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1 Problem landscape

Good examples of the enterprise-relevant NP-hard problems that future combinatorial optimization accelerators should target
to solve can be found in the benchmark sets provided by the the Mixed Integer Programming (MIP) community. Whereas
we mentioned in our introduction that Ref.! demonstrated that some typical papers discussing the solution of QUBQO’s using
exact algorithms were focusing typically on problem sizes of a few 100 variables on a single CPU, it should be noted that
plenty of larger-scale MIP instances are known to be solvable using an out-of-the-box solver on a standard desktop in even
less than one hour (cfr. the “easy’ category in MIPLIB20172). However, the latter, "easier’ problems do not necessarily have a
quadratic term (and are hence not a QUBO), are relatively sparse, or have another problem-specific feature in which the usage
of the extensive range of exact methods incorporated in software frameworks such as Gurobi or CPLEX can be beneficial. The
Max-Cut problem instances discussed in this paper, tend to be not easily solvable (using the MIPLIB-definition of easy) on a
single CPU for problems of system size N = 60, 100. Nevertheless, it is important to acknowledge that when mapping problem
instances in the MIP-format to the QUBO-formalism that corresponds with our annealing accelerator, we might, for some
problem instances, miss opportunities to use problem-specific tricks. This is one of the reasons why we believe that future
architectures relying on annealing accelerators, should use hybrid algorithms that contain some form of pre-processing and
can identify whether running either the entire problem or some of its sub-problems on accelerator hardware is justified or not,
by potentially even allowing to run analogue accelerators, digital meta-heuristics and/or exact techniques in parallel where
appropriate.

2 Mapping the Max-Cut Problem to Hopfield Network

Maximum cut or the Max-Cut problem is a classic NP-hard problem which finds a maximum cut in a graph’. In the Max-Cut
problem, a partition of S of all the vertices V needs to be determined such that the number of edges (which are referred to as the
”Cut”) between S and its complementary subset is maximized. In a graph G(V,E), a cut vector can be defined as:

N = +1 ieS @)
—1 P€V\S,

where all the vertices in S are represented by +1, and all the vertices in its complementary set are noted as —1. Based on
references>*, we derive the Hamiltonian for the Max-Cut problem starting from the following figure of merit:
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where a;; is the weight of the so-called Adjacency Matrix A.



This optimization problem can be transformed to a Hopfield energy function as follows:
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Consequently, the Max-Cut problem can be solved by minimizing the following Hopfield network energy function:
1
E:*EZWﬂW,MW:*%v (7
i<j
and the weight matrix of the Hopfield network is the negative Adjacency matrix
Wij = —ajj ®)
where the number of Max-Cut can be derived by:
1
MaxCut:—ngij—E )
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3 Working principles of the hysteretic threshold function

In this section, we show that using a hysteretic threshold function with w < 0 can enable fluctuations even in an otherwise ideal
system. We utilize the the following update process for a neuron v;; at a specific location i and at a specific instance in time
(iteration for a discrete-time system) 7 to implement a hysteretic threshold function:

Uiy = ZVVijVj.t
J#i
Ghys:i,t = ei,t — WrViyt
_ +1 if Uit > 6hys:i,t
Vit+1 = .
-1 if U < Ghys:iJ

Ujs] = ZWijVj,zHa
J#i

(10)

where 6y is the hysteretic threshold, wy is the width of the hysteresis that may be tuned as a function of time or iterations
of calculations and v; ;. is the next (updated) state of the neuron that will be used in the next time step or iteration. For the
below analysis, we use 6;; = 0, consistent with the rest of this study.

3.1 Evidence that w < 0 can produce fluctuations in a noise-free system
Here we will show that the case of w < 0 when using Eq. 10 can produce fluctuations in the output (state of the system) even
when there are no other sources of noise in the system. For the following analysis, we will consider updating of only one output,
and without loss of generality, for simplicity, we will discuss the case in which all the other outputs of the system are kept
constant. Since we are flipping only the neuron at the position i and there is no self feedback, u; ;41 = u;;.

