S1 Text. Effective reproduction number

1. Derivation of effective reproduction number for the system (without vaccination)
The effective reproduction number Rt in the Model 1 is derived as follows:
Let . Note that the system (1) has the disease-free state . Suppose  and  denote all of the new infections and the net transition rates of the corresponding compartments, respectively [1]. For this system we find that
,	
where  and .
Then, the Jacobian matrices F and V at the disease-free state x0 are partitioned as
	and 	
where F and V are 5 × 5 matrices computed by  and  with  as a part of next generation operator [2]. Thus, we obtain
, and .
Since the inverse matrix of V is computed as
 ,
one can obtain the next generation matrix G as
.
Since the effective reproduction number Rt is the spectral radius ρ(G) of the matrix G, we obtain
.

2. Derivation of effective reproduction number for the system (with vaccination)
The effective reproduction number Rt in the Model 2 is derived as follows:
Let . Note that the system (2) has the disease-free state . Suppose  and  denote all of the new infections and the net transition rates of the corresponding compartments, respectively. For this system we find that
,	
where  and .
Then, the Jacobian matrices F and V at the disease-free state x0 are partitioned as
	and 	
where F and V are 7 × 7 matrices computed by  and  with  as a part of next generation operator. Thus, we obtain
, 
and
.
Since the inverse matrix of V is computed as
 ,
one can obtain the next generation matrix G as

.
Since the effective reproduction number Rt is the spectral radius ρ(G) of the matrix G, we obtain
.
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