dt
= αfH

v
f1 + (1− evf2)ηL

v
f2 − ξvf2H

v
f2 − σv

f2(t)H
v
f2 − µf2H

v
f2,

dCv
f2

dt
= αfC

v
f1 + ξvf2H

v
f2 − ΛCv

f2 − (1− Λ)σv
f2(t)C

v
f2 − µf2C

v
f2,

dDf2

dt
= αfDf1 + σu

f2(t)(L
u
f2 +Hu

f2) + [Λ + (1− Λ)σu
f2(t)]C

u
f2 + σv

f2(t)(L
v
f2 +Hv

f2)
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+ [Λ + (1− Λ)σv
f2(t)]C

v
f2 − (γf2 + df2 + µf2)Df2,

dRf2

dt
= αfRf1 + γf2Df2 + ruf2ρI

u
f2 + euf2ηL

u
f2 + rvf2ρI

v
f2 + evf2ηL

v
f2 − µf2Rf2 − ζf2Rf2,

dSu
m1

dt
= Am(1− ϕm(t))− λf1S

u
m1 − km(t)Su

m1 + δSv
m1 − µm1S

u
m1 − αmSu

m1 + ζm1Rm1,

dIum1

dt
= λf1S

u
m1 − ωu

m1I
u
m1 − µm1I

u
m1 − αmIum1,

dSv
m1

dt
= Amϕm(t)− (1− εm1)λf1S

v
m1 + km(t)Su

m1 − δSv
m1 − µm1S

v
m1 − αmSv

m1, (S8.3)

dIvm1

dt
= (1− εm1)λf1S

v
m1 − ωv

m1I
v
m1 − µm1I

v
m1 − αmIvm1,

dRm1

dt
= ωu

m1I
u
m1 + ωv

m1I
v
m1 − µm1Rm1 − αmRm1 − ζm1Rm1,

dSu
m2

dt
= αmSu

m1 − λf2S
u
m2 + δSv

m2 − µm2S
u
m2 + ζm2Rm2,

dIum2

dt
= αmIum1 + λf2S

u
m2 − ωu

m2I
u
m2 − µm2I

u
m2,

dSv
m2

dt
= αmSv

m1 − (1− εm2)λf2S
v
m2 − δSv

m2 − µm2S
v
m2, (S8.4)

dIvm2

dt
= αmIvm1 + (1− εm2)λf2S

v
m2 − ωv

m2I
v
m2 − µm2I

v
m2,

dRm2

dt
= αmRm1 + ωu

m2I
u
m2 + ωv

m2I
v
m2 − µm2Rm2 − ζm2Rm2,

where

λm1 =
βmcm11(I

u
m1 + Ivm1) + βmcm21(I

u
m2 + Ivm2)

Nf1
,

λm2 =
βmcm12(I

u
m1 + Ivm1) + βmcm22(I

u
m2 + Ivm2)

Nf2
,

λf1 =
βfcf11

(∑
h∈{u,v} I

h
f1 + Lh

f1 +Hh
f1 + Ch

f1

)
+ βfcf21

(∑
h∈{u,v} I

h
f2 + Lh

f2 +Hh
f2 + Ch

f2

)
Nm1

,

λf2 =
βfcf12

(∑
h∈{u,v} I

h
f1 + Lh

f1 +Hh
f1 + Ch

f1

)
+ βfcf22

(∑
h∈{u,v} I

h
f2 + Lh

f2 +Hh
f2 + Ch

f2

)
Nm2

,

Nf1 = Su
f1 + Iuf1 + Lu

f1 +Hu
f1 + Cu

f1 + Sv
f1 + Ivf1 + Lv

f1 +Hv
f1 + Cv

f1 +Df1 +Rf1,

Nf2 = Su
f2 + Iuf2 + Lu

f2 +Hu
f2 + Cu

f2 + Sv
f2 + Ivf2 + Lv

f2 +Hv
f2 + Cv

f2 +Df2 +Rf2,

Nm1 = Su
m1 + Ium1 + Sv

m1 + Ivm1 +Rm1,

Nm2 = Su
m2 + Ium2 + Sv

m2 + Ivm2 +Rm2,

Nf = Nf1 +Nf2,

Nm = Nm1 +Nm2.

The initial conditions for system (S8.1)-(S8.4) is as follows:

xi(0) ∈ [0, M̂ ], i = 1, 2, · · · , 34, (S8.5)

where M̂ is a positive constant, and xi is the i-th element in x. Let Fc(t, x
T ,uT ) =

(f1, f2, · · · , f34)T , where fi is the i-th right-hand side function of (S8.1)-(S8.4).
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Appendix 9. Proof of Theorem 5.1

Proof. (1) It is easy to see that Fc(t, x
T ,uT ) is C1. And, from Theorem 3.1, xi

is bounded, for i = 1, 2, · · · , 34. Thus, it is easy to see that Fc(t, 0, 0) and the partial
derivatives of Fc(t, x

T ,uT ) with respect to all control variables and state variables are
bounded. (2) From Theorem 3.1, system (S8.1)-(S8.5) with a constant control has a
unique solution. Therefore, the set

