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1 Training of the BNN Estimator

The BNN estimator is implemented as a fully connected feed-forward neural network comprising
two hidden layers, each with 32 neurons. The hidden layers employ the ReLU activation function,
defined as max(z,0). The input and output dimensions of the network are 1 and 100, respectively.
We encode one training sample (or measurement outcome) from the dataset D,, as a one-hot vector
and feed into the input layer of BNN. The output layer is normalized using the softmax function to
produce a valid probability distribution over discrete magnetic field values. Specifically, the network
outputs a posterior distribution p(w; | p;), which represents the probability of the magnetic field
taking the value w; conditioned on a single-shot measurement outcome u;.
The loss function is defined as the average negative log-likelihood across all training samples:
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where b,, denotes the number of discrete values within the range wy € (0, wmax), and |D,,| is the
number of measurement outcomes in the dataset. To improve generalization and training stability, an
L, regularization term is added to the loss. Optimization is performed using the Adam algorithm [1]
for stochastic gradient descent. All neural network estimators are implemented and trained using the
JAX framework [2].

Assuming conditional independence of measurements and a uniform prior over w, the posterior
distribution over w; given a sequence of M measurement outcomes ﬁ(M ) = {1, o, ..., uar} is given
by the normalized product of individual posteriors:
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equation (2) can be obtained via Bayesian updating. Specifically, the posterior distribution after
incorporating the M-th measurement outcome i, is given by
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where, according to Bayes’ theorem, the conditional probability p(pm | wj) can be expressed as
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Substituting into the update rule yields
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By iterating this update over successive measurements, one arrives at Eq. (2). Here, p(w;) represents
the prior distribution, and p(u,,) serves as a normalization factor to ensure the posterior remains
properly normalized. Thus, the posterior distribution shown in Figure 1 of the main document is
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For the uniform prior used in this work, p(w; is constant with respect to w; and is therefore
absorbed into the normalization, yielding Eq. (2). And the final estimation value is then obtained
via maximum a posteriori (MAP) inference:
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A training dataset for the BNN estimator consists of measurement outcomes, i.e., classical bit-
strings, denoted as u,, € {0,1}. These outcomes are collected at b,, distinct true parameter values
uniformly sampled across the range (0,wmax). For every Ramsey measurement, we always choose
T = T/wmax and pg = 0 for quantum magnetic sensing. For each value of w, a sequence of |D,,|
Ramsey measurements are performed and their outcomes are recorded. Thus, the total number of
bit-strings in the training dataset is b, x |D,|, forming a two-dimensional binary array of shape
(bw,|Dw|). The batch size is b, = 100 and the dataset comprises |D,,| = 5,000 samples. Training is
performed over 8,000 iterations with a learning rate of 1073,

2 Training of the Federated RL Agent

The RL agent is implemented as a fully connected neural network comprising 5 hidden layers, each
with 64 neurons. The input and output dimensions of the network are 5 and 2, respectively. A
hyperbolic tangent (tanh) activation function is applied to the final layer to bound the output within
the interval [—1,1].

The input (observation) to the agent after the k*" Ramsey experiment is denoted as

Sk = (@kﬁk,l—‘k,%, j%k) ; (8)

where all components are scaled to lie within the range [—1,1]. Here, Wy, represents the normalized
mean of the estimation posterior, and

5k:—zln\/2k—1, (9)
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with ¥, denoting the covariance (or variance in the scalar case) around the posterior mean, defined as

5y = / (@ — ) (w — o) Tp(w | ) do, (10)

The term I'y, represents the correlation matrix of the posterior distribution. For the single-parameter
estimation problem considered here, this simplifies to I'y = 1. The variables & and Ry denote the
normalized experiment index and normalized consumed time resources, respectively.

The agent, parameterized by A, outputs two actions: sensing time 7 and control phase phase
. This new sensing setup is then applied to the subsequent Ramsey measurement to refine the
parameter estimation.



