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Supplementary Information

1. [bookmark: _GoBack]Overview of state-of-the-art CNN architectures
This section provides an overview of some of the most prominent CNN architectures used by the computer vision community, which we aim to implement and utilize in DRP and demonstrate their applicability in analyzing rock micro-CT images and their potential to enhance the understanding of subsurface properties and fluid dynamics in rock samples. We classify deep learning-based approaches into the following categories, each defined by its architectural and principal technical innovation. Subsequently, we assess their efficiency in segmenting rock micro-CT images.
· Fully Convolutional networks
· Encoder-Decoder Models 
· Multi-Scale and Pyramid-Based Networks 
· Dilated Convolution Models and the DeepLab family 
· Attention-Based Models 
These architectures are renowned for their efficiency in handling complex image classification and segmentation tasks and utilize a high number of kernels in their initial convolutional layer. This high number of kernels is essential to capture the wide variety of features necessary for detailed classification and segmentation across numerous categories. However, such a high number of kernels is not required when adapting architectures for the segmentation of rock micro-CT images, which typically involves binary classification (e.g., distinguishing between grain and pore space). Using a high number of kernels in this context would lead to redundancy, where multiple kernels end up capturing similar features, thereby increasing computational demand without significantly improving performance. Redundancy in CNN design refers to the inefficiency introduced when excessive kernels or layers capture overlapping or unnecessary features. This can lead to longer training times and higher computational costs without yielding proportional gains in accuracy or performance. In this regard, to optimize our models for rock image segmentation, we configure the initial convolutional layer and, accordingly, the subsequent convolution layers to use a smaller number of kernels, compared to configurations used in more complex tasks.
1.1 Fully Convolutional Networks
Long et al. 1 introduced one of the pioneering deep learning methods for semantic image segmentation by utilizing a fully convolutional network (FCN). FCN is primarily composed of three types of layers including convolutional layers, nonlinear layers, and pooling layers. The unit within a layer is designed to connect only to a small, localized region of the previous layer. This small region is referred to as the receptive field. Essentially, each unit doesn’t interact with every other unit in the previous layer but has connections only within a specific neighborhood. This enables the model to focus on localized features rather than the entire input simultaneously. The connections between the units have associated weights, which are adjusted during training. These weights determine the importance of each input within the receptive field when calculating the output for that unit. By stacking these layers to create multi-resolution pyramids, higher-level layers are able to learn features from progressively broader receptive fields. A significant computational advantage of fully convolutional networks lies in the fact that all receptive fields within a layer share weight, dramatically decreasing the number of parameters compared to fully connected neural networks. The model up-samples feature maps from its deeper layers by employing skip connections and merges them with feature maps from earlier, shallower layers. This approach allows the model to integrate semantic information from the deeper, coarser layers with appearance details from the shallower, finer layers, resulting in precise and detailed segmentations. Despite its widespread use and effectiveness, the traditional FCN model has certain drawbacks. It lacks the speed necessary for real-time inference, struggles to incorporate global context information efficiently, and is not readily adaptable to 3D images.
We have deployed and implemented VGG16, InceptionV3, and EfficientNetB0 FCNs for rock micro-CT images. Here are the descriptions of these FCNs:
1.1.1 VGG16
The primary contribution of VGG16 lies in its comprehensive assessment of networks with increasing depth, utilizing an architecture characterized by extremely small (3×3) convolution kernels. This approach demonstrates that substantial enhancements over previous configurations can be attained by extending the depth to 16–19 weight layers 2. 