F = {(u, x(0))|There exists a solution to system (S8.1)-(S8.5)

with control u ∈ Uand initial condition x(0)}

is non-empty. (3) Obviously, U is convex and closed. And, F (t, xT ,uT ) is linear with
respect to u, and the coefficients depend on time t and state x. (4) Since the initial
value xi(0) of each state variable is bounded, according to the similar proof of Theorem
3.1, it can be seen that there is a compact and invariant set containing x(t) for every
t ≥ 0. Further, there exists a compact set S such that all e ∈ S and ϕ(e) is continuous
on S. (5) For any u1 ∈ U , u2 ∈ U and q ∈ [0, 1],

(1− q)Φ(t, x,u1) + qΦ(t, x,u2) ≥ Φ(t, x, (1− q)u1 + qu2),

because

(1− q)u2
1i + qu2

2i ≥ [(1− q)u1i + qu2i]
2

where u1i and u2i are the elements of u1 and u2, respectively. Hence, Φ(t, x,u) is
convex on U . (6) There are constants C1 > 0, C2 and b > 1, such that

Φ(t, x,u) ≥ C1|u|b − C2,

where |u| is magnitude of u. Obviously, Φ(t, x,u) ≥ 0 ≥ |u|2 − max |u|2, hence we
take C1 = 1, b = 2 and C2 = max |u|2 = 3.7524. To sum up, from Theorem 4.1 and
Corollary 4.1 in [23], Theorem 5.1 is proved.

Appendix 10. The adjoint equations (S10.1)-(S10.35)

p
′
1 =− ∂H (t,u∗, x∗, p)

∂Su
f1

=− a2κ1(B2k
∗
f (t))

2Su∗
f1(t)− a2κ2(E2σ

u∗
f1(t))

2(Su∗
f1(t) + Iu∗f1 (t) +R∗

f1(t))

+ p1
(
k∗f (t) + µf1 + αf

)
− (p2 − p1)

∂(λm1S
u
f1)

∂Su
f1

∣∣∣∣∣
(u∗,x∗)

− p6k
∗
f (t)− (p7 − p6)(1− εf1)

∂(λm1S
v
f1)

∂Su
f1

∣∣∣∣∣
(u∗,x∗)

− p13αf , (S10.1)

p
′
2 =− ∂H (t,u∗, x∗, p)

∂Iuf1

=− a2κ2(E2σ
u∗
f1(t))

2(Su∗
f1(t) + Iu∗f1 (t) +R∗

f1(t))

− (p2 − p1)
∂(λm1S

u
f1)

∂Iuf1

∣∣∣∣∣
(u∗,x∗)

+ p2 (ρ+ µf1 + αf )− p3(1− ruf1)ρ
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− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Iuf1

∣∣∣∣∣
(u∗,x∗)

− p12r
u
f1ρ− p14αf

− (p26 − p25)
∂(λf1S

u
m1)

∂Iuf1

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Iuf1

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Iuf1

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Iuf1

∣∣∣∣∣
(u∗,x∗)

, (S10.2)

p
′
3 =− ∂H (t,u∗, x∗, p)

∂Lu
f1

=− a2κ2(E1σ
u∗
f1(t))

2Lu∗
f1(t)− a2κ3

(
TLσ

u∗
f1(t)

)2
Lu∗
f1(t)

− (p2 − p1)
∂(λm1S

u
f1)

∂Lu
f1

∣∣∣∣∣
(u∗,x∗)

+ p3(η + σu∗
f1(t) + µf1 + αf )− p4(1− euf1)η

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Lu
f1

∣∣∣∣∣
(u∗,x∗)

− p11σ
u∗
f1(t)− p12e

u
f1η − p15αf

− (p26 − p25)
∂(λf1S

u
m1)

∂Lu
f1

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Lu
f1

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Lu
f1

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Lu
f1

∣∣∣∣∣
(u∗,x∗)

, (S10.3)

p
′
4 =− ∂H (t,u∗, x∗, p)

∂Hu
f1

=− a2κ2(E1σ
u∗
f1(t))

2Hu∗
f1 (t)− a2κ3

(
THσu∗

f1(t)
)2

Hu∗
f1 (t)

− (p2 − p1)
∂(λm1S

u
f1)

∂Hu
f1

∣∣∣∣∣
(u∗,x∗)

+ p4(ξ
u
f1 + σu∗

f1(t) + µf1 + αf )− p5ξ
u
f1

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Hu
f1

∣∣∣∣∣
(u∗,x∗)

− p11σ
u∗
f1(t)− p16αf

− (p26 − p25)
∂(λf1S

u
m1)

∂Hu
f1

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Hu
f1

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Hu
f1

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Hu
f1

∣∣∣∣∣
(u∗,x∗)

, (S10.4)

p
′
5 =− ∂H (t,u∗, x∗, p)

∂Cu
f1

=− a2κ2
{
E1[Λ + (1− Λ)σu∗

f1(t)]
}2

Cu∗
f1(t)− a2κ3

{
TC [Λ + (1− Λ)σu∗

f1(t)]
}2

Cu∗
f1(t)

− (p2 − p1)
∂(λm1S

u
f1)

∂Cu
f1

∣∣∣∣∣
(u∗,x∗)

+ p5[Λ + (1− Λ)σu∗
f1(t) + µf1 + αf ]

