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ABSTRACT

Estimating time of death based on entomological evidence commonly relies on the "law of total effective temperature", which
requires developmental parameters of specific insect taxa. These are often calculated using the method of lkemoto and Takai.
However, this approach has key limitations. Most importantly, the lack of interval estimates may give the false impression of
population homogeneity, which contradicts the substantial variation typically observed in insect populations.

In this study, we propose an alternative method. It estimates interval values for developmental parameters while simultaneously
identifying component populations within a dataset. The method involves fitting a finite mixture of Weibull distributions to
development time data using the Expectation-Maximization (EM) algorithm. This allows for the inclusion of individual-level
variability in the estimation process.

We tested the method using previously published developmental data on two beetle species, Creophilus maxillosus and Necrodes
littoralis (Staphylinidae). Our approach yielded 95% intervals with coverage close to the nominal level, in contrast to Ikemoto
and Takai's method, which captured only 59% and 75% of actual cases, respectively. These findings suggest that our method
improves the accuracy of insect-based postmortem interval estimates in forensic entomology and, more broadly, provides a general
framework for interval estimation of developmental parameters applicable in thermal ecology and applied entomology.

Content of the Supplement

This Supplementary File contains additional content related to the article titled "Interval estimation of thermal
summation parameters in forensically important insects". It includes: (1) Mathematical properties of Tkemoto and
Takai’s method, (2) Additional results for Creophilus mazillosus, (3) Additional results of Necrodes littoralis, (4)
Example of practical application using Necrodes littoralis data and (5) technical details of the proposed method.

Mathematical properties of lkemoto and Takai’s method

Dependence of estimated coefficients on experimental design
According to Tkemoto and Takai’s method, the parameters tg and k are obtained by fitting the linear model

DT =toD +k

to data of the form DT vs. D, treating tg and k as parameters. Since both T and D are random variables, Ikemoto
and Takai suggested using Reduced Major Axis (RMA) regression instead of the classical Ordinary Least Squares
(OLS)*.

However, this approach raises methodological concerns because the random character of D and T is different.
The variable D represents development time and is directly observed in laboratory or field settings. The variable
T, in contrast, is typically fixed by the researcher. Any randomness in 7' stems mainly from measurement error
(e.g., slight deviations between the set and recorded temperature). Thus, the variance of T is largely controlled by
experimental design. For example, given the set of temperatures Tq = (10,14,22,25,33,35), the variance of T is
83.14, while for To = (18,21,22,25,26,27) the variance is only 9.81.



In the RMA framework, parameter estimates depend on variances and covariances:

A /S N
to = Sign(SD,DT) SL;, k= DT—to D,

where Sp pr is the covariance of DT and D; Spr and Sp are their respective variances. Consequently, {o and k
may vary considerably depending on the chosen temperature set, which is an arbitrary decision of the researcher.

Consider a simple example. Assume the true parameter values are k =400 and tg = 8. For each value of T, let D
be normally distributed with mean pu = % and standard deviation linearly decreasing from 10 at 7'=10 to 1 at
T = 35. If the researcher rears 100 individuals at each temperature in T and applies Tkemoto and Takai’s method
to unaggregated data, the resulting estimates are fg = 8.12 and k = 393.27. For T5, the estimates become oy = 15.3
and k = 195.4. When aggregated data are used (e.g., median development time per temperature), the results are
o =17.98, k = 403.74 for T1, and o = 7.52, k = 414 for Ta.

By comparison, the method proposed in this study yields o = 8.11, k = 406.72 for T1 and fy = 8.43, k = 409.93
for T2. The above example is based on artificial data, so no direct recommendations regarding optimal experimental
design can be drawn. However, it clearly demonstrates that the Ikemoto and Takai method is highly sensitive to the
choice of experimental temperatures.

Statistical dependence between D and DT
The issue described above is related to the use of RMA regression. Even when reverting to OLS, an important
structural problem remains. Specifically, the pair (D, DT') does not form an independent and identically distributed
sample in the usual sense. In developmental experiments, 7" is fixed at discrete levels, and for each j such as T'=t;
the variable D has a conditional distribution F D|T=t,- Thus, the sample consists of random vectors with possibly
different distributions,

{(di,tjdi) : D~ Fpjr—y;, T =1t;}

fori=1,...,n, j=1,..,m and m <n, with heterogeneous variances across levels of T. While for each t; there are
many realizations of D, the structure ;D produces piecewise linear segments (Figure S1). Consequently, for a fixed
dy, each observation t;dj, originates from a different conditional distribution. This structure violates the assumptions
of standard asymptotic theory, such as those underlying the Central Limit Theorem in regression contexts, and
complicates the interpretation of standard errors.