The local loss function, capturing the cumulative estimation error over a sequence of experiments,
serves as the reward signal for training [3]. For agent n trained on dataset D,,, the loss is defined as
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where K is the maximum number of Ramsey experiments under the limited time resource Ryax,
W; € [NWmax/N, (n+1)wmax/N) denotes the true value and &; , is the estimate after the k' Ramsey
measurement. The estimate is computed as a weighted sum over basis points:
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where w; i, ,, is the location of particle p for trajectory ¢ after measurement k, and a ip 18 its normalized
posterior weight.
The global loss function is defined as the weighted average of all local losses:
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The federated learning objective is to determine the optimal global parameters:
A" =arg m}%n L(N). (14)
During each training iteration ¢, local model parameters are updated using the Adam optimizer as
A= X = VL (AL, (15)

where 7 is the learning rate. The global parameters are then updated by aggregating the local updates:
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The RL agent is trained over 2,048 iterations with a batch size of 1,024 and a learning rate
of n = 1073. The number of agents participating in the federated setting is set to 10. During
training, the number of particles P used to represent the posterior distribution is chosen according
to the maximum frequency range: P = 240 for wpy.x = 5 MHz and 10 MHz, and P = 240 x 2 for
Wmax = 20 MHz. For performance evaluation in the online inference phase, 2,000 test episodes are
conducted. The coherence time of the Ramsey experiment T4 is set as 96us [4].

The number of local agents N in our federated RL framework was chosen based on a trade-off
between learning performance and computational cost. Specifically, we selected N = 10 to divide
the global estimation range [0, wmax| into 10 equal subranges, enabling each agent to focus on a
simpler local task. This modularization has the potential to improve the model training convergence,
compared to training a single global agent over the full range. From a learning accuracy perspective,
training a single agent over the full w-range leads to a significantly harder optimization problem due
to the broader and more complex parameter space. This often results in slow convergence and poor
generalization. In what follows, we provide a convergence analysis of the federated RL scheme.

Let g§") denote an unbiased stochastic gradient estimator of VL, (A;) at iteration ¢. Define the
per-agent variance as

_ EHQW vano\t)”z. (17)

Using the law of total variance, we decompose o2 into two contributions:

02 =E,ep, [Var(gt | wi)] + Varg,ep, (VL (A w;)) - (18)

intrinsic gradient noise variance across w in subrange



By assumption, the stochastic gradient has bounded per-w variance:
Eu.ep, [Var(gi"” | wi)] = Ellg" — VLaArswi)|* < vo. (19)

Assuming the gradient of £,, with respect to A is Lipschitz continuous in w with constant H, and
that w is uniformly distributed, w ~ U[0, Wmay], we have Var(w) = w2, /(12N?), where the subrange
length is wmax/N. Consequently, the variance of the gradient over the subrange D,, is bounded by
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Thus, the per-agent variance bound is
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After FE local steps, different agents’ gradients may differ because each sees a different subrange.
Define the heterogeneity drift after a local step as
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Assuming an Lo-smooth objective £(A), after one global update we have

L
Li1) < L)+ (VL) Arpr — Ar) + 70\!/\t+1 ) (23)

Using the standard FedAvg analysis (e.g., [5]) for n < 1/(2Lg) over T global iterations, the
stationary bound on the average squared gradient norm is
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where C = 1, Cy = 412, and 5% = £ YN | 02
Substituting the per-agent variance bounds into the convergence result gives
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From this bound, we see that Federated RL can converge to a stationary point of the global
loss function, but this stationary point may not be the global optimum. Next, we derive a stronger
suboptimality bound under the additional idealized assumption that every local objective L, (\) is
convex and Lp-smooth with respect to the model parameters A. Although the squared-error loss is
convex with respect to the estimated output, its composition with the implemented neural-network
policy is generally non-convex with respect to A. Consequently, the following convex analysis should
be interpreted as an analytical benchmark illustrating the effects of stochastic variance and federated
heterogeneity, rather than as a formal convergence guarantee for the implemented deep-RL policy.