Case A: w; = x, where x > 0



Case Al: v o= —1
6hys:i,O = _(Wt)'(_l) =X

Case A1(i) Suppose that u; o > x,

Then v;; = +1

6hys:i,l = _<Wt>'(+1) ==X

Uil = Ujp.

From suppositions of Case A and Case A1(1), u; 1 > —x
Then v;, = +1

For all further iterations the output v does not flip, and is held at +1.

Case Al(ii) Suppose that u; o < x,

Then Vil = -1

6hys:i,l = *(Wt)'<*1) =+x

Uil = Ujp.

From suppositions of Case A and Case A1(ii), u;1 < x
Then v;, = —1

For all further iterations the output v does not flip, and is held at —1.

A similar analysis of all possible cases within Case A leads to the conclusion that for w; > 0, the output does not con-
tinually fluctuate but is instead reinforced at a specific value.

Case B: w; = —x, where x > 0

Case Bl: vig = —1
Ohys:i,0 = —(we).(—1)=—x

Case B1(i) Suppose that u; o > —x,

Then Vi1 = +1

Ghys:i,l = *(Wt)-<+1) =+x

Uil = Ujp.
Case B1(i)(a): It is possible from suppositions of Case B and Case B1(i) that u; 1 < x
Then Vi2 = —1

For every further iteration the output v flips between +1 and —1.

Case B1(i)(b): It is possible from suppositions of Case B and Case B1(i) that u; ; > x
Thenv;r = +1

For all further iterations the output v does not flip, and is held at +1.

Case B1(ii) Suppose that u; o < —x,

Then Vil = —1

Ghys:i,l =—(w).(=1)=—x

Uil = Ujp.

From suppositions of Case B and Case B1(ii), u;1 < —x
Then Vi2 = —1

For all further iterations the output v does not flip, and is held at —1.

Therefore for wy < 0, there is a possibility that, even if the input of a neuron does not change, the output can continu-
ally flip and is not reinforced. This implies that fluctuations in the output are created even when there are no other sources of
noise in the system.

3.2 Evidence that intrinsic noise is suppressed for w > 0 and propagated for w < 0

Here we will show that intrinsic noise in the system that may provide small-magnitude fluctuations will be suppressed for
w > 0 and can be propagated for w < 0, thereby enabling simulated annealing without requiring an external source of noise or
pseudo random numbers.



3.2.1 Casew >0
Let us suppose that w; = x, where x > 0. We are flipping only the neuron at the position i and since there is no self feedback,

Uit+1 = Uig.

Suppose that v; g = +1
6hys:i,O = _(Wl)'(l) =X
Suppose that —x < u; o < +x,

vi1=+1
Ghys:i,l =—(w).(+1) = —x
Uip > —x
vio =+1

For all further iterations the output v does not flip, and is held at +1.

Case A: Now introduce a small change in u; » due to intrinsic noise of § such that x < u;» — 0 > —x
6hys:i,2 =—(w).(+1) = —x
—x<upp—06 < +x
viz =+1
For all further iterations, v does not flip and is held at +1.

Case B: Now introduce a large change in u; > due to intrinsic noise of 6 such that u;» — 6 < —x
6hys:i,Z = _(Wt)'(+1) =X
uin— |6 < —x

vip=—1

6hys:i,2 = 7(Wt)-(71) =+X
U3 — O < +x,

Vi3 = —1

Although v flipped once due to excessive noise, for all further iterations, v does not flip and is held at —1.

