Supplementary 1: Maximum Likelihood Estimation for the Observation Model
1. Introduction
This section details the likelihood function that measures the probability of observing the reported infection data  given the observed infection data . Understanding this relationship is crucial for assessing the accuracy of our model's representation of the actual infection dynamics.
[bookmark: _GoBack]2. The Likelihood Function
2.1 Definitions:
·  : Represents the actual reported cases, which are the infections that have been officially recorded and reported in the dataset for day t of year y.
· : Denotes the observed cases, calculated as ρ×i(t,y) from the model. Here, ρ is the reporting rate that adjusts the modeled infections to reflect the proportion that would realistically be detected and documented given various surveillance and reporting efficiencies.
2.2 Calculation of Likelihood
The likelihood assesses the probability of obtaining the reported infections  based on the observed infections , assuming that these reported counts follow a negative binomial distribution to account for overdispersion:

Where:
· P is the probability of observing  given ​, given by the model parameterized by θ which includes all relevant model parameters influencing infection dynamics and the fraction of reported data.  is the inverse of the dispersion parameter for the negative binomial distribution. 
· The choice of a negative binomial distribution addresses the overdispersion often present in epidemiological data, providing a more robust fit than simpler distributions such as the Poisson
The corresponding log-likelihood, which simplifies the multiplication of probabilities into a sum of logarithms, is:

2.3 Parameter Estimation
The best set of parameters θ is found by maximizing the log-likelihood LL(θ). This process involves adjusting θ to achieve the highest value of LL(θ), indicating the optimal fit between the model's reported data and the observed data.


2.4 Inference Implementation
The calculation of the likelihood was implemented using the dnbinom function in R(version 4.4.2) with the alternative parametrization using mu () and size - the dispersion parameter (.  Optimization was implemented using the optim function, with iterations of the “Nelder-Mean” method and the “BFGS” method until convergence.