The architecture of VGG16 involves passing the image through a series of convolutional layers, where kernels with a very small receptive field of 3 × 3 are employed. This kernel size is the smallest that can effectively capture spatial patterns such as left/right, up/down, and center. Additionally, one configuration makes use of 1 × 1 convolution kernels, which act as a linear transformation of the input channels, followed by a non-linear activation. The convolutional stride is consistently set to 1 pixel, and spatial padding is applied to ensure that the spatial resolution is maintained following the convolution operation, specifically using 1 pixel of padding for the 3 × 3 convolution layers. To perform spatial pooling, VGG16 incorporates five max-pooling layers, which are positioned after some of the convolutional layers (not every convolutional layer is succeeded by a max-pooling layer). The max-pooling operation uses a 2 × 2 pixel window, with a stride of 2, effectively downsampling the feature maps. A series of convolutional layers is followed by three fully connected (FC) layers in VGG16. However, for the purposes of segmentation in this work, these FC layers will be excluded from the architecture. In this work, we utilize VGG16 as the encoder for segmentation tasks and employ the decoder from the U-Net architecture to complement the VGG16 encoder. This choice is made because VGG16 was initially designed for classification purposes, not specifically for segmentation. The U-Net architecture will be discussed in detail in the corresponding section. All hidden layers are enhanced with the rectified linear unit (ReLU) non-linearity as introduced by Krizhevsky et al. in 2012 3. We reduce the number of kernels in the initial convolutional layer to 32 and subsequently doubling them in the encoder’s layers (i.e., 32, 64, 128, etc.). We strike a balance that maintains the ability to capture essential features while avoiding unnecessary redundancy.
1.1.2 InceptionV3
While larger models and higher computational expenses generally lead to immediate improvements in performance for various tasks, computational efficiency and a reduced number of parameters remain vital for numerous applications, including big-data environments. InceptionV3 architecture was designed for enhancing network scalability, focusing on approaches that maximize the effectiveness of the additional computational resources. This is achieved through the implementation of appropriately factorized convolutions and rigorous regularization techniques 4.  InceptionV3 builds upon the Inception module concept first introduced in earlier versions of the Inception architecture. A breakdown of its key components and modules are i) Inception modules: the core building block of InceptionV3 is the Inception module. This module consists of multiple convolutions (with different kernel sizes), pooling operations, and concatenation of their outputs. This allows the network to capture various features and scales within the input images. The design choice of using multiple convolution kernels with different sizes in parallel within the same module will reduce the parameter count by sharing the weights between the different convolution operations that are applied to the same input feature map within the module. The architecture uses fewer parameters by employing smaller convolution kernels (like 1×1) alongside larger ones (like 3×3 or 5×5). Specifically, 1×1 convolutions are often used for dimensionality reduction before more complex operations 5. ii) factorization into convolutions: InceptionV3 employs the factorization of convolutions, such as using two smaller convolutional kernels (e.g., 3×3) instead of one larger kernel (e.g., 5×5). This not only reduces the number of parameters but also improves the computational efficiency. iii) parallel pooling: the architecture integrates pooling layers that work in parallel with convolutions. This allows the model to maintain spatial resolution while capturing relevant features. iv) auxiliary classifier: InceptionV3 incorporates auxiliary classifiers during training, which act as regularizers and help mitigate the vanishing gradient problem 6. These classifiers are positioned at intermediate layers to encourage the network to learn more discriminative features early in the training process. v) depth-wise separable convolutions: InceptionV3 adopts depth-wise separable convolutions, which separate the spatial and channel-wise convolutions. This approach significantly decreases the model’s complexity and computational load. 
After stacking several Inception modules, the architecture concludes with global average pooling and a softmax layer for classification tasks. However, we exclude the fully connected and softmax layers for segmentation tasks. To restore the segmented image back to its original size, we employ a decoder approach similar to that used in the U-Net architecture. The decoder consists of a series of upsampling layers and convolutional layers. Skip connections are utilized to pass feature maps from the encoder layers to the corresponding decoder layers. 
1.1.3 EfficientNet-B0
A collection of models known as EfficientNets demonstrated that a careful balance between network depth, width, and resolution results in enhanced performance. Building on this insight, EfficientNet introduced a novel scaling method that uniformly adjusts all three dimensions—depth, width, and resolution—through the use of a straightforward compound coefficient 7. To enhance the demonstration of the scaling strategy, it was introduced a new baseline model tailored for mobile devices, named EfficientNet-B0. Beginning with the EfficientNet-B0, they applied the compound scaling technique and scale it up to EfficientNet-B1 to B7. As the baseline model is scaled up for larger versions, all three dimensions are adjusted instead of focusing only on one. This comprehensive scaling leads to a more balanced and effective architecture. The architecture incorporates mobile inverted bottleneck convolutions (MBConv), consisting of three main layers: i) a lightweight pointwise convolution (1×1) for expanding feature channels, ii) a depth-wise separable convolution for spatial filtering, which reduces the computational cost significantly, and iii) another pointwise convolution for reducing the feature channels back to the desired size. This design minimizes the number of parameters while enhancing performance. EfficientNets utilize the Swish activation function, which has been proven to outperform the traditional ReLU function in certain scenarios. The Swish function is defined as f(x)=x. sigmoid(x), providing smoother gradients and improved training dynamics. The architecture contains Squeeze-and-Excitation blocks that adaptively recalibrate channel-wise feature responses. This mechanism allows the network to focus on more informative features by emphasizing relevant channels and suppressing less useful ones. EfficientNets serve as a highly efficient and scalable architecture for image segmentation. Integrating advanced techniques such as compound scaling, inverted bottleneck convolutions, Swish activation, and Squeeze-and-Excitation blocks achieves a balance between accuracy and computational efficiency. In this study, we set EfficientNet-B0 as a strong encoder for rock micro-CT image segmentation. Again, we employ a decoder structure akin to that used in the U-Net architecture.
