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[bookmark: X2ac0d4cfa2ff5c746c8abc32b3de72101ef9662]Supplementary Method 1. Combined linear genomic selection index theory
[bookmark: notation-and-indexing]Notation and indexing
Let n denote the number of selection candidates, m the number of markers, and t the number of traits. We use (r=1, …, t) to index traits and (j=1 ,…, n) to index candidates. This distinction avoids using the same index for a trait and an individual.
Let  be the centered marker matrix. For trait rth, let  be the vector of QTL (quantitative trait loci) effects associated to the markers, and let  a vector of genomic breeding values for all candidates. Thus,

By Supplementary Equation 1, for candidate jth the vector of t genomic breeding values is

Note that Supplementary Equation 1 is a theoretical result, whereas the genomic estimated breeding value (GEBV) is its predictor.
With marker coding (2-2), (1-2), and (-2) for genotypes AA, Aa, and aa, respectively, an additive genomic relationship matrix can be written as

where  for a segregating diploid population under that coding. For a doubled-haploid population coded with the two homozygous classes, the corresponding denominator is

The coding and denominator must always be reported together.
Let  denote the vector of true genetic values for candidate jth. Let  and . Under the BLUP projection property, . Thus,

This equality is an assumption or consequence of the stated projection model; it is not an identity for arbitrary genomic predictions. In Supplementary Equation 2,  denote the size () of matrix .
[bookmark: linear-net-genetic-merit]Linear net genetic merit
Let  the vector of economic weights assigned to the true genetic values. Genomic predictions are sources of information and do not constitute additional biological traits in the objective, so . Define

The linear net genetic merit of candidate jth is

Supplementary Equation 3 makes explicit that the objective assigns value to genetic merit, whereas the genomic breeding values do not contribute information to .
[bookmark: combined-linear-genomic-selection-index]Combined linear genomic selection index
Let  denote the phenotypic information for candidate jth, and define the combined predictor vector and its coefficient vector as
  and 
The combined linear genomic selection index is

The subscripts y and G identify coefficients multiplying phenotypic and genomic information, respectively; they do not index candidates. Supplementary Equation 4 has two main parts: one associated to the linear phenotypic selection index () and one associated to the linear genomic selection index ().
[bookmark: X16cef2fcc5244edab2062e4d8cc81257848cfdd]Covariance matrices and optimal coefficients
Assume centered variables. Let

and

where . The displayed form also uses , , and the BLUP projection property stated above. If these equalities do not hold for a particular application, the corresponding covariance blocks must be estimated without imposing them.
The coefficient vector () minimizing  satisfies the normal equations: . When  is nonsingular,

If  is singular,  is replaced by a stated generalized inverse and the estimable index is unchanged across equivalent solutions. Supplementary Equation 5 is the vector of coefficients of the conditional expectation of Supplementary Equation 3 given vector  (Supplementary Equation 4).
[bookmark: X4164c4711122219333d0debcce0360bfaeab0ab]Selection response accuracy gain and prediction error
Let k denote the standardized selection intensity. By Supplementary Equation 5, . Therefore, the selection response is

Again, by Supplementary Equation 5, Supplementary Equation 6 is the maximized selection response, whereas the maximized squared correlation between Supplementary Equations 3 and 4 is

Since , the denominator in Supplementary Equation 7 becomes , where .
The expected change in the (2t)-vector  is

Because  is symmetric under the covariance assumptions used here, . The first t elements of Supplementary Equation 8 are expected changes in true genetic values, while the rest of them correspond to the genomic breeding values (Supplementary Equation 1). That is, the remaining elements of describe changes in genomic predictions and should not be added to the first block as if they were additional trait gains.
Finally, the minimized mean squared prediction error is

When , Supplementary Equation 9 reduces to . Supplementary Equations 3–9 show that CLGSI extends the linear phenotypic selection index by enlarging the information vector from  to , while the biological breeding objective remains . 
[bookmark: supplementary-method-2]

[bookmark: Xe128a814d6acefe498694ed81013466bb631563]Supplementary Method 2. Combined quadratic genomic selection index theory
[bookmark: quadratic-net-genetic-merit]Quadratic net genetic merit
We retain the notation of Supplementary Method 1. For candidate , let  and . The quadratic net genetic merit (indicated by subscript ) is

The symmetric matrix of quadratic economic weights is

where

The diagonal coefficient  assigns curvature to trait . The coefficient  assigns value to the cross-product of traits  and ; the one-half entries in the two symmetric positions ensure that  contains the term  once. The signs and magnitudes of these coefficients describe the breeder-defined objective. They do not, by themselves, imply dominance or epistasis.
Assume , , and multivariate normality for the moment calculations. Then the expectation and variance of Supplementary Equation 10 are

and

respectively.
[bookmark: Xb65790bd560f3e54ddef0887ea0823d8f41048c]Combined quadratic genomic selection index
Let  be the combined information vector defined in Supplementary Method 1. The combined quadratic genomic selection index (indicated by subscript ) is

