Appendix A: Two Forms of the Saint-Venant Equations for Calculations
The Saint-Venant equations (1) involve multiple interrelated variables, complicating the solution process. To simplify numerical solutions, they are often reduced to a system of two dependent variables. Below, we present two forms of the SVE used for calculations.
(i) SVE expressed by Eq. (2) with Z and Q as the dependent variables 
Based on geometric relations, the river cross-sectional area  is determined by , where , and  represents the riverbed elevation. Assuming  and  remain constant over time, we have:
，                       (A1)
which transforms Eq. (1a) into Eq. (2a).
The term  in Eq. (1a) can be re-arranged as:
.                        (A2)
Substituting Eq. (A2) into Eq. (1b) gives Eq. (2b). Thus, the standard SVEs (1) can be rewritten as Eq. (2).
(ii) SVE expressed by Eq. (8) in the DDCM
We continue analyzing the term  in Eq. (2) and find:
.               (A3)
Since  and  are correlated and vary with space, i.e., , we have:
,                (A4)
where  represents the change in water cross-sectional area  with respect to distance  when the water level  is held constant.
Meanwhile, we apply the Chezy formula to calculate . Substituting (A3), (A4), and the Chezy formula into (2b), we obtain the SVEs used for the DDCM (see Eq. (8)):
，                              (A5)
 .          (A6)
Using the same procedure, we can express TtFSVE (5) as the following form:
，                        (A7)
.  (A8)
In addition, VtFSVE (7) can be written as:
,                            (A9)
.      (A10)
The TsFSVE and VtFSVE forms presented above are more suitable for numerical computation, which is why Appendix B adopts these versions.
Appendix B: Numerical Solutions for the Proposed Time Fractional Models
The proposed CtFSVE, TtFSVE, and VtFSVE are solved in this appendix using an implicit finite difference scheme. The solution process involves three main steps: (a) Partition and label the river into a grid. (b) Discretize the fractional SVEs using the implicit finite difference scheme, linking unknown and known variables across time steps. (c) Formulate a matrix by combining the discretized equations, boundary conditions, and initial conditions, and then solve the matrix to obtain numerical results.
Notably, the numerical method for solving CtFSVE is in alignment with that of TtFSVE, with λ set to 0. The solution steps for TtFSVE and VtFSVE are nearly identical, with two subtle differences: (i) The discrete forms of the tempered and variable fractional derivative terms (differences in the difference equations); and (ii) In VtFSVE, the time-varying fractional derivative causes the coefficient matrices to change across time steps. The solution steps are illustrated below using TtFSVE, with the discrete form for VtFSVE also provided.
Let the river channel length be L, discretized into N sections (N=L/dx), where dx is the spatial step. The total simulation time is T, with a time step of dt. The numerical solution is represented by  and , where the superscript n denotes the n-th time step (), and the subscript i signifies the spatial position . For convenience, we use  to represent  in the discrete equations. 
The tempered fractional derivative term is discretized as follows:
,
where , , and k=1,2,…,n.
In Appendix A, we present alternative forms of TtFSVE (5) and VtFSVE (7) that are more suitable for numerical solutions, shown in Equations (A7)-(A8) and Equations (A9)-(A10). Here we first outline the numerical solution for Equations (A7)-(A8). Equation (A7) can be discretized as follows:
 (B1)
Further arrangement leads to
,                       (B2)
where , and the right-hand term .
Equation (A8) can be discretized as follows:
.    (B3)
 Further arrangement leads to
,                (B4)
where , , , and the right-hand term .
Using Eq. (B2) and Eq. (B4), we link the known time step  to the unknown time step . The left-hand side of these equations contains four unknowns: , , , and , while the right-hand side consists of known quantities.
The initial conditions are set as follows: Assuming a uniform initial water depth of  m in the river, the initial flow rate  is calculated using the Chezy formula: .
Boundary conditions are defined as follows: The upper boundary is a known flow condition, , where  is a known function. The lower boundary involves the relationship between flow  and water level , assuming they satisfy the Chezy formula:. To reduce the impact of downstream boundary conditions on numerical solutions, the downstream boundary is extended.
In summary, we establish a matrix based on the finite difference equations (B2) and (B4), along with the initial and boundary conditions. Solving this matrix yields the numerical results for TtFSVE. The implicit finite difference method provides unconditional stability with second-order accuracy[64] (Zhao et al., 2021), offering flexibility in selecting time and space step sizes. In this study, the time step is set to  s and the spatial step set to  m.
We then develop the numerical solution for VtFSVE, as expressed by Equations (A9)-(A10). The solution process is similar to that for TtFSVE, with the main difference being the discrete form of the variable derivative term, which differs from the tempered derivative term, as detailed below. The discretization of the variable-order fractional derivative term in model (7) is given as[65] (Wei et al., 2018):

where , , and k=1,2,…,n. 
The discretization of Equations (A9)-(A10) can be written as:
 (B5)
and Equation 7(b) can be discretized as follows:
.    (B6)
The parameter  in Eq. (B5) and Eq. (B6) varies over time, causing the coefficient matrices of VtFSVE to differ from those of TtFSVE. However, the remaining solution steps are the same. By integrating the finite difference equation of VtFSVE with the initial and boundary conditions, numerical results can be obtained.
Appendix C: Extension to Sudden Changes in the Cross-Section Area of Water Flow
In Application 2, we used the actual width of the water crossing section, leading to a sudden expansion of the water crossing section in the calculation. The compatibility conditions are as follows:
,                  (C1)
where  is the local resistance coefficient, and  with . Let
 ,                   (C2)
which gives us the following:
.                         (C3)
The remaining steps of the solver follow the method outlined in Appendix B.