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Cu
f1

∣∣∣∣∣
(u∗,x∗)

− p11[Λ + (1− Λ)σu∗
f1(t)]− p17αf

− (p26 − p25)
∂(λf1S

u
m1)

∂Cu
f1

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Cu
f1

∣∣∣∣∣
(u∗,x∗)
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− (p31 − p30)
∂(λf2S

u
m2)

∂Cu
f1

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Cu
f1

∣∣∣∣∣
(u∗,x∗)

, (S10.5)

p
′
6 =− ∂H (t,u∗, x∗, p)

∂Sv
f1

=− a2κ2(E2σ
v∗
f1(t))

2(Sv∗
f1(t) + Iv∗f1(t))− (p2 − p1)

∂(λm1S
u
f1)

∂Sv
f1

∣∣∣∣∣
(u∗,x∗)

− p1δ

+ p6(δ + µf1 + αf )− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Sv
f1

∣∣∣∣∣
(u∗,x∗)

− p18αf , (S10.6)

p
′
7 =− ∂H (t,u∗, x∗, p)

∂Ivf1

=− a2κ2(E2σ
v∗
f1(t))

2(Sv∗
f1(t) + Iv∗f1(t))

− (p2 − p1)
∂(λm1S

u
f1)

∂Ivf1

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Ivf1

∣∣∣∣∣
(u∗,x∗)

+ p7(ρ+ µf1 + αf )− p8(1− rvf1)ρ− p12r
v
f1ρ− p19αf

− (p26 − p25)
∂(λf1S

u
m1)

∂Ivf1

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Ivf1

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Ivf1

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Ivf1

∣∣∣∣∣
(u∗,x∗)

, (S10.7)

p
′
8 =− ∂H (t,u∗, x∗, p)

∂Lv
f1

=− a2κ2(E1σ
v∗
f1(t))

2Lv∗
f1(t)− a2κ3

(
TLσ

v∗
f1(t)

)2
Lv∗
f1(t)

− (p2 − p1)
∂(λm1S

u
f1)

∂Lv
f1

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Lv
f1

∣∣∣∣∣
(u∗,x∗)

+ p8(η + σv∗
f1(t) + µf1 + αf )− p9(1− evf1)η − p11σ

v∗
f1(t)− p12e

v
f1η − p20αf

− (p26 − p25)
∂(λf1S

u
m1)

∂Lv
f1

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Lv
f1

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Lv
f1

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Lv
f1

∣∣∣∣∣
(u∗,x∗)

, (S10.8)

p
′
9 =− ∂H (t,u∗, x∗, p)

∂Hv
f1

=− a2κ2(E1σ
v∗
f1(t))

2Hv∗
f1(t)− a2κ3

(
THσv∗

f1(t)
)2

Hv∗
f1(t)

− (p2 − p1)
∂(λm1S

u
f1)

∂Hv
f1

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Hv
f1

∣∣∣∣∣
(u∗,x∗)

+ p9(ξ
v
f1 + σv∗

f1(t) + µf1 + αf )− p10ξ
v
f1 − p11σ

v∗
f1(t)− p21αf

− (p26 − p25)
∂(λf1S

u
m1)

∂Hv
f1

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Hv
f1

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Hv
f1

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Hv
f1

∣∣∣∣∣
(u∗,x∗)

, (S10.9)
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p
′
10 =− ∂H (t,u∗, x∗, p)

∂Cv
f1

=− a2κ2
{
E1[Λ + (1− Λ)σv∗

f1(t)]
}2

Cv∗
f1(t)− a2κ3

{
TC [Λ + (1− Λ)σv∗

f1(t)]
}2

Cv∗
f1(t)

− (p2 − p1)
∂(λm1S

u
f1)

∂Cv
f1

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v∗
f1)

∂Cv∗
f1

∣∣∣∣∣
(u∗,x∗)

+ p10[Λ + (1− Λ)σv∗
f1(t) + µf1 + αf ]− p11[Λ + (1− Λ)σv∗

f1(t)]− p22αf

− (p26 − p25)
∂(λf1S

u
m1)

∂Cv
f1

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Cv
f1

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Cv
f1

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Cv
f1

∣∣∣∣∣
(u∗,x∗)

, (S10.10)

p
′
11 =− ∂H (t,u∗, x∗, p)

∂Df1

=− (p2 − p1)
∂(λm1S

u
f1)

∂Df1

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Df1

∣∣∣∣∣
(u∗,x∗)

+ p11(γf1 + df1 + µf1 + αf )− p12γf1 − p23αf , (S10.11)

p
′
12 =− ∂H (t,u∗, x∗, p)

∂Rf1

=− a2κ2(E2σ
u∗
f1(t))

2(Su∗
f1(t) + Iu∗f1 (t) +R∗

f1(t))

− p1ζf1 − (p2 − p1)
∂(λm1S

u
f1)

∂Rf1

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Rf1

∣∣∣∣∣
(u∗,x∗)

+ p12(µf1 + αf + ζf1)− p24αf , (S10.12)

p
′
13 =− ∂H (t,u∗, x∗, p)

∂Su
f2

=− a2κ2(E2σ
u∗
f2(t))