1.2 Encoder-Decoder Models
Noh et al. 8 contributed to the field of semantic segmentation with their pioneering work on deconvolution, often referred to as transposed convolution. Their proposed model is structured into two primary components: an encoder and a deconvolutional network. The encoder component was built upon the well-known VGG 16-layer architecture, which utilizes convolutional layers to extract relevant features from input images. This part of the model captures essential information and transforms it into a compressed feature representation. Following the encoder, the deconvolutional network processes the feature vector, converting it into a pixel-wise classification map. This network employs both deconvolution and unpooling layers. The deconvolution layers work to reverse the downsampling effect of the encoder, essentially enlarging the feature map back to the original image size. The unpooling layers help to recover spatial dimensions lost during the pooling operations in the encoder, enabling the model to accurately assign class labels to individual pixels in the image. Through this combination of feature extraction and reverse processing, the model ultimately predicts detailed segmentation masks.
In this study, we have implemented SegNet, U-Net, HRNet, and LinkNet CNNs for rock micro-CT images. Here are the details of these CNNs:
1.2.1 SegNet
SegNet is a CNN designed specifically for semantic segmentation, and it shares a structure similar to that of the deconvolution network. At its core, SegNet comprises an encoder network and a corresponding decoder network, which are closely aligned with the 13 convolutional layers of the VGG16 architecture. Following the decoder, a pixel-wise classification layer is applied to produce the final segmentation output 9. One of the distinguishing features of SegNet lies in its approach to upsampling within the decoder. Instead of employing traditional learned upsampling methods, SegNet utilizes pooling indices obtained from the max-pooling operations in the encoder. This allows the decoder to perform non-linear upsampling effectively while leveraging the spatial information retained during the pooling phase. By using the pooling indices for upsampling, SegNet eliminates the need for the decoder to learn an additional upsampling function, which simplifies the training process. After the non-linear upsampling, the decoder convolves the resulting sparse, upsampled maps with a set of trainable kernels, which generates dense feature maps. 
In the SegNet architecture, each encoder layer operates by applying convolution with a set of kernels, resulting in a series of feature maps. These feature maps are subsequently batch normalized to stabilize the learning process. Following batch normalization, an element-wise rectified linear unit (ReLU) activation function, defined as max (0, x), is applied to introduce non-linearity into the model. Next, the network performs max-pooling using a 2×2 window and a stride of 2, which effectively reduces the spatial dimensions of the feature maps by half. This pooling operation helps to capture the most salient features while downsampling the data. In the corresponding decoder network, the upsampling of input feature maps is accomplished using the max-pooling indices stored during the encoding phase. This technique allows the decoder to reconstruct high-resolution feature maps accurately. Following upsampling, these feature maps undergo convolution with a set of trainable kernels to generate dense feature maps. Finally, each of these output maps is subjected to batch normalization to further enhance the model’s performance and training stability. 