3.2.2 Casew <0

Let us suppose that w, = —x, where x > 0. Consider a Hopfield network defined by the symmetric and zero-diagonal weights
matrix
Wit Wil |0 05
W= {Wzl sz] = [0.5 0 ] (11)

Let us suppose that v = [VLO Vz,o} = [+1+1], x = 0.4, and we update the system asynchronously (sequentially).
urp =vy0.Wo1 = (—|—1).(0.5) =+40.5

6hys:lAO = *(Wt)'(Jrl) =+0.4

u1,0 > Ohys:1,0

vy =-+1

U0 = V1,1~W12 = (—‘,—1).(0.5) =+40.5

ehys:ZA,O = _(Wt)'(+1) =+0.4

12,0 > Ohys:2,0

v2,1 = +1 (end of iteration 1, v does not change)

uy) =vy1.Wa1 = (+1).(0.5) =+0.5

6hys:l.,l = _(Wt)-(+1) =+04

up > ehys:l,l

vipg=+1

uy1 =vip.Wpp= (+1).(0.5) =+0.5

Onys2,1 = —(w;).(+1) = +0.4

uz1 > 9hys:2,1

v22 = +1 (end of iteration 2, v does not change)

For all further iterations, the output vector [Vl,t vz‘,,] is held at [+1 4 1]. Now that we have identified a stable configuration
of this system that does not undergo any fluctuations, let us study the effect of introducing a small degree of noise represented
by 6 = 0.2 in the weight W5 from ¢ = 1.

upp = V2,0-W21 = (—l—l).(O.S) =+40.5
6hys:l.,O = _(Wt)-(+1) =+04



u1,0 > Ohys:1,0

vig=+1

uo =vy,1.Wip = (+1).(0.5) =+40.5

6}1},51270 = —(Wt).('f'l) =404

uzo > 9hys:2,0

v2.1 = +1 (end of iteration 1, v does not change)

uig =vy1.(War —8) = (+1).(0.3) = +0.3

Ghys:lA,l = *(Wt).(Jrl) =404

ur,1 < Onys:1,1

V12 = -1

u2’1 = V1’2.W12 = (—1).(0.5) = —0.5

6hys:2.,1 = _(Wt)'(+1) =404

Uy < 9hys:2,1

v22 = —1 (end of iteration 2, v flips in sign)

U2 = vz72.(W21 — 5) = (—1).(0.3) =-0.3

9hys:l,2 = _(Wt)-(_l) =-04

ur2 > Ohys:12

vig=+1

uyp =v13.Wpp = (+1).(0.5) =40.5

6hys:22 =—(w).(-1)=-04

uz2 > Ohyso 2

v23 = +1 (end of iteration 3, v flips in sign)

U3 = V2’3.(W21 —0)=(+1).(0.3) =+0.3

ehys;173 = *(Wt).(Jrl) =404

ur3 < Ohys:13

Vi4 = -1

U3 = V1’4.W12 = (—1).(0.5) =-0.5

6hys:2.,3 = _(Wt)-(+1) =+04

uz3 < 9hys:2,3

v2.4 = —1 (end of iteration 4, v flips in sign)

U4 = vz74.(W21 — 3) = (—1).(0.3) =-0.3

9hys:l,4 = _(Wt)-(_l) =-04

ur 4 > Ohys:14

V15 = +1

ur4 =vys5.Wip = (+1).(0.5) =+40.5

6hys:274 = _(Wt)~(_1) =-04

uz.4 > Ohys 4

v25 = +1 (end of iteration 5, v flips in sign)
For every further iteration, the output vector [vl,, sz] flips in sign. Therefore, for the case of w < 0, a small noise or

error within the system can cause the system to undergo fluctuations.
This shows that for w < 0 in a hysteretic threshold can both introduce fluctuations in an otherwise noise-free ideal system,

and also ’amplify’ small magnitudes of noise in the system.