Under this additional convexity assumption, the convergence bound can be expressed in terms of
the aggregated variance 2. Using the per-agent decomposition introduced above, one can define
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The aggregated gradient estimator g, used by the global agent satisfies

Elg, | M| = VL(A),  Elg, — VLO)|® < 5% (27)



where o2 is an aggregated variance bound encompassing the intrinsic per-w variance vg, the per-agent

heterogeneity H?w?,. /(12N?), and the FedAvg drift contributions.

In addition to the assumptions introduced above (unbiased gradients, bounded per-w variance vy,
Lipschitz continuity in w with constant H, etc.), we assume that each local loss function £, (\;w) is
convex. Consequently, the global loss £(\) is also convex. Let A* := argminy £(\). We show that
the weighted-average iterate Ap := arg miny: E[£(A")] satisfies E[£(A7)] — £(A*) under a standard
diminishing step-size schedule.

The global update after aggregation is Ar11 = A; — ng,. Expand the squared distance to the
optimum and take conditional expectation:
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Using Lo-smoothness and convexity one has the standard inequality |[VL(A;)[|? < 2Lo(L(A;) —
L(A¥)). Substituting and assuming n < 1/(2Lg) yields
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By convexity of £ and the definition of Ay and &2,
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Now, let us examine the right hand side of the inequality. The first term decays with the total
number of iterations T. The second term, nvg, captures the irreducible stochastic noise. The third
term scales as H2w?, /N? and decreases with the number of subranges N, representing the per-
agent variance. The last term reflects the heterogeneity drift induced by model federation. As NV
increases, the data heterogeneity across agents grows, so (2 itself increases with IV.

Accordingly, by selecting an appropriate N and maintaining moderate  and E, Federated RL
can converge to a lower expected loss than a global single-agent approach, which coincides with our

numerical findings in Figure 5 of the main manuscript. This strategy reduces the variance due to a
2

wide w range while limiting the heterogeneity drift, i.e., % + Con?E¢? < %

To enable a controlled comparison between the proposed Federated-RL method and the single-
agent RL baseline, we use the same per-agent network architecture, optimizer, learning rate, particle
resolution, action space, and loss definition. From a learning efficiency perspective, the federated
setup has implications for training cost. We compare it to the single-agent baseline in terms of

memory and time complexity in parallel:



Baseline RL Federated RL
Memory Complexity | O(|D,|- K - P) | O(N -|D,|- K - P)
Time Complexity O(D,|-K - P) O(|D,| - K - P)

To assess the sensitivity of our method to the number of agents, we conducted an ablation study with
N € {5, 10, 15}. To ensure consistent particle resolution per agent, the corresponding number of par-
ticles was set as P € {240x2, 240, 240}, respectively. The results in Supplementary Figure 1 illustrate
the impact of N on the training performance and the final estimation mean squared error (MSE).
We observe that training performance improves with increasing NV, indicating that too few agents
N =5 limit the benefits of task decomposition and make local learning less effective. Conversely, too
many agents (N = 15) increase memory or time costs without significant gains in accuracy.
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Supplementary Figure 1: Training and evaluation performance as affected by the number of
agents.

3 Complexity Analysis of the Protocol

The computational overhead associated with both the BNN and the federated RL components is
summarized in the insights below.

3.1 Offline Training Phase — BNN

Training Time Complexity. Assuming |D,,| weight samples per input and a batch size b, the BNN
training time per step scales as:

TimesNN-Train = O(|Du] - by, - S1),

where S is the number of trainable parameters in the BNN, typically a small multilayer perceptron
with 32 neurons per layer.
Memory Complexity. The memory overhead primarily comes from intermediate activations and
gradient storage over all samples:
MemOYYBNN—Train = O(|Dw‘ by, 32+ Sl)
Inference Cost. During deployment, we use | Dy, |test € [10, 100] Monte Carlo samples for posterior
averaging:

TimeBNN—Infcr = 0(|Dw‘tcst . bw : 51)7 MemorYBNN_Infer = O(|Dw|tcst : bw <32+ Sl)

Inference is substantially cheaper than training and can be accelerated by using fewer samples or
mean weights.