2(Su∗
f2(t) + Iu∗f2 (t) +R∗

f2(t)) + p13µf2

− (p14 − p13)
∂(λm2S

u
f2)

∂Su
f2

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Su
f2

∣∣∣∣∣
(u∗,x∗)

, (S10.13)

p
′
14 =− ∂H (t,u∗, x∗, p)

∂Iuf2

=− a2κ2(E2σ
u∗
f2(t))

2(Su∗
f2(t) + Iu∗f2 (t) +R∗

f2(t))

− (p14 − p13)
∂(λm2S

u
f2)

∂Iuf2

∣∣∣∣∣
(u∗,x∗)

+ p14(ρ+ µf2)− p15(1− ruf2)ρ

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Iuf2

∣∣∣∣∣
(u∗,x∗)

− p24r
u
f2ρ

− (p26 − p25)
∂(λf1S

u
m1)

∂Iuf2

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Iuf2

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Iuf2

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Iuf2

∣∣∣∣∣
(u∗,x∗)

, (S10.14)

p
′
15 =− ∂H (t,u∗, x∗, p)

∂Lu
f2
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=− a2κ2(E1σ
u∗
f2(t))

2Lu∗
f2(t)− a2κ3

(
TLσ

u∗
f2(t)

)2
Lu∗
f2(t)

− (p14 − p13)
∂(λm2S

u
f2)

∂Lu
f2

∣∣∣∣∣
(u∗,x∗)

+ p15(η + σu∗
f2(t) + µf2)− p16(1− euf2)η

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Lu
f2

∣∣∣∣∣
(u∗,x∗)

− p23σ
u∗
f2(t)− p24e

u
f2η

− (p26 − p25)
∂(λf1S

u
m1)

∂Lu
f2

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Lu
f2

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Lu
f2

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Lu
f2

∣∣∣∣∣
(u∗,x∗)

, (S10.15)

p
′
16 =− ∂H (t,u∗, x∗, p)

∂Hu
f2

=− a2κ2(E1σ
u∗
f2(t))

2Hu∗
f2 (t)− a2κ3

(
THσu∗

f2(t)
)2

Hu∗
f2 (t)

− (p14 − p13)
∂(λm2S

u
f2)

∂Hu
f2

∣∣∣∣∣
(u∗,x∗)

+ p16(ξ
u
f2 + σu∗

f2(t) + µf2)− p17ξ
u
f2

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Hu
f2

∣∣∣∣∣
(u∗,x∗)

− p23σ
u∗
f2(t)

− (p26 − p25)
∂(λf1S

u
m1)

∂Hu
f2

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Hu
f2

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Hu
f2

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Hu
f2

∣∣∣∣∣
(u∗,x∗)

, (S10.16)

p
′
17 =− ∂H (t,u∗, x∗, p)

∂Cu
f2

=− a2κ2
{
E1[Λ + (1− Λ)σu∗

f2(t)]
}2

Cu∗
f2(t)− a2κ3

{
TC [Λ + (1− Λ)σu∗

f2(t)]
}2

Cu∗
f2(t)

− (p14 − p13)
∂(λm2S

u
f2)

∂Cu
f2

∣∣∣∣∣
(u∗,x∗)

+ p17[Λ + (1− Λ)σu∗
f2(t) + µf2]

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Cu
f2

∣∣∣∣∣
(u∗,x∗)

− p23[Λ + (1− Λ)σu∗
f2(t)]

− (p26 − p25)
∂(λf1S

u
m1)

∂Cu
f2

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
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v
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∣∣∣∣∣
(u∗,x∗)

, (S10.17)

p
′
18 =− ∂H (t,u∗, x∗, p)

∂Sv
f2

=− a2κ2(E2σ
v∗
f2(t))

2(Sv∗
f2(t) + Iv∗f2(t))− p13δ − (p14 − p13)

∂(λm2S
u
f2)

∂Sv
f2

∣∣∣∣∣
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− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Sv
f2

∣∣∣∣∣
(u∗,x∗)

+ p18(δ + µf2), (S10.18)
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p
′
19 =− ∂H (t,u∗, x∗, p)

∂Ivf2

=− a2κ2(E2σ
v∗
f2(t))

2(Sv∗
f2(t) + Iv∗f2(t))

− (p14 − p13)
∂(λm2S

u
f2)

∂Ivf2

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Ivf2

∣∣∣∣∣
(u∗,x∗)

+ p19(ρ+ µf2)− p20(1− rvf2)ρ− p24r
v
f2ρ− (p26 − p25)

∂(λf1S
u
m1)

∂Ivf2

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Ivf2

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Ivf2

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Ivf2

∣∣∣∣∣
(u∗,x∗)

, (S10.19)

p
′
20 =− ∂H (t,u∗, x∗, p)

∂Lv
f2

=− a2κ2(E1σ
v∗
f2(t))

2Lv∗
f2(t)− a2κ3

(
TLσ

v∗
f2(t)

)2
Lv∗
f2(t)

− (p14 − p13)
∂(λm2S

u
f2)

∂Lv
f2

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Lv
f2

∣∣∣∣∣
(u∗,x∗)