4 Possible circuit implementation of the hysteretic threshold function

Fig. Slais a proposed circuit implementation of the hysteretic threshold function. This combines two comparators C; and C,
biased with 1 V and 0 V each, with the input feeding into C;’s positive input terminal (inf) and the output being read from the
positive output of C; (outfr ). Two D flip-flops are included to hold the outputs of the comparators, while the pass transistor
circuit determines the threshold value to be applied at the next clock cycle. Figs. S1b-d show results of circuit simulations of
the comparator circuit for the extreme cases that will introduce a corner case latency: only one bit in the high conductance state
in a given column of 60 devices (for a problem size of N = 60), which will lead to a difference between the threshold and input
values of 8 mV. It is apparent that the maximum latency is 0.3 ns. While this analysis coarsely serves to estimate the maximum
latency, we acknowledge that a more detailed analysis, along with experiments, would be needed to capture other analogue
corner cases (e.g., offsets in the TIA). We have included the simulated performance metrics of this circuit in the performance
projection in Table 1.
Suppose that the threshold voltages are 6; = 0.2 V and 8, = 0.8 V.
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Figure S1. Proposed comparator circuit for implementation of the hysteretic threshold. a) One possible circuit
implementation for the hysteretic threshold function with two comparators, two D flip-flops and two pass transistors. b)-c) are
clock and output signals for three extreme cases with the input differing from the threshold values by 8 mV, as annotated. The
time delays between the clock and the settling of the comparator output are marked in blue. The extreme case of a difference of
8 mV provides the longest settling time of 0.3 ns, while for all other cases, the settling time is much shorter.



Case A: Suppose that input = 0.4 V (such that 8; > input > 6,) and initial state is 0ut2+ =1V

At clock cycle 1:

Cul=1YV, Ving = 6 =06

Vin: > input

v()utlJr =0 V’ (V()utlJr < v()utr)

Voutr =0V

At clock cycle 2:

Ctul=0YV, Viny = 0=0

Viny < input

Vout]+ =1 V’ (V()utlJr > voutr)
Vouty = v

For every further iteration, the output (vomr) flips between 0 V and Vpp (or °1°).

Case B: Suppose that input = 0.9 V (such that input > 0;) and initial state is out;r =1V
At clock cycle 1:
Cul=1YV, Vin, = 0 =0
Vipy < input
Vout]Jr =1V, (VoutlJr > voutr)
V(mt2+ =1V
At clock cycle 2:
Ctrlzl\’,vinr =0=0
Vins <input
V(Jutfr =1V, (voutlJr > vout;)
Voury = 1
For all further iterations, the output (v "WT) does not flip and is held at 1 V.

The calculations above exhibit the same behavior expected of a hysteretic threshold for w < 0 where for —|w| < input < |w|,
the output flips continually. And for inpur outside the range of the hysteretic width (e.g.: —|w| < |w| < input), the output does
not flip and is held constant. In this case, 8; and 6, define the tunable width (w) of the hysteresis centered at 0.5 V. This can be
scaled up or down depending on the voltages that are used to represent "1’ in the mem-HNN.

A hysteretic threshold with w > 0 is essentially a Schmitt trigger, a commonly used circuit. Consider 8; < 6>, with 6; =0.2
Vand 6, = 0.8V, centered at 0.5 V.

Case A: Suppose that input = 0.4 V (such that 6, > input > 6;) and initial state is out; =1 V.

At clock cycle 1:

Cul=1,v,- =6=0,
. 1

Vin, < input

v =1V, (vomr >y

outlJr out|” )

v +=1
out,

A similar analysis of all possible cases leads to the conclusion that for all further iterations, the output (v t1+) does not

oul
continually flip. This is precisely the behavior expected from a hysteretic threshold for w > 0.

5 Investigation of the effect of different noise profiles for simulated annealing

In this section, we compare the effect of using different noise functions in HNNs and explain why we choose a quadratic
superlinear decaying profile as our default noise decaying function in the main text of the article.