As a result, error terms in the regression equation cannot be regarded as independent random errors. This
indicates that the equation DT = toD + k is best viewed as a numerical trick for obtaining point estimates rather
than a probabilistic model. While the method remains algebraically correct and can provide point estimates of tg
and k, the associated error terms lack a straightforward probabilistic or biological interpretation.

In summary, Tkemoto and Takai’s method may still be useful when the goal is to obtain point estimates. However,
due to its sensitivity to experimental design and the structural dependence of the variables involved, it does not
provide a solid basis for assessing uncertainty.
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Figure S1. Illustration of the structural dependence between D and DT in simulated developmental data under the
Tkemoto and Takai framework
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Additional results for Creophilus maxillosus

The population of outliers shows a systematically longer time of development (Figure S2).
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Figure S2. Time of development vs. temperature in the Creophilus mazillosus’ dataset. Blue points are regular
results of the experiment, red points are outliers, and the shaded area is an interval estimate.

Confidence interval

The 95% confidence interval for the parameter k estimated using the Ikemoto and Takai’s method is [378,456], while
its empirical counterpart derived from the bootstrap sample is [405,423]. The empirical coverage probability of this
95% confidence interval is 1. The standard error of the Tkemoto and Takai’s estimator is 19.52, while the bootstrap
standard error is 4.96 (Table S1).

For the new method, the 95% confidence interval of the estimator for the expected value of K (the counterpart of
the parameter k from the Tkemoto and Takai’s method) is [416.641,428.709], while its empirical counterpart derived
from the bootstrap sample is [416.972,428.709]. The empirical coverage probability of this 95% confidence interval is
0.96. The standard error of the new estimator is 3.02, whereas the bootstrap equivalent is 3.06 (Table S1).

Table S1. Comparison of confidence intervals for Creophilus mazillosus derived using different methods. The table
presents the interval bounds, their width, and the empirical coverage probability.

95% confidence Interval Coverage probability

Method interval width (95% interval)
Ikemoto and Takai [378, 456] 78.00 1.00
This paper [416.641, 428.709]  12.07 0.96

Additional calculations of insect age estimation

The comparison of the performance between the proposed method and the Tkemoto and Takai’s method in estimating
the insect age across different temperatures for the combined population of Creophilus mazillosus is presented in
Table S2. Additionally, Table S3 shows the performance of the new method applied exclusively to the regular-insect
population (blue), while Table S4 presents the results for the outlier population (red).
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Table S2. Comparison of coverage probabilities for the proposed method (using combined population) and the
Tkemoto and Takai’s method at various temperatures for Creophilus mazillosus.

Temp[)oeéTture Proposed method Ikemortl:q(:a ta}iloddTakal
15.0 0.86 0.43
17.5 0.81 0.33
20.0 1.00 0.38
22.5 1.00 0.70
25.0 1.00 0.83
27.5 1.00 0.56
30.0 1.00 0.85

Table S3. Coverage probabilities of the proposed method for the regular-insect population (blue) of Creophilus

maxillosus.
Temperature Proposed method
[°C] (regular-insect population)
15.0 0.78
17.5 0.71
20.0 1.00
22.5 1.00
25.0 1.00
27.5 0.91
30.0 0.92

Table S4. Coverage probabilities of the proposed method for the outlier population (red) of Creophilus mazillosus.

Temperature Proposed method

[°C] (outlier population)
15.0 0.80
17.5 0.75
27.5 1.00
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Additional results of Necrodes littoralis

Population of small insects shows a systematically longer time of development (Figure S3).
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Figure S3. Time of development vs. temperature in the Necrodes littoralis’ dataset. Blue points represent the
population of large insects, red points represent the population of small insects, and the shaded area indicates an
interval estimate.

Confidence interval

The 95% confidence interval for the parameter k estimated using the Ikemoto and Takai’s method is [420,518], while
its empirical counterpart derived from the bootstrap sample is [464,468]. The empirical coverage probability of this
95% confidence interval is 1. The standard error of the Ikemoto and Takai’s estimator is 24.59, while the bootstrap
standard error is 0.9.

