SUPPLEMENTARY INFORMATION-1:
FOG-MODIFIED JEANS WAVENUMBER

In the traditional Jeans instability analysis founded on Newtonian gravity, there is only one critical Jeans
limit for unstable modes in the angular wavenumber space. In contrast, for a more general FOG scenario,
introducing higher-order corrections formally yields two mathematical solutions for the critical
wavenumber at which the instability gets triggered. Thus, the two distinct k;-solutions obtained from Eq.

(16) in the main text can respectively be cast in a standard symbolism as
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Although there exist two roots, only the positive real solution (k T, OG) has a physical significance in our
analysis. The second one (k]F_ OG) is purely an imaginary and hence, fails to signify a valid instability

onset threshold. This feature reflects that, although higher-order gravity theories, like the FOG model, can
yield extra analytic branches, not all of these solutions are physically realizable.

In the following, we provide a mathematical analysis showing that, only k]’”:r 06 and the associated
mass limit, M; F OG, reduces to the standard Newtonian results in the asymptotic limit L — 0. First, we
analyse the positive real solution, k]":r 06 defined by Eq. (S1.1). The numerator and the denominator inside

the square root of Eq. (S1.1), as explicit functions of L, can respectively be cast as
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In the above limit (L — 0), both f(L) and g(L) approach to zero, leading to an intermediate form of the
0/0-type [1]. To resolve the intermediate form, we apply L’Hopital’s rule (Bernoulli’s rule) to find its
limiting value. The first-order derivatives of Eqs. (S1.3)-(S1.4) are respectively cast as
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Applying the L’Hopital rule in Egs. (S1.5)-(S1.6), one evaluates the limiting value as
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Since, in the Newtonian limit (L — 0), the denominator in Eq. (S1.7) reduces to ¢2. Thus, we obtain the
standard Newtonian Jeans wavenumber from Eq. (S1.7) as
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This result confirms that k}i OGrepresents a physically meaningful generalization of the Newtonian Jeans
wavenumber in the FOG formalism in the same kinetic picture. As a consequence, we can also infer that
M ]Ff @ reduces to the Newtonian Jeans mass (M, ]) in the regime of L — 0.

We further investigate the second solution (kf°¢) as L — 0, defined by Eq. (S1.2). In this
limiting case, the numerator in Eq. (S1.2) strictly takes a negative value. Thus, for all values of L, the
term inside the square root of Eq. (S1.2) remains negative. Since the Jeans wavenumber must be a real
quantity for physical viability, the second solution (k;°¢) is not physically defined. Thus, this indicates
that the Newtonian limit for this wavenumber does not exist. Therefore, from our mathematical analysis,
we conclude that only k}i 96 smoothly reduces to the Newtonian Jeans wavenumber in the limit L — 0.
Consequently, the corresponding Jeans mass, M }i 0G| can be signified as the generalization of the critical

Jeans mass as the onset Jeans instability threshold in the traditional Newtonian picture.



SUPPLEMENTARY INFORMATION-2:
FOG-MODIFIED JEANS MASS

The non-monotonic density dependency of M]F 06 = f(py, L) is seen by analysing the derived FOG-
modified Jeans mass with its asymptotic behaviours in both the low- and high-density regimes as
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To understand the non-monotonic density dependence, we define an auxiliary function as
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Thus, in the light of Eq. (S2.2), M{9¢ defined by Eq. (S2.1) can be recast as
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Now, at the low-density regime (po/pgmc < 1), the term \/a* + 16L2a2nGp, in Eq. (S2.2) can be
expanded using a first-order Taylor series. Firstly, we factor out * from the said term
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In this limit, 16mGpyL?/0? < 1, this allows the application of the binomial approximation (\/1 +ex
1+ €/2). Here, we identify € = 16nGpyL?/c?. Thus, expanding Eq. (S2.4) using first-order Taylor
series, we obtain the approximate expression as

Jo* +16120%nGp,y = 6% + 8nGpyL2. (S2.5)
Substituting the result of Eq. (S2.5) into g(py, L) defined by Eq. (S2.2) we obtain,
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Thus, in this low-density regime, Eq. (S2.3) reduces to
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Here, we see that in the low-density regime, M]F 06 recovers the classical Newtonian Jeans mass density
dependency. Thus, the system behaves as predicted by the Newtonian gravity theory. The Jeans critical
mass decreases monotonically with increasing material density.

Again, at the high-density regime (po/pcmc > 1), in contrast to the former case, the
denominator of the Eq. (S2.2) becomes dominated by the py-dependent component and thus, the
expression simplifies to
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Therefore, in the high-density regime, Eq. (S2.3) reduces to

(S2.9)
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This result indicates a reversal in the expected trend of M]F 06 with increasing material density. The
scaling relation (Eq. (S2.11)), reveals that the critical Jeans mass increases with increase in the material
density of the system. Also, it is noted that, the increase in the M ]F 0G_value with increasing density is
scaled and strongly influenced by the L-parameter. Such behaviour is inherently non-Newtonian and
arises due to the implementation of the higher-order curvature corrections introduced by the FOG theory.
In conclusion, the asymptotic behaviour of M]F 9G in both the low- and high-density scenarios
reveal a distinctive departure from the classical Newtonian gravitational collapse predictions. In the low-
density regime, M[°¢ follows the classical Newtonian scaling (M 0% o py 1 2), whereas, in the high-

Mf ¢ exhibits a modified scaling behaviour (M 06 o 13/2 pd 4), where the impact of the

density regime,
L-parameter becomes increasingly pronounced. This transition in the scaling behaviour gives rise to a

non-monotonic dependence of M ]F 96 on the material density.