Supplementary Equation 11 is a predictor of Supplementary Equation 10 where  contains the linear index coefficients and  is a symmetric matrix. Writing ,

The coefficients in  are predictor coefficients induced by the objective matrix  and the covariance structure. They should not be interpreted directly as biological selection gradients without accounting for the scaling and covariance transformation that links  to .
[bookmark: centered-mean-squared-prediction-error]Centered mean squared prediction error
Quadratic forms generally have nonzero expectations even when their underlying vectors have zero means. We therefore define centered variables

Assume  and  under the covariance structure specified in Supplementary Method 1. For centered jointly Gaussian vectors, the mean squared prediction error is
The zero cross-covariances between linear and centered quadratic components follow from the vanishing third central moments of a zero-mean multivariate normal distribution. For non-Gaussian data, the corresponding third- and fourth-moment terms must be retained or estimated.
[bookmark: optimal-coefficient-vector-and-matrix]Optimal coefficient vector and matrix
Differentiating Supplementary Equation 12 with respect to  and the symmetric matrix  gives the normal equations

When  is nonsingular, the solutions are

If  is singular, a stated generalized inverse must be used and estimability conditions must be checked. Supplementary Equation 13 shows that  equals the CLGSI coefficient vector, whereas  maps the quadratic economic weights through the joint phenotypic-genomic covariance structure. At the optimum,  
Using , the minimized MSPE becomes



The last term involves . The first line is the linear-component prediction error. The second line is the contribution associated with prediction of the centered quadratic component. Raw MSPE values for a linear objective and a quadratic objective should not be compared without accounting for their different target variances and scales.
In Supplementary Equation 14, the MSPE of CLGSI (, Supplementary Equation 9) is lower than the MSPE of CQGSI ). That is, the MSPE of CQGSI is higher than the MSPE of CLGSI due to the additional term , which is generally positive, and only when in Supplementary Equation 13  , the MSPE of CLGSI and the MSPE of CQGSI are the same because in such case, .
[bookmark: X15fd5f4fcc5bcf7525305878a5b9fe5277ed674]Selection response and squared correlation
By Supplementary Equation 13, the response to truncation selection on  is

The equality on the right uses the optimality relation. Exact interpretation through a constant standardized selection intensity  requires the usual selection-index distributional assumptions or a sufficiently accurate regression approximation. Although  and  may be Gaussian, their quadratic forms are not generally Gaussian. Note, however, that Supplementary Equation 15 depends mainly, of  and that  is fixed before selection; then the normality assumption does not affect the quadratic selection response.
The squared correlation between the centered objective and its index is

At the optimum, the numerator equals . Supplementary Equation 16 therefore lies between zero and one whenever the covariance matrices and quadratic forms satisfy the stated assumptions.
[bookmark: expected-changes-in-genetic-values]Expected changes in genetic values
For centered jointly Gaussian variables,  because this covariance depends on third central moments. Consequently,

The quadratic term changes candidate ranking and the response to the nonlinear objective, but it does not contribute to the first-moment expected change vector under the centered Gaussian assumptions. As in Supplementary Method 1, only the first  elements associated with  represent expected genetic gains in the biological traits. 
[bookmark: supplementary-method-3][bookmark: X79018a8177e5069fa86381908bb0d338c170975]
Supplementary Method 3. Theoretical relationships among the indices
[bookmark: relationship-between-clgsi-lpsi-and-lgsi]Relationship between CLGSI LPSI and LGSI
Let , as implied by Supplementary Equation 5, and define

Under the covariance structure specified in Supplementary Method 1,

Here,  and  are the null and identity matrices of order , respectively. Supplementary Equation 17 requires the stated inverse to exist. If  is singular, a stated generalized inverse and the corresponding estimability conditions are required.
Because  and , the coefficient blocks are

and

Thus, when there is not genomic information Supplementary Equation 18 is equal to , the linear phenotypic selection index (LPSI) of coefficients and when there is not phenotypic information, Supplementary Equation 19 is equal to , the linear genomic selection index (LGSI) vector of coefficients. In addition, note that while  multiplies phenotypic information,  multiplies genomic information. For candidate , Supplementary Equation 4 can equivalently be written as

Supplementary Equation 20 shows directly how the index combines a genomic component with a phenotypic correction. At the optimum, its selection response is