For the new method, the 95% confidence interval of the estimator for the expected value of K (the counterpart
of the k parameter from Ikemoto and Takai’s method) for the large-insect population is [376.786,381.031], while its
empirical counterpart derived from the bootstrap sample is [376.874,381.147]. The empirical coverage probability of
this 95% confidence interval is 0.95. The standard error of the new estimator is 1.06, whereas the bootstrap equivalent
is 1.05. Next, for the small-insect population, the interval is [422.713,426.951], while its empirical counterpart
derived from the bootstrap sample is [422.645,427.058]. The empirical coverage probability of this 95% confidence
interval is 0.94. The standard error of the new estimator is 1.06, whereas the bootstrap equivalent is 1.09. Finally,
for the combined population, the interval is [400.336,404.560], while its empirical counterpart derived from the
bootstrap sample is [400.475,404.645]. The empirical coverage probability of this 95% confidence interval is 0.95.
The standard error of the new estimator is 1.06, whereas the bootstrap equivalent is 1.08 (Table S5).

Additional calculations of insect age estimation

The comparison of the performance between the proposed mixture-model-based method and the Ikemoto and Takai’s
method in estimating the insect age across different temperatures for the combined population of Necrodes littoralis
is presented in Table S6. Additionally, Table S7 shows the performance of the new method applied exclusively to the
large-insect population (blue), while Table S8 presents the results for the small-insect population (red).
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Table S5. Comparison of confidence intervals for Necrodes littoralis derived using different methods. The table
presents the interval bounds, their width, and the empirical coverage probability.

95% confidence Interval Coverage probability
Method interval width (95% interval)
Tkemoto and Takai [420, 518] 98.00 1.00
This paper (large insects, blue population) [376.786, 381.031] 4.25 0.95
This paper (small insects, red population)  [422.713, 426.951] 4.24 0.94

Table S6. Comparison of coverage probabilities for the proposed method (using combined population) and the
Tkemoto and Takai’s method at various temperatures for Necrodes littoralis.

Temp[)oeé?ture Proposed method Ikemortl:q(:3 ta}iloddTakal
14.0 1.00 0.87
15.0 1.00 0.96
16.0 1.00 0.77
17.0 1.00 0.26
18.0 0.99 0.91
19.0 1.00 0.99
20.0 1.00 0.79
22.0 1.00 0.02
26.0 0.97 0.97
30.0 0.79 1.00

Table S7. Coverage probabilities of the proposed method for the large-insect population (blue) of Necrodes littoralis.

Temperature

[°C]

Proposed method
(large-insect population)

14.0
15.0
16.0
18.0
19.0
22.0
26.0

1.00
1.00
1.00
1.00
1.00
1.00
1.00

Table S8. Coverage probabilities of the proposed method for the small-insect population (red) of Necrodes littoralis

Temperature

[°C]

Proposed method
(small-insect population)

14.0
17.0
18.0
19.0
20.0
26.0
30.0

1.00
1.00
1.00
1.00
1.00
0.96
0.82
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Additional discussion about construction of confidence intervals

The Ikemoto and Takai’s method! appears to perform poorly in the construction of confidence intervals. The
intervals it produces are excessively wide and diverge substantially from those obtained via bootstrap sampling?,
a standard approach when the underlying sampling distribution is unknown or analytically intractable. For this
reason, we adopted bootstrap-based intervals as a reference.

The inadequacy of the Tkemoto and Takai method’s error estimation was particularly evident in the case of
Necrodes littoralis. Here, the bootstrap procedure yielded a very small standard error, indicating substantial potential
for precise parameter estimation; precision that is not reflected in the standard error formula used in the original
method. Additional results illustrating this discrepancy are provided in the Supplementary Materials.

The confidence intervals derived from bootstrap sampling? and those obtained using the proposed method are
very similar, which supports the conclusion that the new method provides high precision. In contrast, the coverage
probability of the confidence intervals produced by the Ikemoto and Takai’s method for both species examined here
is equal to 1, indicating that these intervals are excessively wide. The coverage probability for a 95% interval should
be close to 0.95, as is the case with the proposed method. Otherwise, the intervals should be considered inaccurate?
(for more details, see additional results in the Supplementary Materials).