For this purpose, we choose four qualitatively different decaying profiles for our random noise function: linear decay,
quadratic superlinear decay, quadratic sublinear decay and exponential decay, to optimize the effect of injecting noise. The
mathematical expressions of the four different decay profiles are shown in Fig. S2. These four decaying noise functions are
also compared with the fixed noise function used in Fig. 2b. In this comparison, all the initial noise levels of the four decaying
profiles are set to 5, which we identified to be the optimal initial noise level for decaying noise of the 60 node Max-Cut problem.
The comparison result is shown in Fig. S3.

Therefore, unless mentioned otherwise, to obtain the best energy performance when injecting noise, we select quadratic
superlinear decaying noise in the HNN implementation in the main text of the article.
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Figure S2. Different noise profiles for simulated annealing. Four different decaying profile illustrated for a given
annealing time 7" = 1000, and initial noise level 5.

6 Function of noise term in the stochastic mem-HNN

In this section, we first give an overview of different ways noise have been algorithmically deployed in HNNs, followed by
some context related to the specific design choice made in this paper.

6.1 Historic overview

The HNN has originally been proposed as an asynchronously updated discrete-time system with binary nodes without explicit
noise terms>. Whereas it can be proven that this system will eventually converge to a stable fixed point®, which fixpoint it
relaxes into is both update scheme and initial condition dependent, and due to the limited set of neighboring states for a given
state, it is easy for the network to get stuck in a local minima. Consequently, different versions of continuous-time HNN
have been proposed, which should theoretically reach the global minima in a more efficient way than discrete-time HNNss,
but suffer, amongst other things, from errors induced by the need to discretize the equations to solve them in software’-8.
Using noise as a resource to avoid local minima was proposed using schemes that provide the theoretically optimal noise
distribution’, which is either computationally intensive or challenging to obtain in hardware. In other work, bounds on the
noise have been derived that determine under which noise conditions the HNN will still converge to the desired limit set'”.
Boltzmann machines do not have explicit noise terms, but they are, similarly to Hopfield networks, discrete time systems and
its updates are determined by asynchronously sampling the nodes of the network one-by-one following a sigmoid activation
function'!. Whereas Boltzmann machines have multiple applications, combining this system with simulated annealing allows
to find ground states of the QUBO-system which is encoded in its Hamiltonian. As an alternative to this stochastic behavior, the
mean-field annealing algorithm has been proposed, in which the output of the nodes is again determinstic, but instead of binary
it is now real-valued, and follows the previously mentioned sigmoid activation function, of which the strength of the slope at
the origin is adiabatically increased until it approximates the original binary heaviside (or, as in this work, a sign function when
using a tanh as activation function with bipolar node states). A recent addition to that algorithm was to also explicitly include
noise terms in the update equations, making the model again stochastic. This is called the noisy mean-field algorithm'2. The
latter approach is physics-inspired, based on the CIM results by Ref.!?, but so far, to the best of our knowledge, no published
study has explicitly quantified how much this additional noise improves the solution quality compared to the original mean-field
annealing algorithm. The noisy mean-field model was mainly proposed in a phenomenological way to explain the success
probability scaling as a function of problem size for the CIM results.

In the world of physics-based hardware accelerators, the importance of noise has been discussed multiple times: recent
proposals also show the benefit of having either classical or quantum fluctuations to enhance the chance to find the optimal
solutions of NP-hard problems in Hopfield or Ising-based systems'3>~2°. This is in line with other assessments that noise in
electronics can be useful®!, as it plays an important role in some neural information processing schemes®>2?. Based on the
success of recent progress in physics-based accelerators, new software-algorithms for combinatorial optimization have been
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Figure S3. Simulated annealing noise profiles and Hopfield energy. We compare five different noise profiles: four
different decaying noise profiles and one fixed noise profile. The initial noise level of all four decaying profiles is set to be 5.
For this benchmark task, the quadratic superlinear decaying profile leads to the best energy result.

developed, sometimes explicitly based on the phenomenological behavior of the aforementioned physics-based accelerators,
and these have been deployed in ’traditional’ digital accelerators like GPUs!? or FPGAs>* - these algorithms all have an
important stochastic or noise-induced component.