+ p20(η + σv∗
f2(t) + µf2)− p21(1− evf2)η − p23σ

v∗
f2(t)− p24e

v
f2η

− (p26 − p25)
∂(λf1S

u
m1)

∂Lv
f2

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Lv
f2

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Lv
f2

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Lv
f2

∣∣∣∣∣
(u∗,x∗)

, (S10.20)

p
′
21 =− ∂H (t,u∗, x∗, p)

∂Hv
f2

=− a2κ2(E1σ
v∗
f2(t))

2Hv∗
f2(t)− a2κ3

(
THσv∗

f2(t)
)2

Hv∗
f2(t)

− (p14 − p13)
∂(λm2S

u
f2)

∂Hv
f2

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Hv
f2

∣∣∣∣∣
(u∗,x∗)

+ p21(ξ
v
f2 + σv∗

f2(t) + µf2)− p22ξ
v
f2 − p23σ

v∗
f2(t)

− (p26 − p25)
∂(λf1S

u
m1)

∂Hv
f2

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Hv
f2

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Hv
f2

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Hv
f2

∣∣∣∣∣
(u∗,x∗)

, (S10.21)

p
′
22 =− ∂H (t,u∗, x∗, p)

∂Cv
f2

=− a2κ2
{
E1[Λ + (1− Λ)σv∗

f2(t)]
}2

Cv∗
f2(t)− a2κ3

{
TC [Λ + (1− Λ)σv∗

f2(t)]
}2

Cv∗
f2(t)

− (p14 − p13)
∂(λm2S

u
f2)

∂Cv
f2

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Cv
f2

∣∣∣∣∣
(u∗,x∗)

+ p22[Λ + (1− Λ)σv∗
f2(t) + µf2]− p23[Λ + (1− Λ)σv∗

f2(t)]
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− (p26 − p25)
∂(λf1S

u
m1)

∂Cv
f2

∣∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Cv
f2

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Cv
f2

∣∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Cv
f2

∣∣∣∣∣
(u∗,x∗)

, (S10.22)

p
′
23 =− ∂H (t,u∗, x∗, p)

∂Df2

=− (p14 − p13)
∂(λm2S

u
f2)

∂Df2

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Df2

∣∣∣∣∣
(u∗,x∗)

+ p23(γf2 + df2 + µf2)− p24γf2, (S10.23)

p
′
24 =− ∂H (t,u∗, x∗, p)

∂Rf2

=− a2κ2(E2σ
u∗
f2(t))

2(Su∗
f2(t) + Iu∗f2 (t) +R∗

f2(t))− p13ζf2 + p24(µf2 + ζf2)

− (p14 − p13)
∂(λm2S

u
f2)

∂Rf2

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Rf2

∣∣∣∣∣
(u∗,x∗)

, (S10.24)

p
′
25 =− ∂H (t,u∗, x∗, p)

∂Su
m1

=− a2κ1(B2k
∗
m(t))2Su∗

m1(t)

− (p26 − p25)
∂(λf1S

u
m1)

∂Su
m1

∣∣∣∣
(u∗,x∗)

+ p25(k
∗
m(t) + µm1 + αm)− p27k

∗
m(t)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Su
m1

∣∣∣∣
(u∗,x∗)

− p30αm, (S10.25)

p
′
26 =− ∂H (t,u∗, x∗, p)

∂Ium1

=− (p2 − p1)
∂(λm1S

u
f1)

∂Ium1

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Ium1

∣∣∣∣∣
(u∗,x∗)

− (p14 − p13)
∂(λm2S

u
f2)

∂Ium1

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Ium1

∣∣∣∣∣
(u∗,x∗)

− (p26 − p25)
∂(λf1S

u
m1)

∂Ium1

∣∣∣∣
(u∗,x∗)

+ p26(ω
u
m1 + µm1 + αm)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Ium1

∣∣∣∣
(u∗,x∗)

− p29ω
u
m1 − p31αm, (S10.26)

p
′
27 =− ∂H (t,u∗, x∗, p)

∂Sv
m1

=− (p26 − p25)
∂(λf1S

u
m1)

∂Sv
m1

∣∣∣∣
(u∗,x∗)

− p25δ + p27(δ + µm1 + αm)− p32αm

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Sv
m1

∣∣∣∣
(u∗,x∗)

, (S10.27)

p
′
28 =− ∂H (t,u∗, x∗, p)

∂Ivm1

=− (p2 − p1)
∂(λm1S

u
f1)

∂Ivm1

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Ivm1

∣∣∣∣∣
(u∗,x∗)
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− (p14 − p13)
∂(λm2S

u
f2)

∂Ivm1

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Ivm1

∣∣∣∣∣
(u∗,x∗)

+ p28(ω
v
m1 + µm1 + αm)− p29ω

v
m1 − p33αm

− (p26 − p25)
∂(λf1S

u
m1)

∂Ivm1

∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Ivm1

∣∣∣∣
(u∗,x∗)

, (S10.28)

p
′
29 =− ∂H (t,u∗, x∗, p)

∂Rm1

=− (p26 − p25)
∂(λf1S

u
m1)

∂Rm1

∣∣∣∣
(u∗,x∗)

− (p28 − p27)(1− εm1)
∂(λf1S

v
m1)

∂Rm1

∣∣∣∣
(u∗,x∗)