3.2 Offline Training Phase — Federated RL

Memory Complexity. For each RL agent trained over |D,| samples and K measurements with P
particles:
MemOTYper agent — O(‘Dn| K- P)

The total memory scales as:

Memor _JO(Du|- K- P), (sequential)
YFedRL = O(N . |Dn| K f))7 (parallel)

Time Complexity. The time cost per update step per agent is:

. O(|D,| - K - P), (parallel)
Timepedrr, = .
O(N -|Dy,|- K - P), (sequential)

FedAvg incurs only a minor overhead of O(Sz), where Sy is the RL model size.

3.3 Inference Phase — BNN + Federated RL Agent

At runtime, only the global RL policy and BNN are used for adaptive control. The per-measurement
inference cost is:
Timernterence = O(Sl + K),

which matches the cost of the single-agent baseline. Local agents are not involved at test time.

In our simulation experimental setup, the total inference time per measurement (BNN + Feder-
ated RL) is approximately 70 ~ 140 us, comparable to the NV spin initialization time (~ 200 us) [4].
Moreover, the initialization and inference stages can be executed in parallel, enabling real-time sens-
ing without additional latency. Although BNN training incurs extra cost due to sampling, this is
efficiently handled by GPU parallelism. The federated RL module scales with agent count in memory,
but can be parallelized for efficient training. Most importantly, inference cost is low and equiva-
lent to baseline methods, ensuring practical real-time deployment. All simulations in this work were
performed on an NVIDIA RTX 4090 GPU.

3.4 Bayesian Cramér—Rao bound in two-stage measurement

For estimating a single parameter w, the Bayesian Cramér—Rao bound (BCRB) reads [3]:

1
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where I(w|7, ) is the Fisher information (FI) for a measurement with control settings (7, ), and
I(r) is the FI of the prior 7(w).
The FI per measurement takes the form
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For M repeated measurements, the total FI is additive:
M
I(wlr, ) = D Hwltm, om) < M supI(w]r, o). (36)
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All measurements use a fixed evolution time 7Tyin, then M = T, /Timin. Approximating at the optimal
phase (WTmin + o =~ 7/2) and including decoherence:

~ 2 —2Tmin /TS —2Tmin /TS
Ina =~ M 72, e 2mmn/T8 = T gyin @™ 2rmin/ T2 (37)



Considering per-shot overhead 7 for spin initialization and readout, M’ = Tya/(Tmin +70), giving

2 —27min /TS
I' o~ M 72, e=2mmin/T5 _ Tpa 72, € 27min/ T3
na min
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Adaptive stage.
In the second stage, with total sensing time T}, the achievable FI is bounded by [3]:

1
I, < T, sup M

T, T
Including per-shot overhead q:

I
I <T, sup Il ¢) SD).
e T + 7o

Optimizing over ¢ yields @opt = m/2 — w7, leading to
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Maximizing over T gives
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Thus, the total adaptive FI is

T3 . T/2t6—2rgpt/T;
Ia:Ta% %0184TaT2, I;:Ta%

Two-stage BCRB.

Combining the stage 1 posterior with the adaptive stage, the overall BCRB reads

9 1
(.UZ )
Ia—l—I(m)

where the posterior FI is

12 -
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Following Refs. [3, 6], assuming a uniform prior 7(w) over [0, wmax]| gives

1 12
I(r) = -z
() Var(w) w2,

Finally, the BCRB reads

g2 > 1
C 0.184 TaTZ* + w%Q + Tna Tmin 672T"‘i"/T2* ’
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and including per-shot overhead:
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4 Robustness Analysis of the Protocol

For the realistic noisy scenario, we model asymmetric readout fidelities as F; = 0.993 and Fy =
C + (1 — F1), where the experimentally achievable contrast is set to C' = 0.99. These values reflect
effective readout performance attainable in room-temperature NV-center experiments with 50,000
repetitions, rather than single-shot readout fidelity, and therefore characterize an averaged-readout
regime in our robustness analysis [4].