1.2.2 U-Net
U-Net was introduced by Ronneberger et al. 10 specifically for the segmentation of biological microscopy images. Its design is characterized by two main components: a contracting path and a symmetric expanding path. This dual structure allows the network to effectively capture contextual information while also enabling precise localization of features. The contracting path operates similarly to an FCN, employing a series of 3×3 convolutional layers to extract relevant features from the input image. Each convolutional layer is followed by the ReLU activation function and a 2 × 2 max pooling with the stride of 2 for downsampling. This down-sampling process reduces the spatial dimensions of the feature maps while increasing the number of channels, effectively capturing high-level information. The expanding path, also known as the up-sampling section, utilizes up-convolution (or deconvolution) layers. These layers increase the feature maps' dimensions while reducing the number of channels. This process helps to recover the spatial resolution lost during the down-sampling phase. A distinctive feature of U-Net is the use of skip connections, where feature maps from the contracting path are directly copied and concatenated with the corresponding feature maps in the expanding path. This technique retains important spatial information that might otherwise be lost, allowing for better segmentation accuracy. At the end of the network, a 1×1 convolution is applied to the output feature maps. This final step transforms the feature maps into a segmentation map, enabling the classification of each pixel in the input image into the appropriate category. 
1.2.3 High-resolution Network (HRNet)
Unlike traditional models such as SegNet and U-Net, which reconstruct high-resolution representations after encoding, HRNet takes a different approach by preserving high-resolution features throughout the encoding process. It achieves this by employing a parallel architecture that connects convolutional streams operating at high to low resolutions and facilitates continuous information exchange between these streams 11. This structure allows the model to capture detailed features from high-resolution inputs while also adapting broader context from lower-resolution representations. A notable capability of HRNet is its repeated exchange of information between the high-resolution and low-resolution streams. This interaction helps the network integrate detailed spatial information with contextual data, effectively retaining fine-grained details that may otherwise be lost in traditional encoder-decoder architectures. One major limitation of standard encoder-decoder frameworks is the tendency to lose fine details during encoding, particularly when transitioning from high to lower resolutions. HRNet mitigates this issue, ensuring that crucial features remain accessible throughout the model’s processing stages. 
1.2.4 LinkNet
LinkNet employs an innovative approach to link each encoder layer directly with its corresponding decoder layer, enhancing information flow and enabling the recovery of spatial details lost during downsampling 12. The architecture is divided into two main parts of encoder and decoder. The encoder initiates with an initial block that applies a 7×7 convolution with a stride of 2 to the input image. This is followed by spatial max-pooling over a 3×3 area with a stride of 2, reducing the spatial dimensions. Subsequent layers are organized into residual blocks, which incorporate the ResNet18 model 13 for efficient and lightweight feature extraction. The decoder mirrors the encoder’s structure, with decoder-blocks detailed similarly to encoder-blocks. Full convolutions are utilized within the decoder to upsample the feature maps back to the original resolution. A key innovation in LinkNet is the direct connection between each encoder and its corresponding decoder layer. By sharing knowledge between the encoder and decoder at every layer, the decoder can use fewer parameters. Downsampling in the encoder is performed using strided convolutions and max-pooling, which reduces the spatial dimensions and increases the receptive field. Upsampling in the decoder uses full convolutions, effectively increasing spatial dimensions and enabling fine-grained segmentation outputs. Batch normalization is applied between each convolutional layer and is followed by a ReLU non-linearity, ensuring stable and efficient training. 
1.3 Multi-Scale and Pyramid-Based Networks
Multi-scale analysis has been effectively integrated into numerous neural network architectures. In CNNs, the multi-scale and pyramidal structure can be leveraged to construct feature pyramids without significant additional computational costs 14. The multi-scale approach enables the network to analyze images at different resolutions, capturing both fine details and broader contextual information. This is particularly advantageous in tasks requiring detailed understanding and recognition of complex visual patterns. Once the low and high-resolution features are concatenated, they are further refined through a 3×3 convolution. This processing step refines the merged feature maps, producing the final output for each network stage. We have deployed the Parse Scene Pyramid Network for rock micro-CT images. 
1.3.1 Parse Scene Pyramid Network (PSPN)
Zhao et al. 15 introduced the PSPN, a multi-scale convolutional network aimed at enhancing the learning of global context representations within scenes. At the core of the PSPN is a residual network (ResNet) 13, which serves as the feature extractor. The network can effectively capture intricate patterns and details within the image by leveraging residual connections, facilitating deeper feature representation. A pivotal component of the PSPN is the pyramid pooling module, which processes the feature maps extracted by the ResNet. This module identifies features across multiple scales by pooling at four distinct levels, each corresponding to a different pyramid level. This multi-scale pooling effectively captures patterns of varying sizes within the input image. After pooling the features at each pyramid level, a 1×1 convolutional layer is applied. This step reduces the dimensionality of the features, ensuring that they are manageable for subsequent processing while retaining essential information. The outputs from the pyramid levels are then up-sampled to match the dimensions of the original feature maps. These up-sampled features are concatenated with the initial feature maps, allowing the network to integrate both local details and broader global context. Lastly, a convolutional layer is employed to produce pixel-wise predictions. This layer generates the final segmentation output, classifying each pixel in the image based on the rich contextual and spatial information captured throughout the network. 