− p25ζm1 + p29(µm1 + αm + ζm1)− p34αm, (S10.29)

p
′
30 =− ∂H (t,u∗, x∗, p)

∂Su
m2

=− (p31 − p30)
∂(λf2S

u
m2)

∂Su
m2

∣∣∣∣
(u∗,x∗)

+ p30µm2 − (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Su
m2

∣∣∣∣
(u∗,x∗)

,

(S10.30)

p
′
31 =− ∂H (t,u∗, x∗, p)

∂Ium2

=− (p2 − p1)
∂(λm1S

u
f1)

∂Ium2

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Ium2

∣∣∣∣∣
(u∗,x∗)

− (p14 − p13)
∂(λm2S

u
f2)

∂Ium2

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Ium2

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
m2)

∂Ium2

∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Ium2

∣∣∣∣
(u∗,x∗)

+ p31(ω
u
m2 + µm2)− p34ω

u
m2, (S10.31)

p
′
32 =− ∂H (t,u∗, x∗, p)

∂Sv
m2

=− (p31 − p30)
∂(λf2S

u
m2)

∂Sv
m2

∣∣∣∣
(u∗,x∗)

− p30δ + p32(δ + µm2)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Sv
m2

∣∣∣∣
(u∗,x∗)

, (S10.32)

p
′
33 =− ∂H (t,u∗, x∗, p)

∂Ivm2

=− (p2 − p1)
∂(λm1S

u
f1)

∂Ivm2

∣∣∣∣∣
(u∗,x∗)

− (p7 − p6)(1− εf1)
∂(λm1S

v
f1)

∂Ivm2

∣∣∣∣∣
(u∗,x∗)

− (p14 − p13)
∂(λm2S

u
f2)

∂Ivm2

∣∣∣∣∣
(u∗,x∗)

− (p19 − p18)(1− εf2)
∂(λm2S

v
f2)

∂Ivm2

∣∣∣∣∣
(u∗,x∗)

− (p31 − p30)
∂(λf2S

u
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∂Ivm2

∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Ivm2

∣∣∣∣
(u∗,x∗)

+ p33(ω
v
m2 + µm2)− p34ω

v
m2, (S10.33)

p
′
34 =− ∂H (t,u∗, x∗, p)

∂Rm2
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=− p30ζm2 − (p31 − p30)
∂(λf2S

u
m2)

∂Rm2

∣∣∣∣
(u∗,x∗)

− (p33 − p32)(1− εm2)
∂(λf2S

v
m2)

∂Rm2

∣∣∣∣
(u∗,x∗)

+ p34(µm2 + ζm2), (S10.34)

where

∂(λm1S
u
f1)

∂Su
f1

= [βmcm11(I
u
m1 + Ivm1) + βmcm21(I

u
m2 + Ivm2)]

Nf1 − Su
f1

N2
f1

,

∂(λm1S
u
f1)

∂Iuf1
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u
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∂Lu
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Sv
f2

N2
f2

,

∂(λf1S
u
m1)

∂Iuf2
=

∂(λf1S
u
m1)

∂Lu
f2

=
∂(λf1S

u
m1)

∂Hu
f2

=
∂(λf1S

u
m1)

∂Cu
f2

=
∂(λf1S

u
m1)

∂Ivf2
=

∂(λf1S
u
m1)

∂Lv
f2

=
∂(λf1S

u
m1)

∂Hv
f2

=
∂(λf1S

u
m1)

∂Cv
f2

=
βfcf21S

u
m1

Nm1
,

∂(λf1S
v
m1)

∂Iuf2
=

∂(λf1S
v
m1)

∂Lu
f2

=
∂(λf1S

v
m1)

∂Hu
f2

=
∂(λf1S

v
m1)

∂Cu
f2

=
∂(λf1S

v
m1)

∂Ivf2
=

∂(λf1S
v
m1)

∂Lv
f2

=
∂(λf1S

v
m1)

∂Hv
f2

=
∂(λf1S

v
m1)

∂Cv
f2

=
βfcf21S

v
m1

Nm1
,

∂(λf2S
u
m2)

∂Iuf2
=

∂(λf2S
u
m2)

∂Lu
f2

=
∂(λf2S

u
m2)

∂Hu
f2

=
∂(λf2S

u
m2)

∂Cu
f2

=
∂(λf2S

u
m2)

∂Ivf2
=

∂(λf2S
u
m2)

∂Lv
f2

=
∂(λf2S

u
m2)

∂Hv
f2

=
∂(λf2S

u
m2)

∂Cv
f2

=
βfcf22S

u
m2

Nm2
,

∂(λf2S
v
m2)

∂Iuf2
=

∂(λf2S
v
m2)

∂Lu
f2

=
∂(λf2S

v
m2)

∂Hu
f2

=
∂(λf2S

v
m2)

∂Cu
f2

=
∂(λf2S

v
m2)

∂Ivf2
=

∂(λf2S
v
m2)

∂Lv
f2

=
∂(λf2S

v
m2)

∂Hv
f2

=
∂(λf2S

v
m2)

∂Cv
f2

=
βfcf22S

v
m2

Nm2
,

∂(λf1S
u
m1)