We simulate 1024 independent test trajectories for each configuration over 200 iterations, yielding
1024 x 200 samples per condition. The statistical error is quantified using the 95% confidence interval
(CI95), computed as: CI95 = Z+tg.975 41" ﬁ, where Z is the sample mean, 7 is the sample standard

deviation, and ty.975,4—1 is the critical value from the t-distribution with d — 1 degrees of freedom.

Below, we summarize the CI95 errors for both noise-free and noisy conditions under various wmax
values, including the 15t-stage BNN and 2"%-stage adaptive estimation performance. Supplementary
Figure 2 shows the statistical error of BNN and federated RL agent under testing by 1,024 x 200
samples. Supplementary Figure 2(a) shows the statistical error of BNN after 10-110 measurement
shots under w € (0,5) MHz and w € (0,10) MHz, and after 10-140 shots under w € (0,20) MHz.
Supplementary Figure 2(b) shows the statistical error of the federated RL agent when the total time
budget is 10 ms. To specify the statistical error of BNN after the 1%'-stage (i.e., after 70 shots in
this work), the table lists CI95 values. The CI95 for the 2"d-stage is the mean CI95 over the whole
measurement time budget.

CI95_Error-NN-shots CI95_Error-FRL-agent

N —— w5 —— w-5

®- w-5-noise X /N e = e =k ke == ~® = W-5-n0iSe
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2
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CI95_Error
CI95_Error
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(a) 15%-stage BNN (b) 2"9-stage federated RL agent

Supplementary Figure 2: Statistical error of results for the 15*-stage BNN and 2"-stage federated
RL agent.

Supplementary Table 1: CI95 results for different ranges of w.

Ranges of w (MHz) Clgs (with noise / w/o noise) | bandwidth-normalized Clgs
1st Stage: Wmax = 5 0.0296% / 0.0303% ~0.0059% / 0.0061%
1st Stage: wmax = 10 0.0572% / 0.0587% ~0.0057% / 0.0059%
1st Stage: wmax = 20 0.1115% / 0.1215% ~0.0056% / 0.0061%
1st Stage (100 shots): wmax = 20 0.0989% / 0.1043% ~0.0049% / 0.0052%
2nd Stage: wWmax = 5 0.02458% / 0.02695% 0.00492% / 0.00539%
2nd Stage: Wmax = 10 0.09409% / 0.09934% 0.00941% / 0.00993%
2nd Stage: wmax = 20 0.29998% / 0.31687% 0.01500% / 0.01584%

In Supplementary Figure 3, the red curve represents the NN-shots approach, while the blue
curve corresponds to the performance of the proposed method. The 15* Stage concludes after 70
measurement shots for the cases w € (0,5) MHz and w € (0,10) MHz. For the case w € (0,20) MHz,
the 1%t Stage ends after 100 measurement shots, and the time budget for the 2"¢ Stage is set to 10 ms.
As shown in Supplementary Figure 3, under both noise-free and noisy conditions, the proposed scheme
consistently outperforms the NN-shots strategy within the given resource constraints. Moreover, as
shown in Supplementary Table 1, the Clgs intervals are consistently tight, even in noisy settings and
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Supplementary Figure 3: Comparison of the proposed scheme with NN-shots under noisy and
noise-free conditions.

across a wide range of wyax. Therefore, the results in Supplementary Table 1 and Supplementary
Figure 3 collectively demonstrate the stability and reliability of the simulation results and support
the practical feasibility of the proposed protocol in realistic experimental environments.