1.4 Dilated Convolution Models and the DeepLab family
As mentioned earlier, dilated convolution is a technique that introduces an additional parameter known as the dilation rate into convolutional layers. In the other words, the dilation rate specifies how much the kernel is spread out when performing the convolution operation. By incorporating dilated convolutions, models can achieve larger receptive fields, allowing them to capture more contextual information from the input data. This is particularly beneficial in tasks like segmentation, where understanding the relationships between distant parts of the image is crucial. One primary advantage of dilated convolutions is that they enhance the receptive field size without imposing additional computational costs. This efficiency makes them attractive for real-time segmentation applications, where both speed and performance are essential. By integrating dilated convolutions with other techniques, the DeepLab models have demonstrated significant advancements in segmentation accuracy. Here are the details of DeepLabV3+ and ENet CNNs deployed for rock micro-CT images:
1.4.1 DeepLabV3+
DeepLabV3+, introduced by Chen et al. 16, enhances the capabilities of semantic segmentation models by utilizing an advanced encoder-decoder architecture that includes atrous separable convolutions. This architecture combines depthwise convolutions, which apply spatial filtering independently to each input channel, with pointwise convolutions, which are 1×1 convolutions that aggregate the output of the depthwise convolutions. The encoder part of DeepLabV3+ employs atrous convolution to extract features from input images at arbitrary resolutions effectively. The output stride is defined as the ratio of the input image’s spatial resolution to the final output resolution. One can use an output stride of 16 or 8 for semantic segmentation tasks to enable detailed feature extraction. This is achieved by adjusting the convolution process, employing atrous convolution at different rates (like 2 and 4) in the final blocks to maintain a higher resolution. The decoder in DeepLabV3+ effectively reconstructs the spatial details lost in the encoding process. The encoder features are initially upsampled bilinearly by a factor of 4. These upsampled features are then concatenated with corresponding low-level features from the backbone network, which share the same spatial resolution. In this process, a 1×1 convolution is applied to the low-level features to minimize the channel count, reducing complexity and improving training efficiency. After concatenation, several 3×3 convolutions are performed to refine the features further. This process is again followed by bilinear upsampling by a factor of 4 to achieve the desired output resolution. 
1.4.2 Enet
ENet (Efficient Neural Network) is a deep neural network architecture specifically designed to address the challenges of high computational costs and prolonged runtimes typical in many existing networks for tasks requiring low latency operation, such as real-time segmentation 17. ENet’s architecture is structured into several stages, taking inspiration from ResNet. It features a main branch with additional convolutional kernel extensions that merge back into the main pathway via element-wise addition. Each block within ENet which is called bottleneck, contains three convolutional layers: i) 1 × 1 Projection, which reduces dimensionality. ii) main convolutional layer, which typically is a 3×3 kernel and can be a standard, dilated, or asymmetric convolution. iii) 1 × 1 expansion, which increases dimensionality again. Batch Normalization and PReLU activation functions are applied between all convolutional layers for improved training. When downsampling is required, a max-pooling layer is incorporated. Additionally, the first 1×1 projection is adjusted to a 2×2 convolution with a stride of 2, enhancing the efficiency of downsampling. ENet incorporates Spatial Dropout regularization, with a probability of 0.01 before the second bottleneck and 0.1 afterward. For performance maximization, only a single full convolution is used as the final module in the network. 
1.5 Attention-Based Models
Attention mechanisms have been a focal point of research in computer vision, making it expected to see studies applying these techniques to semantic segmentation. Chen et al. 18 introduced an attention mechanism that dynamically assigns weights to multi-scale features at individual pixel locations. The attention approach surpasses traditional average and max pooling methods, effectively allowing the model to evaluate the relevance of features across various positions and scales. Attention-Unet and PAN CNNs are discussed in this category. 