∂Su
m1

=

βfcf11
 ∑

h∈{u,v}

Ihf1 + Lh
f1 +Hh

f1 + Ch
f1


+ βfcf21

 ∑
h∈{u,v}

Ihf2 + Lh
f2 +Hh

f2 + Ch
f2

 Nm1 − Su
m1

N2
m1

,

∂(λf1S
v
m1)

∂Sv
m1

=

βfcf11
 ∑

h∈{u,v}

Ihf1 + Lh
f1 +Hh

f1 + Ch
f1


+ βfcf21

 ∑
h∈{u,v}

Ihf2 + Lh
f2 +Hh

f2 + Ch
f2

 Nm1 − Sv
m1

N2
m1

,

∂(λf2S
u
m2)

∂Su
m2

=

βfcf12
 ∑

h∈{u,v}

Ihf1 + Lh
f1 +Hh

f1 + Ch
f1


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+ βfcf22

 ∑
h∈{u,v}

Ihf2 + Lh
f2 +Hh

f2 + Ch
f2

 Nm2 − Su
m2

N2
m2

,

∂(λf2S
v
m2)

∂Sv
m2

=

βfcf12
 ∑

h∈{u,v}

Ihf1 + Lh
f1 +Hh

f1 + Ch
f1


+ βfcf22

 ∑
h∈{u,v}

Ihf2 + Lh
f2 +Hh

f2 + Ch
f2

 Nm2 − Sv
m2

N2
m2

,

∂(λf1S
u
m1)

∂Ium1

=
∂(λf1S

u
m1)

∂Sv
m1

=
∂(λf1S

u
m1)

∂Ivm1

=
∂(λf1S

u
m1)

∂Rm1

=−

βfcf11
 ∑

h∈{u,v}

Ihf1 + Lh
f1 +Hh

f1 + Ch
f1


+βfcf21

 ∑
h∈{u,v}

Ihf2 + Lh
f2 +Hh

f2 + Ch
f2

 Su
m1

N2
m1

,

∂(λf1S
v
m1)

∂Su
m1

=
∂(λf1S

v
m1)

∂Ium1

=
∂(λf1S

v
m1)

∂Ivm1

=
∂(λf1S

v
m1)

∂Rm1

=−

βfcf11
 ∑

h∈{u,v}

Ihf1 + Lh
f1 +Hh

f1 + Ch
f1


+βfcf21

 ∑
h∈{u,v}

Ihf2 + Lh
f2 +Hh

f2 + Ch
f2

 Sv
m1

N2
m1

,

∂(λf2S
u
m2)

∂Ium2

=
∂(λf2S

u
m2)

∂Sv
m2

=
∂(λf2S

u
m2)

∂Ivm2

=
∂(λf2S

u
m2)

∂Rm2

=−

βfcf12
 ∑

h∈{u,v}

Ihf1 + Lh
f1 +Hh

f1 + Ch
f1


+βfcf22

 ∑
h∈{u,v}

Ihf2 + Lh
f2 +Hh

f2 + Ch
f2

 Su
m2

N2
m2

,

∂(λf2S
v
m2)

∂Su
m2

=
∂(λf2S

v
m2)

∂Ium2

=
∂(λf2S

v
m2)

∂Ivm2

=
∂(λf2S

v
m2)

∂Rm2

=−

βfcf12

 ∑
h∈{u,v}

Ihf1 + Lh
f1 +Hh

f1 + Ch
f1


+βfcf22

 ∑
h∈{u,v}

Ihf2 + Lh
f2 +Hh

f2 + Ch
f2

 Sv
m2

N2
m2

,

∂(λm1S
u
f1)

∂Ium1

=
∂(λm1S

u
f1)

∂Ivm1

=
βmcm11S

u
f1

Nf1
,

∂(λm1S
v
f1)

∂Ium1

=
∂(λm1S

v
f1)

∂Ivm1

=
βmcm11S

v
f1

Nf1
,

∂(λm2S
u
f2)

∂Ium1

=
∂(λm2S

u
f2)

∂Ivm1

=
βmcm12S

u
f2

Nf2
,
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∂(λm2S
v
f2)

∂Ium1

=
∂(λm2S

v
f2)

∂Ivm1

=
βmcm12S

v
f2

Nf2
,

∂(λm1S
u
f1)

∂Ium2

=
∂(λm1S

u
f1)

∂Ivm2

=
βmcm21S

u
f1

Nf1
,

∂(λm1S
v
f1)

∂Ium2

=
∂(λm1S

v
f1)

∂Ivm2

=
βmcm21S

v
f1

Nf1
,

∂(λm2S
u
f2)

∂Ium2

=
∂(λm2S

u
f2)

∂Ivm2

=
βmcm22S

u
f2

Nf2
,

∂(λm2S
v
f2)

∂Ium2

=
∂(λm2S

v
f2)

∂Ivm2

=
βmcm22S

v
f2

Nf2
.