Equivalently, the expression under the square root is . When no genomic information is available, , so  and , and Supplementary Equation 21 reduces to the LPSI response. When ,  and , so the CLGSI reduces to the LGSI.
In the limiting case, when , Supplementary Equation 8 gives the complete expected-change vector
and 
The first block, , is the expected biological genetic gain. The second block is the corresponding change in GEBV. These two representations of the same selected signal must not be added. Consequently, the biological CLGSI gain equals the LGSI gain when ; it is not twice the LGSI gain.
[bookmark: X3f253a2f6aa3194c223d99cb718d68e6e48b085]Relationship between CQGSI, CLGSI, QPSI, and QGSI
Let  and be as defined above. Because  and , the optimal quadratic coefficient matrix is

The upper-left block is the quadratic phenotypic selection-index coefficient matrix

This expanded form assumes that , , and  are symmetric. The lower-right block is the quadratic genomic selection-index coefficient matrix


The off-diagonal blocks in Supplementary Equation 23 contain the cross-products between phenotypic and genomic information. If , Supplementary Equation 24 becomes , which is the QPSI coefficient matrix. If , then , , and all other blocks are null, giving the QGSI limit. Thus, Supplementary Equation 24 and 25 are equivalent to Supplementary Equation 18 and 19, respectively.
Combining Supplementary Equations 15 and 21, the optimal CQGSI response can be expressed as

The trace term is the quadratic contribution under the centered Gaussian moment assumptions of Supplementary Method 2. Supplementary Equation 26 therefore should not be interpreted as proving superiority over a linear index for a different objective or scale. For candidate  the CQGSI decomposition is

The centering term in Supplementary Equation 27 is required because . Candidate rankings are unchanged by subtracting this constant, but centering is necessary for the covariance, MSPE, and correlation formulas.
[bookmark: X1daf45efe10d93ee09b7aa25ba4db351267bb49]Upper bound for CQGSI response and correlation
For the centered objective and index, the Cauchy-Schwarz inequality gives

At the optimum, . Hence, Supplementary Equation 28 can be written as

and the response in Supplementary Equations 15 and 26 is bounded above as

The right part of Supplementary Equation 29 is a theoretical upper bound under the stated model and selection-index assumptions; it is not a guarantee that the bound is attained in a finite sample. Finally,

Supplementary Equation 30 is equivalent to Supplementary Equation 16 at the optimum. Its value lies between zero and one whenever the covariance matrices and quadratic forms satisfy the assumptions stated in Supplementary Methods 1 and 2.
[bookmark: supplementary-method-4][bookmark: Xf775252a541c68169256c748af477dbea7bad61]
Supplementary Method 4. Illustrative maize example and reproducibility requirements
[bookmark: X428b20a46c14395935991d034e55166b32bee6b]Data covariance matrices and breeding objective
This worked example illustrates the corrected CLGSI and CQGSI calculations for a maize population described in the supplied Supplementary Material as comprising 248 genotypes, two replicates per genotype, 233 molecular markers, and three traits: grain yield (GY, t/ha), ear height (EHT, cm), and plant height (PHT, cm). The phenotypic and genetic covariance matrices were estimated by maximum likelihood, and the genomic covariance matrix was estimated from the genomic predictions.
The estimated matrices are

and

The linear economic-weight vector and the weight assigned to the GEBV information block are

Selection of the upper 10% corresponds to the standardized selection intensity . Genomic predictions enter the information vector but receive no separate economic value in the biological objective.
Author verification is required before submission because the main manuscript describes the real maize datasets as having 247 individuals, 195 markers, and four traits, whereas this worked example states 248 genotypes, 233 markers, and three traits. The dataset identity and all sample-size, marker-count, replicate, and trait statements must be harmonized across the manuscript, Supplementary Material, tables, and code.
[bookmark: corrected-clgsi-calculations]Corrected CLGSI calculations
With the matrices defined in Supplementary Method 1,


For candidate , the estimated index is

The corrected numerical quantities are


The complete expected-change vector is

Only the first three entries, associated with true genetic values for GY, EHT, and PHT, are expected biological gains. The final three entries describe changes in the corresponding GEBVs and must not be added to the first block. For comparison, the LPSI gives , , , and  for this same linear objective.
[bookmark: corrected-cqgsi-calculations]Corrected CQGSI calculations
For this illustration, the quadratic economic-weight matrix is

Thus,  is a positive-semidefinite product-based example. It represents one operational construction, not a universal choice. Because the symmetric quadratic form counts both off-diagonal positions, the cross-product coefficients in the objective are twice the displayed off-diagonal entries. Alternative economic, target-deviation, or standardized constructions of  require explicit units, signs, scaling, and sensitivity analysis.
Applying Equation 13 gives the previously omitted symmetric matrix in block form,



and

The centered index for candidate  is

where . Subtracting this constant centers the index without changing candidate rankings. The corrected CQGSI summaries are