6.2 Link between the stochastic mem-HNN and a Boltzmann machine

In the simulations of this paper (e.g., Fig. 2), we are using decaying additive uniform noise in a discrete-time Hopfield Neural
Network, an idea which has been proposed in the context of discrete-time HNNs for solving the shortest path problem?,
and some design criteria have theoretically been proposed in Ref.?®. Neither of these two papers discloses that having a
discrete-time HNN with binary states and additive uniform white noise can be seen as an approximated version of a Boltzmann
machine, where the sigmoid function, i.e., the function typically used as the stochastic activation function, is now replaced by
a (three-piece) piecewise linear approximation. In this paper, as intuitively expected, when performing simulated annealing
by having the amplitude of the noise term gradually decay as a function of time, this can be interpreted as an approximation
of a corresponding simulated annealing process in a traditional Boltzmann machine. Using such coarse piecewise linear
approximations of the sigmoid function has been previously proposed to simplify the hardware implementation of a Boltzmann
machine in an FPGA?’, but in that case the piecewise linear function was explicitly constructed in hardware, resulting in
avoidable circuit overhead. In contrast, in our system we avoid the need to explicitly implement the piecewise linear system
and restrict the hardware requirements to a simple comparator. More elaborate piecewise linear approximations have been
successfully used in the context of FPGA-implementations of restricted Boltzmann machines for deep learning applications
where the convergence degradation is claimed to be negligible’®?° . One way to let the acceptance or rejection of a stochastic
bit follow an activation function which follows the sigmoid more closely is by having a noise distribution which is Gaussian or
a sech (the latter option being exact).

One recent implementation of simulated annealing in a mem-HNN proposed the use of hardware-generated noise in Cu-based
CBRAM devices, as these devices have a tunable stochasticity>’. In that scenario, a scheme similar to the one implemented in
Fujutsi’s digital annealer (DA)>* was used in the sense that one spin (or a small set of spins) was selected at a time, to calculate
the energy-difference AH which would be the result of a spin-flip, and this energy difference was then used to set the probability
of the Cu-based CBRAM device by having an input pulse with length proportional to AH. Whereas it is clearly beneficial to
use hardware as an intrinsic noise source over the usage of RNG implemented in digital electronics, the specific implementation
is rather slow (ms timescale), and contains additional circuit complexity compaired to the one presented in this paper.



7 Design, area, and power for crossbar mem-HNN

The area and energy values of the circuits in Fig. 1a are summarized in Tables S1 and S2 for a 60 x 60 memristor array for two
different technology nodes.

First, in Table S1, we use NeuroSim+>' at 32 nm to model the area and energy for all the circuits required in Fig. 1. In
Ref.3!, all the peripheral circuit modules have been validated with SPICE simulations at different tech nodes (including 32 nm)
and physical layouts. The memristor cell size is assumed to be 12 F2 (F = 32 nm). To estimate total energy or power values,
we consider 50 cycles of operation, which may vary depending on the problem, accuracy of solution, etc. In the evaluation of
this table, we assume that R,, = 100k and R, sy = 1 MQ, with the percentage of ON/OFF cells being 50%, corresponding to
a 50% density of the weights matrix of dense max-cut problems.

We performed simulations to determine the delay of the critical path during read or evaluation operation. Along with
the comparator, we included energy and latency estimates for a transimpedance amplifier (TTA). Based on the delays of the
different subcomponents of the proposed mem-HNN architecture, the critical path delay can be inferred to be approximately
0.9ns. Since a full chip design will usually add a latency overhead, we included a latency overhead factor of 2 to arrive at a
total latency of approximately 2 ns, corresponding to the clock frequency of 500 MHz.

Table S1. Area and energy (per clock cycle) breakdowns for circuits in Fig. 1a calculated based on 32 nm technology node.

