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Calculation of the Raman Intensity

We closely follow the derivation of the coherent-state dynamics presented in Ref. 1. Starting from the anharmonic oscillator
2
Hamiltonian with cubic perturbation H = g—u + % no*x* + Ax3 | the time evolution of the annihilation operator is obtained as
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which directly leads to the displacement expectation value
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where c.c. is the complex conjugate [see Ref. 1 and Supplementary Equations (7)—(8)].
To obtain the spectral distribution relevant for the Raman process, we calculate the Fourier transform

(X)o = /_ Z<x>,eiw/t dr. 3)

Separating (x), into () and its complex conjugate, with
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and expanding the exponential using the Poisson series
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we obtain
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Its Fourier transform reads
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Adding the conjugate contribution, we obtain

(x) o = 2me 1%l Z lool™ a05 (0 —0+A+An)+ o 8(0 — o+A—An)]. (8)
Finally, the Raman intensity is proportional to
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which is the expression used in the main text to describe the frequency comb distribution. Here |a| represents the amplitude
of the coherent state and A =< A2, with A from the Hamiltonian’s anharmonic term.

In our case, the fitting procedure yields A = 4.2 and oy = 2.15. The relatively large value of A reflects the strong
anharmonicity of the A<13> vibration, and represents the regular spacing of the comb peaks. Meanwhile, o governs the relative
contribution of higher-order frequency components in the spectral model. The obtained value implies that multiple peaks

acquire appreciable spectral weight, consistent with the experimentally observed comb structure.
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Exclusion of a thermal hot-band mechanism

To inspct whether the equidistant satellite peaks of the A(l3> mode could originate from a thermally populated vibrational ladder

(hot-band progression), we consider an anharmonic potential within second-order perturbation theory. In such a case, the
vibrational energy levels are expected to be separated by approximately Aw, where Aw corresponds to the observed satellite
spacing. In the present case, Aw ~ 4.2 cm™!.

We therefore compare the first (n = 1) and second (n = 2) satellite peaks at 493.8 cm ™! and 489.6 cm™! to the main peak

(n=0)at ® =498.0 cm~ L, corresponding to the Ag)

phonon energy at 80 K. Within a thermal hot-band picture, the relative
intensity of the n-th satellite is expected to scale as I, /Iy o< exp(—(hw — nhA®) /kgT). Since @ ~ 498.0 cm ™! corresponds to
an energy scale of approximately 700 K, the hot-band model predicts an exponential suppression of satellite intensities at low
temperatures, with a pronounced increase only at elevated temperatures. The relative integrated intensities of the n = 1 and
n = 2 satellites as a function of temperature are shown in Fig. S1 and compared them directly to the corresponding Boltzmann

factors. Contrary, well-defined satellite peaks are already observed at temperatures as low as 80 K, where the Boltzmann

population of the A( ) / phonon is negligibly small. Furthermore, the measured temperature dependence of the satellite intensities
deviates strongly from the exponential scaling expected for a thermally populated vibrational ladder. This clear disagreement
between experiment and the hot-band prediction allows us to exclude this effect as the origin of the observed equidistant peaks.
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Figure S1. Temperature dependence of the relative integrated intensities of the first (n = 1, top panel) and ) and second (n = 2,

Ez,) mode. Symbols denote experimentally extracted intensity ratios / (Ag))/l (A<13g)) and

I (A(li:/))/l (A(l?). Solid lines represent the expected scaling of intensities 1, /Iy < exp(— (fico — nhA®) /kgT) where @ =
498.0 cm ! (at 80 K) and Aw = 4.2 cm™ .
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