1.5.1 Attention-Unet
A novel Attention Gate (AG) model tailored for medical imaging was designed to automatically focus on target structures of diverse shapes and sizes 19. AGs enable models to inherently learn to suppress irrelevant regions in input images while emphasizing salient features crucial for specific tasks. AGs can be seamlessly incorporated into standard CNN architectures, such as the U-Net model, with minimal computational overhead, while significantly enhancing model prediction accuracy. In the Attention U-Net, the input image is filtered and reduced in size by half at each level within the network’s encoding phase. AGs are used to refine the features passing through the skip connections, ensuring that only the most relevant features are retained. AGs use contextual information, known as gating, extracted from lower-resolution (coarser) scales to help select important features. Input features are scaled using attention coefficients computed within the AG. 
1.5.2 Pyramid Attention Network (PAN)
Li et al. 20 introduced the Pyramid Attention Network for semantic segmentation, leveraging the significance of global contextual information. Their model integrates attention mechanisms with spatial pyramids to derive accurate dense features for pixel-level labeling, lessening the need for complex dilated convolutions and manually crafted decoder networks. The Feature Pyramid Attention (FPA) module was introduced in PAN network. This module combines features from three different pyramid scales through a U-shaped structure. This structure utilizes 3×3, 5×5, and 7×7 convolutions at different pyramid levels to more effectively extract context from varying scales, ensuring that large kernel sizes do not impose significant computational cost even with the smaller resolution of high-level feature maps. The pyramid structure sequentially integrates information from differing scales, allowing for a more accurate incorporation of neighboring contextual features. Subsequently, the original CNN features are pixel-wise multiplied with the output features of the pyramid attention module, which has been refined through a 1×1 convolution. Additionally, the performance of the FPA module is enhanced by incorporating global average pooling. Another module used in the PAN architecture was the Global Attention Upsampling (GAU) module. GAU module utilizes global average pooling to offer global contextual guidance for refining low-level features, thereby aiding in precise category localization. Specifically, a 3×3 convolution is applied on the low-level features to reduce the number of channels, followed by batch normalization and ReLU activation. The resulting feature maps are then multiplied by the global context generated from high-level features using a 1×1 convolution. Subsequently, the high-level features are combined with the weighted low-level features and progressively upsampled. This approach effectively leverages multi-scale feature maps and employs high-level features to guide low-level feature maps in a straightforward yet efficient manner.
PAN framework utilizes ResNet-101 along with a dilated convolution strategy to extract feature maps. In our implementation of the PAN, we have opted to use ResNet-50 instead of the original ResNet-101 architecture. This change was made to avoid redundancy while still achieving effective feature extraction. Specifically, a dilated convolution with a rate of 2 is applied to the last residual blocks, resulting in feature maps that are scaled down to 1/16 of the original input size, similar to DeepLabv3+. Additionally, the original 7×7 convolutional layer in ResNet-50 was replaced with three 3×3 convolutional layers. The FPA module is employed to capture dense pixel-level attention from the ResNet output. This information, enriched by global context, is then processed through the GAU module to produce the final prediction maps. The FPA module is positioned as a central element within the encoder-decoder architecture. Following the implementation of the FPA, the GAU is utilized as a fast and effective decoding structure, leveraging high-level features to effectively guide and integrate low-level information.  