Component Area (um?) Latency (ns) Powered-on time (ns)  Energy (pJ)
I/O buffer 245.12 0.1 2 0.023
SW matrix & drivers 175.32 0.501 0.501 0.270
Memristor crossbar (60 cols.) 201.30 <0.3 0.3 0.338
MUX 939.52 0.0040 0.0040 0.013
MUX Decoder (6-bit) 340.57 0.1237 0.1237 0.110
Comparator +TIA (for 10 counts) 140 0.3 0.3 0.51
Total (seq.) 2041.836 0.92 2 31.74
Total (par.) 22460.196 0.92 2 349.14

From Table S1, using scaling protocols from leading foundry data, we estimated the performance metrics for a 16 nm
design to be consistent with the GPU considered in Table 1. The results are provided in Table S2.

Table S2. Area and energy (per clock cycle) breakdowns for circuits in Fig. la scaled to 16 nm technology node.

Component Area (um?) Latency (ns) Powered-on time (ns) Energy (pJ)
1/0O buffer 110.30 0.1 2 0.008
SW matrix & drivers 78.89 0.501 0.501 0.089
Memristor crossbar (60 cols.) 338 <0.3 0.3 0.338
MUX 153.26 0.0040 0.0040 0.004
MUX Decoder (6-bit) 153.26 0.1237 0.1237 0.036
Comparator + TIA (for 10 counts) 140 0.3 0.3 0.26
Total (seq.) 1243.24 0.92 2 10.9
Total (par.) 13675.65 0.92 2 120.1

In Table S1 and S2, the total energy (per clock cycle) was calculated by summing the energy consumption of the I/O buffer,
SW matrix drivers, MUX and MUX Decoder across 60 effective columns of the memristor array, while the energy consumption
of the memristor crossbar array and comparator were considered for only 10 columns of the array.

In Table 1, to calculate the power consumption for dense unweighted Max-Cut for N = 60, we used the value of the energy
consumption per clock cycle provided in Table S2 for the N = 60 system, assuming a S00MHz clock frequency and a 10
column batch update (the leakage power is negligible). In addition, we included a 2x overhead, which includes a conservative
estimate of the additional power needed to cool the memristor crossbar array. This 2x overhead estimate originates from
the notion that the power consumption for the CPU solution, 20W /core, is based on the total power consumption of a data
center’?, divided by its number of cores. Equivalently, for a HPC-type of infrastructure consisting of mem-HNN cores, we
would need to include the overhead included in the power usage effectiveness (PUE) of the HPC infrastructure. On average,
typical PUE values have recently been decreasing’ to ~ 1.6. In addition, the overhead due to the power consumption of
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results. All axes have common units as the elements of the associated binary weights matrix (which contains Os and 1s). a) and
b) do not scale proportionally to the matrix sizes because the inputs contain both positive and negative values, which partly
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cooling fans (not included in the PUE) needs to be accounted for as well, resulting in a total overhead of 2x. In contrast
to the 20 W /core value for the CPUs, we have not explicitly incorporated the power consumption of the non-CPU compute
infrastructure (i.e., network, storage, ...). Whereas this might result in a comparative overestimate of the power consumption of
the CPU (< 50%), this choice is justified given that the N = 60 benchmark task used in Table 1 is sufficiently small to run on a
single accelerator-instance for all the technology entrees. Similar to what has been done for the Al-based matrix-vector product
applications based on memristor-crossbars3* 37 in future work, it can be addressed which multi-tile architecture would result in
an optimal power consumption for the mem-HNN system for large-scale problems.

Finally, in Table 1, annealing time T,,, was defined as the time required to update the entire output vector over 50
subsequent cycles. The time to solution was estimated as the product of annealing time and the number of repetitions (1)
of updating the entire output vector required to achieve 99% success probability. n,., was calculated by solving the equation
0.99 =1— (1 — py)"r, where py, is the success probability for 50 cycles of annealing. n,, = 11 for N = 60 and 50 cycles
of annealing. Therefore, annealing time for parallel updates was 11 times smaller than the annealing time for sequential
updates, whereas the energy consumption per clock cycle for a parallel run is 11 times higher. Consequently, the overall
energy-to-solution number mentioned in Table 1 is identical for both scenarios.