The value reported previously as “MSPE = 1.38” is the square root of the MSPE. The corrected quantities must be labeled consistently in the Supplementary Material and Tables 1 and 3. The CLGSI and CQGSI expected first-moment genetic-change vectors are equal under the centered Gaussian assumptions, as established in Supplementary Method 2.
The response and prediction-error values of CLGSI and CQGSI should not be compared as if they referred to the same target. CLGSI predicts the linear objective , whereas CQGSI predicts the quadratic objective ; these objectives generally have different variances and units. Fair comparisons require objective-specific accuracy or a normalized error such as  for the linear objective and  for the quadratic objective.
[bookmark: Xf6d77086a9191accd66ef1aeedec9f61a785cd2]Reproducibility information for the simulated maize study
The supplied manuscript reports that QU-GENE was used to simulate 2,806 markers and 315 QTL distributed across 10 chromosomes. Six cycles contained 500 genotypes and four replicates per genotype. Traits T1–T4 were controlled by 300, 100, 60, and 40 QTL, respectively, and shared QTL generated the stated pairwise genetic correlations. These details should be retained and presented in one reproducible simulation subsection.
The following indispensable items are not specified in the supplied files and must be recovered from the original QU-GENE configuration files or confirmed by the author who ran the simulations before submission:
	Reproducibility item
	Required information

	QTL effects
	Distribution family, parameters, sign assignment, scaling, and whether pleiotropic effects were sampled jointly to obtain the target correlations

	Heritability
	Trait-specific target and realized  for T1, T2, T3, and T4 in every cycle or the rule used to maintain them

	Residual model
	Distribution of residuals, trait-specific residual variances, residual covariance matrix, and whether residuals were independent across genotypes and replicates

	Genetic architecture
	QTL overlap among traits, allele-frequency initialization, linkage and recombination settings, dominance or epistasis settings, and the method used to impose genetic correlations

	Randomization
	Master seed and all stage-specific seeds for genome generation, QTL allocation, QTL effects, residuals, mating, and selection cycles

	Software and files
	QU-GENE version, operating environment, exact configuration files, scripts, and a permanent repository path


If a single master seed deterministically generated every stochastic component, report that seed and the complete call sequence. If separate seeds were used, provide them in a compact table. If the original seeds cannot be recovered, the study is not exactly reproducible; in that case, the authors should state this limitation transparently and provide new fixed seeds together with regenerated results rather than assigning retrospective seeds to the existing results.
Phenotypes should be described with an explicit multivariate model, for example  for genotype  and replicate , together with . This expression is only a reporting template; the final Supplementary Material must use the actual residual model and covariance matrix implemented in the simulation.


Supplementary Material 5. 
Estimating matrices P and G
As we indicated in Supplementary Material 4, we used maximum likelihood methods and the linear mixed model effects to estimate the genotypic () and phenotypic (P) variance and covariance matrices, from where the estimator () of matrix  P  was 
	,                         (31)
where  denotes the number of environments where the population of genotypic values was evaluated, and  denotes the number of repetitions of each genotype within each population. 
Estimating trait heritability
For each trait, we estimated the genotypic heritability as the diagonal matrix of the elements of matrix  () multiplied by the inverse matrix of the diagonal elements of matrix   ()
 ,                     (32)
where is a vector of trait heritability. 

Supplementary Table 1. Four traits (T1, T2, T3, T4) genotype heritability for six simulated maize selection cycles.
	Simulated maize heritability

	Cycle
	T1                 
	           T2
	              T4
	             T5

	1
	0.846
	0.921
	0.944
	0.977

	2
	0.85
	0.915
	0.939
	0.977

	3
	0.834
	0.897
	0.941
	0.977

	4
	0.852
	0.91
	0.918
	0.97

	5
	0.839
	0.881
	0.932
	0.963

	6
	0.826
	0.893
	0.918
	0.963

	Average
	0.841
	0.903
	0.932
	0.971



Supplementary Table 2. Genotype heritability for real maize and wheat traits.
	                                                                                        Real maize and wheat heritability

	Dataset
	Training population
	GY
	EHT
	PHT
	AD

	3
	0
	0.728
	0.616
	0.455
	0.682

	4
	0
	0.160
	0.500
	0.461
	0.512

	Average
	
	0.444
	0.558
	0.458
	0.597

	                                                                       Real wheat trait heritability

	Dataset
	GY
	HD
	PHT
	AD

	CENEB-BED2IR
	0.292
	0.867
	0.658
	*

	CIANO-BED-5IR
	0.292
	0.895
	0.639
	*

	CENEB-FLATDRIP
	0.024
	0.927
	0.337
	*

	All environments
	0.082
	0.887
	0.458
	*

	SAWYT-27
	0.727
	0.957
	0.745
	*

	SAWYT-28
	0.362
	0.947
	*
	*


* Non-results for that trait
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