Example of practical application using Necrodes littoralis data

Estimation of time of development
Suppose an expert found a freshly eclosed individual of the species Necrodes littoralis on the cadaver, measuring 18
mm in length, and the average preceding temperature was 22 degrees Celsius, hence T'= 22. Let k; and k, denote
the lower and upper bounds of the interval estimate of K, respectively. The insect age values calculated using the
Ikemoto and Takai method are k; = 420, k, = 518 (=~ 468.89 £2-24.59), and to = 8.49%. Ultimately, the interval
estimate of the development time is:

ki K 420 518
= = [31.01,38.34 1
[T-¢07r—tJ {22—84y22—849 [31.01,38.34 M)

In our dataset on Necrodes littoralis®, at a temperature of 22°C, two individuals (approximately 2%) with a
length of 18 mm or more developed within the interval [31.01,38.34] days.

Considering the same scenario but using the values calculated with the method from this paper, namely k; = 306,
k,, =431 (Table S12), and tg = 9.52 (Table S9). In this case, the parameters of the large-insect population (blue)
should be used, as the length of the examined individual exceeds the average length of individuals in the large-insect
population (blue) (Table S10). The interval estimate of the development time is:

ki ky 306 431
= =(24.52,34.54 2
|:Tt07Tt0:| |:199.527199.52 [ ’ ] )

In the dataset, all individuals measuring 18 mm or more at a temperature of 22°C developed within the interval
[24.52,34.54] days.

Controlling width of the interval estimate

According to the assumption adopted in the article, the above intervals should cover approximately 95% of the
actual cases. Matuszewski and Madra-Bielewicz® suggest that in some cases, using narrower intervals may be more
practical. With the Ikemoto and Takai method, it is not possible to control how many actual cases will be covered by
the interval. In contrast, with the new method, intervals covering any desired proportion of cases can be calculated
using the quantiles of the Weibull distribution with parameters from Table S9. Tables S11 to S15 contain examples.
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Table S9. Coefficients of the Weibull mixture model for Necrodes littoralis. Reproduced from the main article
(Table 4). The table presents estimated parameters for each component population.

Large-insect

Small-insect

Parameter population (blue) population (red)
o 0.41 0.59

Ky 14.57 13.67

A 394.44 423.95

t(()l) 9.52 10.21

Table S10. Mean insect length in each population of Necrodes littoralis. Reproduced from the main article (Table 5).

Population

Length [mm)]

Large-insect population (blue)
Small-insect population (red)

17.75
16.96

Table S11. Examples of interval estimates of k for Necrodes littoralis individuals smaller than 17.34 mm. The table

presents different quantile orders used to define interval bounds, the resulting interval estimates, and their

theoretical coverage probabilities.

Quantile orders Interval Theoretical
of the interval limits estimate coverage probability
[0.025, 0.975] [324, 466] 0.95
[0.05, 0.95] [341, 459] 0.90
[0.1, 0.9] [360, 451] 0.80
[0.15, 0.85] [371, 444] 0.70

Table S12. Examples of interval estimates of k for Necrodes littoralis individuals larger than 17.34 mm. The table

presents different quantile orders used to define interval bounds, the resulting interval estimates, and their

theoretical coverage probabilities.

Quantile orders Interval Theoretical
of the interval limits estimate coverage probability
[0.025, 0.975] [306, 431] 0.95
[0.05, 0.95] [322, 425] 0.90
[0.1, 0.9] [338, 418] 0.80
[0.15, 0.85] [348, 412] 0.70

Table S13. Examples of interval estimates of k for the combined population of Necrodes littoralis. The table shows

how the quantile orders affect the resulting interval estimates and their theoretical coverage probabilities.

Quantile orders Interval Theoretical
of the interval limits estimate coverage probability
[0.025, 0.975] [315, 461] 0.95
[0.05, 0.95] [331, 453] 0.90
[0.1, 0.9] [348, 442] 0.80
[0.15, 0.85] [359, 435] 0.70
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Table S14. Examples of interval estimates of k for Creophilus maxillosus. The table presents different quantile
orders with their corresponding interval estimates and theoretical coverage probabilities.

Quantile orders Interval Theoretical
of the interval limits estimate coverage probability
[0.025, 0.975] [341, 486] 0.95
[0.05, 0.95] [358, 479] 0.90
[0.1, 0.9] [377, 470] 0.80
[0.15, 0.85] [389, 463] 0.70

Table S15. Examples of interval estimates of k for Creophilus maxillosus, including the outlier population. The
table presents different quantile orders with corresponding interval estimates and theoretical coverage probabilities.