2. Physical accuracy measurement
Understanding fluid flow through complex materials is essential for accurately addressing challenges related to fluid dynamics in porous media. To mimic the physics of fluid movement at the pore scale, numerous numerical simulation techniques have been devised. Among the most frequently employed methods for deriving flow properties from 3D images are the lattice Boltzmann Method (LBM) 21, the Pore Network Modeling (PNM) 22, and the Computational Fluid Dynamics 23,24. We employ a combination of LBM, PNM, and CFD simulations to predict the permeability of the blind sample. In addition to permeability, we simulate the rock formation factor for the blind sample using the CFD method. The formation factor is a crucial property related to the rock’s electrical conductivity, providing insights into the porosity and connectivity of the pore space. By integrating these simulations, we aim to comprehensively evaluate the segmentation accuracy of CNNs and the Otsu method. The prediction of permeability and the rock formation factor serve as key indicators of how well each CNN performed in segmenting rock images, above and beyond the pixel-wise accuracy, offering a robust framework for comparing their effectiveness 25. The detail explanations of deployed methods are as follows:
2.1 Lattice Boltzmann single-phase flow simulation  
LBM is frequently favored for simulating fluid dynamics in complex geometries, such as porous materials, without necessitating geometry simplifications. This makes LBM particularly adept at capturing intricate fluid dynamics within such structures. LBM works by tracking the evolution of particle distribution functions on a discrete lattice grid, using a probability density function (PDF) derived from the Boltzmann equation to simulate the fluid 21. In the simulation domain, each node features a PDF representing fluid particles, which governs their propagation and interactions with neighbors based on the specific LBM framework. This allows the calculation of macroscopic properties like density and velocity from the underlying PDFs. The discrete Boltzmann equation is the main equation of LBM, which is expressed as follows:
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Where  denotes the particle distribution function in the direction i, x is the position vector,  is the discrete velocity in the direction i,  is the time step,  is the relaxation time,  is the equilibrium distribution function, and  is the external force term. This formula encapsulates the evolution of the distribution functions over time, considering collision and propagation processes.
In this study, we conducted single-phase flow LBM simulations using 3D segmented binary images from ground truth sample, Otsu method, and CNN-generated samples. This method allows for assessing the effectiveness of various CNNs in segmenting and predicting permeability in porous media. The simulation runs until steady-state conditions are reached, followed by the calculation of permeability using the bellow equation: 
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where  is the kinematic viscosity,  is the average velocity within the bulk domain, L signifies the sample length in the flow direction, and  represents the pressure difference between the inlet and outlet.
In this study, we utilized the open-source MPLBM-UT library 26, which is designed for both steady-state and unsteady-state flow simulations. For single-phase flow, it employs D3Q13 configuration and the Bhatnagar-Gross-Krook (BGK) and Multiple-Relaxation-Time (MRT) models 27,28. 
2.2 Pore Network Modeling (PNM)
The Maximum Ball (MB) algorithm is an advanced technique for extracting pore networks from porous media, facilitating the identification of pore locations and their interconnections 29. This method, originally introduced by Silin et al. 30 and refined over the years by various researchers 31–34, has become essential for accurate pore network modeling in computational geosciences. 
The process begins by creating a distance map, where each void voxel (empty space within the porous medium) is mapped to its distance from the nearest solid wall. This is approximated by measuring the distance from the center of the void voxel to the center of the closest solid voxel, minus half the voxel length. In the next step, pore centers are identified as local maxima within the distance map. To do this, a hierarchy of maximal balls is generated. These balls are inscribed within the pore space. Fully overlapping balls are eliminated, leaving only the maximal balls. These maximal balls are then organized into a hierarchy: if two balls partially overlap, the smaller one is designated as a child of the larger one. The local maxima are represented by maximal balls that do not serve as a child to any other ball. Each local maximum is then assigned a unique pore index. Throats, which represent the narrow intersections between pore bodies, are identified using a watershed segmentation algorithm 32 applied to the distance map. This algorithm helps in delineating the exact boundaries of individual pores. The indices of the maximal balls (representing pores) are marked on the original image, and a region-growing algorithm propagates these indices into areas with smaller radii until the entire pore space is covered. Throats are determined where voxels from different pore regions come into contact. In the final stage, detailed properties of each pore and throat are computed. This includes their volume, inscribed radius, length, and shape factor, as meticulously described by Dong and Blunt 35.
Permeability is evaluated after the extraction of pore network model derived from 3D segmented images using a structured approach simulating fluid flow through the porous medium 36,37. The 3D segmented image is converted into a pore network, represented as a graph where nodes correspond to the centers of the pores, and bonds represent the connections (throats) between these pores. Mass transport is modeled as flow along the bonds, adhering to the principle of mass conservation at each node i:
	
	(3)


Where represents the flow rate through bonds connected to node i, and j indexes. This ensures that the inflow and outflow at each pore node balance out, a valid assumption for incompressible flow with negligible pressure changes at the nodes. The flow rate  ​through a bond connecting node i and node j is given by:
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Where is the bond conductance, is the geometric distance between nodes i and j, and and are the pressures at nodes i and j, respectively. This equation assumes laminar, incompressible flow and that the bond radius is significantly smaller than its length. By combining the mass conservation equation and the flow rate equation, we derive a system of linear equations. The unknowns in this system are the pressures at the nodes. Solving this system yields the pressure distribution throughout the network and, consequently, the flow rates through all bonds. The total flux into and out of the system is calculated by summing the flow rates through the bonds that connect boundary nodes to the internal nodes. Finally, Darcy’s law (see Eq. (2)) is applied to determine the absolute permeability of the network. The obtained pressures and flow rates enable the calculation of permeability. 