And

p1(T ) = ϕSu
f1
(x∗(T )) = 0, p2(T ) = ϕIu

f1
(x∗(T )) = 0,

p3(T ) = ϕLu
f1
(x∗(T )) = 0, p4(T ) = ϕHu

f1
(x∗(T )) = 0,

p5(T ) = ϕCu
f1
(x∗(T )) = a1(C

u∗
f1(T ) + Cv∗

f1(T ) + Cu∗
f2(T ) + Cv∗

f2(T )− I);

p6(T ) = ϕSv
f1
(x∗(T )) = 0, p7(T ) = ϕIv

f1
(x∗(T )) = 0,

p8(T ) = ϕLv
f1
(x∗(T )) = 0, p9(T ) = ϕHv

f1
(x∗(T )) = 0,

p10(T ) = ϕCv
f1
(x∗(T )) = a1(C

u∗
f1(T ) + Cv∗

f1(T ) + Cu∗
f2(T ) + Cv∗

f2(T )− I);

p11(T ) = ϕDf1
(x∗(T )) = 0, p12(T ) = ϕRf1

(x∗(T )) = 0,

p13(T ) = ϕSu
f2
(x∗(T )) = 0, p14(T ) = ϕIu

f2
(x∗(T )) = 0,

p15(T ) = ϕLu
f2
(x∗(T )) = 0, p16(T ) = ϕHu

f2
(x∗(T )) = 0, (S10.35)

p17(T ) = ϕCu
f2
(x∗(T )) = a1(C

u∗
f1(T ) + Cv∗

f1(T ) + Cu∗
f2(T ) + Cv∗

f2(T )− I);

p18(T ) = ϕSv
f2
(x∗(T )) = 0, p19(T ) = ϕIv

f2
(x∗(T )) = 0,

p20(T ) = ϕLv
f2
(x∗(T )) = 0, p21(T ) = ϕHv

f2
(x∗(T )) = 0, ,

p22(T ) = ϕCv
f2
(x∗(T )) = a1(C

u∗
f1(T ) + Cv∗

f1(T ) + Cu∗
f2(T ) + Cv∗

f2(T )− I);

p23(T ) = ϕDf2
(x∗(T )) = 0, p24(T ) = ϕRf2

(x∗(T )) = 0,

p25(T ) = ϕSu
m1

(x∗(T )) = 0, p26(T ) = ϕIum1
(x∗(T )) = 0,

p27(T ) = ϕSv
m1

(x∗(T )) = 0, p28(T ) = ϕIvm1
(x∗(T )) = 0,

p29(T ) = ϕRm1(x
∗(T )) = 0, p30(T ) = ϕSu

m2
(x∗(T )) = 0,

p31(T ) = ϕIum2
(x∗(T )) = 0, p32(T ) = ϕSv

m2
(x∗(T )) = 0,

p33(T ) = ϕIvm2
(x∗(T )) = 0, p34(T ) = ϕRm2(x

∗(T )) = 0,

where ϕxi
is the partial derivative of ϕ with respect to the component xi.

Appendix 11. The choice about time T

This section is mainly to choose the appropriate T for optimal control by simu-
lating the change of C(t) with time in Case 1 and Case 2.

Case 1: ϕf = 0.96, kf = 0.96, σu
f1 = 0.232, σu

f2 = 1/3, ϕm = 0 and km = 0.

Case 2: ϕf = 0.95, kf = 0.95, σu
f1 = 0.232, σu

f2 = 1/3, ϕm = 0.95 and km = 0.96.

The control strategy corresponding to Case 1 is that all females are vaccinated,
males are not vaccinated, and the values of parameters ϕf , kf , σ

u
f1 and σu

f2 are all their
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Fig. S11: Variation of C(t) with time for Case 1 and Case 2. (a) Case 1. (b) Case 2.

maximum values. The control strategy corresponding to Case 2 is that both males
and females are vaccinated, and the values of parameters ϕf , kf , σ

u
f1, σ

u
f2, ϕm and

km are all their maximum values. The initial value of the variable whose superscript
is not v is the value corresponding to each variable in 2017, and the initial value of
the variable whose superscript is v is equal to 0. The values of other parameters can
be seen in Tables 3 and 4 (see text). Assume that df1 = 0.01 and df2 = 0.0226. In
addition, when rvfi = 1, evfi = 1 and ξvfi = 0 (i ∈ {1, 2}), the variables Lv

fi, H
v
fi and

Cv
fi are equal to 0. So σv

f1 and σv
f2 are equal to 0. According to the fitting results

corresponding to Case 1 and Case 2 (see Fig. S11), C(51) = 986 < 1000 for Case 1
and C(51) = 17 < 20 for Case 2. Therefore, when the target value I = 0, we can
choose a value greater than 50 as the value of T based on the above fitting results.

Appendix 12. Values and sources of parameters related to cost and DALY

The values and sources of the parameters involved in cost and DALY are shown
in Table S4.
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Table S4: The values and sources of the parameters involved in cost and DALY.

Parameter Value ($) Reference Parameter Value ($) Reference

B1 17.96 [24] DWL 0.03 [24]

B2 26.94 [24] DWH 0.1 [24]

E1 53.265 [24] DWC 0.165 [24]

E2 20.41 [24] DWLD 0.03 [24]

TL 214.425 [24] DWHD 0.0183 [24]

TH 1503.5925 [24] DWCD 0.1642 [24]

TC 9043.615 [24] af1 43.24 [19, 5]

\ \ \ af2 22.51 [19, 5]
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