Quantile orders Interval Theoretical
of the interval limits estimate coverage probability
[0.025, 0.975] [339, 600] 0.95
[0.05, 0.95] [358, 553] 0.90
[0.1, 0.9] [378, 489] 0.80
[0.15, 0.85] [391, 475] 0.70
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Technical details

Assumptions

We assumed that (D,T) is a bivariate random variable, where the variables D and T are related according to the
formula:

K = D(T—ty), 3)

where K is a random variable of a development parameter k, whereas k is a realization of K.

We assumed that combined population K. consists of component populations Ki,Ks,...,K;. FEach K; is
distributed accoring to Weibull distribution (as the Weibull distribution is used for modeling time-to-event data’ and
K is a time, normalized by temperature, to completion of development), and consequently, the combined population
follows a finite mixture model® of Weibull distributions, i.e.:

K1 ~ Weib(k1,/1,1),
Ko ~ Weib(kg, k2, \2),

K1, ~Weib(kr,k1,\1),

L
KC ~ sz Weib(ki, Ki, )\1)
=1

where K; are random variables, k; are their realizations, weib is the density of the Weibull distribution, x; and A;
are the parameters of the Weibull distribution, Zle w; = 1.

Moreover, we assume that k; = d(t — t(()i))7 where d is a realization of the random variable D, t is a realization of

random variable T, téi) is a parameter that distinguishes populations. In consequence:

Ky =D(T—t\") ~ ¢ Weib(d(t — t§"), k1, M),
Ky =D(T =) ~ ca Weib(d(t — t$?), k2, \a),

K =D(T—t")) ~ cp Weib(d(t —t$5)), k1, Ap),

L
K.~ Zwl ¢; Weib(d(t — t(()l)), KisAi)
=1

where ¢; are normalization constants, the remaining notations are as previously defined.

(@)

Finally, our goal is to estimate the parameters of the distribution of the combined population, i.e. 5", K;, and
A, fori=1,... L.

Fitting model

We applied the EM (Expectation-maximization) algorithm?. It is iterative, so we randomly chose starting values for
the parameters. Let
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w = (w1,...,wr)
k= (Ki,...,KL)
A:()\la "a>\L)

G-y — E(jl)wl,...,(jl)wL)

(-1 — <(j—1)/€1,...7(j_1)m> ;
G-y — Cj_DAlr..Kj_DAL)

Do = (G0, G-

di,....dn)

The vectors w, K, A, and tg are the vectors of parameters we want to estimate. The vectors wli—1, gd=1),
)\(j_l), and to~1 are the approximations of these parameters in the (j—1)-th iteration. The vectors d and t
represent the data.

The EM algorithm maximizes the Q-function. In our case, it is of the following form:

Q(w, kA to | U~ Dw, 0D G=Dx G-t d ¢) =

n L
Z ZUM ((j_l)w, (j_l)m, (j_l))\, (j_l)to) [log(wl) +log (Cl Weib(d; (t; — tél)), K, /\0)}

i=11=1

where

(j—DuWCT“@ﬁ)Qh(h__u—1%g0%(j—nﬁh(j—UAT)

vLT(U—JRNAJ—URKJ—DA,U—lko):: (8)

}:ﬁ;lw—lhyun\weﬂ)(ddtiglj—lhg)%(j—lhn,(T—UAl)

We then manually computed the partial derivatives of the Q-function with respect to each parameter. (This is a
minor difference from the approach described by McLachlan et al.®. They did not differentiate with respect to the
parameter w, but we did). In each iteration, we computed the value of the Q-function and found its stationary point
by founding the zeros of the partial derivatives using the bisection method. The stationary point was then used
as the parameter values for the next iteration. The loop terminated when the difference in the Q-function values
between consecutive iterations was less than 1076. _ R

We denote the estimated values of the parameters as w;, f(()l), Ri, and \;.

Clustering

To separate the combined population into component populations, we performed a clustering based on the following
principle: a point (d;,t;) belongs to population [ if:

ﬁ)\l C] Weib (di(ti 7?&”), I/%l, 5\\1) = max (’l’ﬁl C1 Welb(dl(tl 7%\81)), 21, :\\1), ceey @L CLWeib(di(ti 7%[/)), EL, XL)) (9)

From now on, we refer to k; = d;(¢; ftél)) as the "true k”.