5 Runtime Evolution of Sensing Parameters

Supplementary Figure 4 and 5 show the frequency distributions of the optimized sensing parameters
that correspond to the estimation results presented in Figure 2 and 3 of the main document. In
Supplementary Figure 4, the optimized sensing time of this work’s protocol exhibits a trend similar to
that reported by Belliardo et al. [6]. In both cases, the sensing time initially decreases as time resources
are dissipated, and then slightly increases near the end of the estimation process as the remaining
resources become limited. Nevertheless, the advantage of our protocol is the faster convergence speed
as evidenced by the steeper slope and a smaller number of experiments (40 in ours while > 90 in
others). This is because the search space of our algorithm is comparably smaller which is in the
range of 0-40 s, thanks to the narrowed range from the output of the protocol’s 1% Stage. It is
also worth to mention that the Bonato baseline follows an exponential function to select the sensing
time 7. Most of the experiments choose a very small 7 while large values of 7’s are selected very
sparsely. This effect is very similar to the method by Nolan et al. [7] in which 7 is fixed as Tynin. This
unfortunately results in a significant loss of exploration in the search space. In addition to the sensing
time optimization, Supplementary Figure 5 shows the distribution of control phase ¢ during the runs
of the three algorithms. It can be observed that the evolution of ¢ has a stark difference among the
three protocols, but they all exhibit convergence toward the final stages of the estimation sequence,
as evidenced by the bright point on the far right of each figure. The results in Supplementary Figure
5 further confirm that our protocol converges faster.

To further compare the performance of the two adaptive baseline implementations based on the
methods of Belliardo et al. [6] and Bonato et al. [4], we examine the performance of their models in
terms of training loss measured by the estimation MSE. Note that the swarm optimization method by
Bonato et al. [4] initially used Holevo variance to dictate iterative search of the sensing parameter .
To make a fair comparison, we implement Bonato baseline using the same RL framework as the one
in Belliardo et al. [6]. The changes include but are not limited to using particle filter to approximate
the Bayesian posterior probability and using MSE as the loss function.

We use a modified implementation based on the protocol of Bonato et al. [4], reproducing its
multi-time protocol, including the bit-by-bit variation of the sensing time. We set the repetition
parameters to N = 8, G = 5, and F' = 2, for which the complete protocol fits within the stated
22 ms experimental-time budget. We refer to this implementation below as the Bonato baseline.

Some exemplary simulation setups are as follows: the number of particles was fixed at P = 960,
and the number of training iterations is set to 16,384. Supplementary Figure 6 plots the training loss
curves of the two methods. This result can explain the performance of the two methods in Figure

10
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Supplementary Figure 4: Distribution of optimized sensing time for different protocols

2 and 3 of the main document. Because Bonato baseline only optimizes ¢, its model convergence
is much better than Belliardo’s method, particularly when w € (0,20)MHz for wide-range sensing.
Their training losses in three w settings are rather close, with Belliardo’s method having a minor
edge for small w’s.

6 Optimization of A

The following simulation results to illustrate how performance is affected by varying A.
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Supplementary Figure 7: MSE performance with respect to different choices of A.

Supplementary Figure 7 illustrates the sensitivity of performance with respect to the choice of
A. To isolate the effect of A and avoid confounding due to changes in particle resolution (A/P), we
scale the number of particles P proportionally with A: for A = 5, we set P = 240 x 4; for A = 2,
P =240 x 2; and for A =1 and A = 0.67, P = 240. This ensures a consistent particle density across
the tested ranges, allowing a fair comparison of the impact of A on estimation performance.

Supplementary Figure 7(a) presents results for the field range w € (0,10) MHz, with a total time
budget of 22,000 us and a non-adaptive first stage comprising 70 Ramsey measurements. The BNN
estimation error is approximately ¢ = 0.41 MHz. The case with A = 0.67 MHz (purple curve) violates
the lower bound 2¢, and its performance degrades significantly. In contrast, A = 1 and 2 MHz satisfy
the criterion and lead to better results. A larger A increases the likelihood that the true w lies
within the adaptive range, improving the effectiveness of both Bayesian updates and RL exploration.
Supplementary Figure 7(b) illustrates performance when A = wy,.y, effectively bypassing the first-
stage BNN and relying solely on RL-based inference (“This work w/o BNN”). In this regime, large A
values (e.g., 5 and 10 MHz) yield broad posterior distributions and inefficient exploration, resulting
in slower convergence and reduced estimation precision.

This sensitivity analysis confirms the critical role of A: if too small (violating 2e < A), it risks
excluding the true parameter; if too large (approaching wpay), it dilutes the efficiency of exploration.
These findings validate our empirical choices and underscore the trade-off: A must be wide enough to
include the true w with high probability, yet narrow enough to guide focused and efficient learning.
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