SUPPLEMENTARY INFORMATION-3:
ASTRONOMICAL APPLICATIONS IN FOG

Here we outline some possible astrophysical contexts in which the derived FOG-modified Jeans
instability criterion may be relevant. These considerations are intended to be illustrative rather than
predictive, as the present work focuses on linear instability analysis and does not incorporate nonlinear
evolution, feedback, or additional microphysical processes. The inclusion of higher-order gravity
corrections modifies both the critical limits for gravitational collapse and the range of excited unstable
modes. Nevertheless, the modified critical limits obtained here suggest several avenues where higher-
derivative gravitational effects could influence various astrophysical environments.

3.1. Bok globules probing L-parameter

Bok globules are small, dense, and relatively isolated molecular clouds that are traditionally treated as
testing grounds for the Jeans instability analysis. Observations reveal active star formation in many such
globules, whereas Newtonian gravity often predicts marginal stability [2,3]. This discrepancy makes them
an appealing laboratory for testing modifications to the collapse criterion.

In the FOG framework, the higher-order correction introduces a stabilizing contribution to the
gravitational collapse. As a result, several Bok globules that are observed to undergo collapse would be
classified as stable within the FOG framework, as already discussed in the section titled “FOG-modified
Jeans mass”. It indicates that the FOG formalism does not enhance collapse on small scales but instead
may provide a qualitative upper bound on the L-parameter. The observed collapse of the recorded Bok
globules can potentially place an upper bound on the admissible values of the L-parameter. If the L-value
is too small, the Newtonian limit is recovered, and if the L-value is too large, the collapse process is
suppressed contradicting the observations. We note that other astrophysical systems have also been
employed to constrain the L-value [4,5]. Here we emphasize mainly on the fact that the Bok globules can
serve as an additional, independent probe for the purpose of constraining the L-value.

It is also important to note that the Bok globule dynamics are strongly influenced by additional local
processes including turbulence, magnetic fields, and external compression. These processes are not
included in our purely gravitational treatment. These factors may provide an easier pathway for trigger the
collapse processes leading to structure formation.

3.2. Massive star formation and compact objects

In dense molecular cloud regions, the modified collapse threshold alters the typical mass of the
gravitationally bound fragments. A shift toward larger fragment masses may influence the relative
abundance of massive stars. These massive stars can evolve into neutron stars, black holes, and may serve
as progenitors to gamma-ray bursts (GRBs) [6]. Although this work does not model the stellar
populations explicitly, it is possible to compare the CMFs in extreme star-forming environments with
predictions based on the FOG framework. Such a comparison would remain qualitative and could serve as
indirect probes of the FOG effects.

3.3. Fragmentation in accretion disks

In self-gravitating disks surrounding black holes and neutron stars, the instability thresholds set the
conditions and locations for fragmentation [7]. The scale-dependent modifications from the FOG theory
shifts the fragmentation scale, potentially affecting the mass and frequency of infall events onto the
central gravitating objects. Such changes could, in principle, influence accretion-powered high-energy



emissions, including X-ray variability [8] and jet-launching conditions [9]. High-resolution imaging of
AGN disks or circumstellar disks in X-ray binaries could be used to identify such shifts.

3.4. High-redshift quasars and black hole seeds

In the high-redshift Universe (z Z 6), the modified collapse scale may promote the formation of more
massive early gas clouds, thereby facilitating the rapid assembly of black hole (BH) seeds. The origin of
such seeds and their ability to attain large masses on short cosmic timescales remain key open problems
in astrophysics [10]. These early black hole seeds are capable of powering luminous quasars at z 2 6,
which are prominent UV-X-ray emitters. The observed number counts and spatial distribution of these
objects can serve as statistical probes for evaluating the consistency of the FOG-modified collapse
criterion with the massive black hole population in the early Universe.

3.5. Astrocosmic observational pathways

The dispersion relation derived in this work (Eq. (26)) provides a theoretical basis for exploring the
effects of the FOG-modified collapse scales in influencing various astrophysical systems relevant to high-
energy phenomena. While this study does not attempt a full numerical or observational verification, the
scale-dependent nature of the instability threshold established in this work suggests several realistic
avenues for future testing. Table. 3.1. summarizes these suggested applications, indicating the type of
astrophysical system, the possible effects implied by the present FOG framework, the associated
observables, and the relevant instruments most suited to acquiring the necessary data.

Table 3.1: Observational pathways for testing FOG-modified Jeans instability

S. No Astrosystem FOG impact Key observable Astronomical mission
Dense star-forming Shift in characteristic core mass; ALMA [11], VLA [12], JWST
CMF and IMF sl
! regions altered massive star fraction an siope NIRCam/MIRI [13]
5 Compact-F)bject Change§ ir.1 re@nant core masses; GW so.urce. mass LIGO-Virgo [14], KAGRA [15]
populations variation in merger rates distributions
3 Accretion disks Change in fragmentation radius; Clump locations in disks; | ALMA [11], JWST [13], Chandra [16],
(AGN / XRBs) modified feeding patterns X-ray variability patterns XMM-Newton [17], NICER [18]
. . Early BH seed formation; variation = Quasar counts and spatial =~ SDSS [19], DESI [20], Euclid [21,22],
4 High-redshift quasars in quasar clustering correlation at z 2 6 eROSITA [23]
5 Early large-scale Influence on.small-scale collapse; Power spectrum features; DESI [20], Subaru PFS [24], SKA [25]
structures change in power spectra Lyman-a forest; etc.
6 Molecular cloud Modification in fragmentat.ion Core separation statistics; ALMA [11], JWST [13]
filaments length; core-filament spacing filament mass-length map
Dwarf galaxi i h f Hal function;
. warf galaxies and Suppresspn .or enhancement o a 9 mass function; Euclid [21.22], SKA [25]
small halos gravitational collapse satellite galaxy counts
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