The pore network model extraction and flow simulation of the segmented 3D images were carried out in the software PerGeos, from Thermo Scientific.
2.3 Computational Fluid Dynamics (CFD)
The CFD method in porous media is used to calculate absolute permeability by solving the Stokes equations under specific boundary conditions. A CFD approach can be explained as follows. Pressure is applied at the entrance and exit of the experimental setup. The flow rate remains constant at both ends because the sample is sealed, preventing any flow outside the designated boundaries. At the interfaces between fluid and solid phases, a no-slip boundary condition is implemented, meaning the fluid velocity relative to the solid boundary is zero. Permeability is determined under single-phase flow conditions. The solid phase allows no fluid flow, ensuring that only the fluid phase contributes to permeability. The Stokes problem is simplified from the Navier-Stokes equations for incompressible, Newtonian fluids under steady-state, laminar flow conditions. The laminar flow in which velocities are low enough not to cause turbulence, is equivalent to low Reynolds number 38.
To numerically estimate absolute permeability, the Stokes equations are solved: 
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Where  and  are the divergence and gradient operators,  is the fluid velocity,  is the dynamic viscosity,  is the Laplacian operator, and P is the fluid pressure. 
The system of equations is solved numerically using a finite volume method on a staggered grid 39. This approach discretizes the equations, placing pressure unknowns at the voxel centers and velocity unknowns at the voxel faces  40. This grid structure improves the estimation of the no-slip boundary conditions and ensures isotropic voxel assumptions. A single-voxel-wide solid plane with no-slip conditions is added to the image faces not perpendicular to the main flow direction, isolating the sample and preventing external flow. The Stokes equations are solved numerically to obtain fluid velocity and pressure distributions. The permeability coefficient is then derived using Darcy’s law, relating fluid properties, flow characteristics, and material parameters, as formulated in equation (2). 
This study evaluated the CFD-derived permeability of the segmented 3D images using the PerGeos software. This computational tool has been rigorously validated, demonstrating its accuracy by comparison with theoretical models and standard glass bead pack models 41.  The choices for two boundary conditions to be imposed to the experimental system were input pressure and output pressure. Worth mentioning that the absolute permeability is independent of boundary conditions. The choice of boundary condition is to rescale only velocity and pressure fields according to the indicated values. The value of the fluid viscosity was 0.001 Pa.s.
2.4 Formation Factor
Electrical conduction involves transporting electrical charges under the influence of an electrical field. In electrolytes, this process occurs via the movement of free ions and is mathematically described by Ohm’s law:
	
	(7)


Where J is the current density,  is the electrical conductivity of material, and  is the electrical potential.
In porous materials, the intrinsic electrical conductivity of an electrolyte is altered due to the surrounding solid matrix. Typically, the solid phase is considered an insulator as its conductivity is significantly lower than that of the electrolyte. For a conductive solution where no charge accumulation occurs, Ohm’s law and charge conservation are given by:
	
	(8)


Under the assumption of a single, homogeneous fluid phase, the electrical conductivity  remains spatially constant:
	
	(9)


A constant electrical potential difference is applied across two opposing faces of the material sample to simulate Formation Factor. When equilibrium is achieved, the current flux entering the sample equals the flux exiting it. The apparent electrical conductivity of the sample is determined using:
	
	(10)


Here  is the total electrical flux going through the input face, S is the area of the input face,  is the electrical conductivity of the material and  and  are the input and output potentials, and L is the length of the sample. 
The rock formation factor, which influences electrical conductivity in porous media, is crucial for understanding and modeling electrical conduction behavior in geological formations. By applying Ohm’s law to a simulated experiment, we can effectively assess the apparent conductivity and hence determine the formation factor for different rock samples. To identify the electrical conduction through segmented 3D images of blind sample generated from CNNs and Otsu method, we used the Effective Formation Factor Calculation extension in PerGeos software.
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