Choosing number of populations

To determine the number of component populations, we applied the EM algorithm four times with L set to 1, 2, 3,
and 4, respectively. We then selected the optimal value of L using the Bayesian Information Criterion (BIC) and the
elbow rule'?. The formula for BIC was as follows:
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BIC(m,n, f,d,t) = mln(n 2j£:1n (di,t:)) (10)

where m is the number of parameters, n is the number of observations, f is the density of the combined population,
and d, t are vectors of data as previously defined.

Choosing the best population
Our goal in this part is to select one population, which we then use to calculate both the interval estimate and the
confidence interval.

If, in a given case, the value w; for a certain component population was much higher than for the others, we
treated the population [ as representing the desirable experimental results, and the remaining populations as outlier
observations. The meaning of "much higher” is subjective and arbitrary.

If the values w; for several populations were high and similar, we used a Mann-Whitney U-test to assess the
significance of differences in the sizes of individuals belonging to different populations. From further analyses, both
the outlier population and the population of small insects were excluded.

Bootstrap sampling
We compared the results of both methods with the results of bootstrap simulations to assess which are more reliable.
For the new method, we drew a sample with replacement equal in size to the dataset, transformed the data using
the formula d;(t; — tél)), and then calculated the arithmetic mean. We repeated this sampling 1,000 times, obtaining
a bootstrap sample, which we used to determine an empirical confidence interval for the mean. We refer to this
confidence interval as the empirical counterpart derived from the bootstrap sample (”counterpart” because we
calculate the confidence interval using the proposed method). In the case of the Ikemoto and Takai method, we also
drew a sample with replacement equal in size to the dataset and then applied the Ikemoto and Takai method to this
new sample. By repeating this sampling 1,000 times, we obtained a bootstrap sample, which we used to determine
an empirical confidence interval for the parameter k. We also refer to this confidence interval as the empirical
counterpart derived from the bootstrap sample, which should not lead to misunderstandings (again ”counterpart”
because we calculate the confidence interval using the Ikemoto and Takai’s method).

It is easy to show that both approaches lead to a distribution of the mean which, based on the central limit
theorem, converges to a normal distribution as the sample size increases. However, these distributions differ because
the Tkemoto and Takai method manipulates the sample size, which slows down the convergence.

Coverage probability of confidence interval
To evaluate whether the presented method is more precise than the Ikemoto and Takai' method, we calculated the
empirical coverage probability for the population [, selected as described earlier.

(l))

We computed the confidence intervals for the expected value of the variable D(T —t;
(di(ty ft(l)) ey dp (tn, — tél))) using the Central Limit Theorem, i.e.:

based on the sample

k—1.96 — k—|—196 11
P -

where k and § are the sample mean and the sample standard deviation of (d1 (¢ ft( )) do(te — tél)), ooy dp(tn ft(()l))).
Then we calculated the empirical coverage probability using bootstrap sampling as the proportion of elements of the
bootstrap sample that fall inside this interval relative to the total number of elements.

For the Tkemoto and Takai method, we calculated the confidence intervals for the estimated development
parameter k, assuming the 95% interval takes the form [k 1.96 s, k+1.96 Se], where k is the parameter estimate
and s, is the standard error, both computed using the Tkemoto and Takai method. For comparison, as we described
earlier, we also calculated the empirical coverage probability using bootstrap sampling.

Coverage probability of insect age estimation

Let the random variable X be distributed according to some probability distribution P. We define the 95% interval
estimate for realizations x as the interval [z, 2, ], where z; and x,, are the 0.025 and 0.975 quantiles of P, respectively.
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To obtain the interval estimate for a given realization k of the random variable K, we computed the 0.025 and
0.975 quantiles of the Weibull mixture distribution, using the model parameters estimated in the present study. This
yielded a 95% interval that reflects the uncertainty inherent in the mixture-based approach.

To further assess the performance of our method in interval estimation, we additionally calculated quantiles for
each component population separately. These were based on single Weibull distributions fitted to the individual
component population, identified using the clustering procedure described earlier.

For comparison purposes, we evaluated the empirical coverage probability of each interval estimate by calculating
the proportion of observations falling within the respective interval. For the interval derived from the Weibull
mixture model, the full dataset was used. For the intervals based on component populations, we used only the
observations assigned to the corresponding clusters.
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