8 Matrix-vector multiplication errors due to crossbar noise

Fig. S4a-b show more details of the simulation results used to support Fig. 5c. We performed simulations of a vast ensemble of
analogue computations performed in memristor crossbar arrays of size 32 x 32 (Fig. 5a) and 128 x 128 (Fig. 5b). Each The
analogue computations in the 32 x 32 array give results very close to ideal results in such a way that there is no overlap of
neighboring distributions. In other words, the error distribution (see inset figure) has a standard deviation that is sufficiently
below 0.5 that any result can be rounded to the nearest integer and will match the exact integer result. In contrast, 128 x 128
arrays have large enough errors that simple rounding will not match the exact results, the error standard deviation (inset) can be
much greater than 0.5.

9 Additional details on the experimental results

9.1 Programming of the weights matrix

The memristor crossbar array used to program the weights of the target problem comprised of nanoscale (sub-100 nm) crossbar
memristors (Fig. S5) made using tantalum oxide as the active material, thereby operating via the oxygen-vacancy migration
mechanism. Since the weights matrix for the Max-Cut problem contains 0’s and —1’s, the weights matrix programmed into the
memristor crossbar consisted of either low (’0’) or high (1) conductances, and the resulting current from the vector-matrix
multiplications were flipped in sign to account for the negative sign on the high conductance states. Within a 128 x64 array of
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Figure S5. Images of the experimental setup, a) Photograph of the experimental setup. b) Photograph of the control board
with peripheral discrete electronics and the highlighted (red dashed box) central package containing a wire-bonded memristor
array. ¢) Optical micrograph of the chip containing the memristor crossbar array used for in-memory computing operations, d)
scanning electron micrograph of a part of the array, and e) scanning electron micrograph of one device within the array.
Electrodes connecting multiple devices and the access transisotors are beneath the surface, illustrated in Fig. 3d.
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memristors, we programmed a chosen set of devices to represent the weights matrix by setting the target conductance for the
ON or’1” state to be 1.1 x 10~* S and for the OFF or "0’ state to be 0.5 x 1073 S. The target weights matrices, the programmed
weights matrices, and the corresponding distribution of the conductances are shown in Fig. S6. Additional details of fabrication,
programming and operation of the array are given elsewhere.’® The layout of the hardware functions distributed across the
memristor chip, external circuit boards and the control computer are provided in Fig. S7a. Following the programming of the
weights matrix, in order to calculate the errors in the computations, we supplied hundreds of randomized binary input vectors
and obtained the outputs corresponding to them. We obtained the differences between the experimentally obtained outputs and
a set of outputs calculated by precise matrix multiplications using the same set of inputs as the experiments and the measured
weights matrix programmed onto the memristor chip (Figs. S7b-d). This allowed for an estimation of the intrinsic noise of
the system, which was used as a constant noise magnitude in our circuit simulations. We performed both experiments and
experimentally-grounded circuit simulations to determine the optimal schedule of varying w during calculations across several
cycles (Figs. S7e-g). Both simulations and experiments for different problem sizes confirmed that an optimal schedule was to
sweep w from a negative to a positive value, which would mimic the process of simulated annealing. A read voltage of 0.2 V
was used. Therefore the input voltage vector was determined by scaling the input vector by a factor of 0.2. The weights matrix
was a binary matrix with the high conductance (1.1 x 10~# S) representing *1°. The output currents were therefore divided by
the high conductance value and the voltage scaling factor (0.2) to obtain the output vector.

9.2 Intrinsic noise improves the performance in a hysteretic threshold scheme

While Fig. 4 detailed experimental data demonstrating the presence of intrinsic noise and how it was being harnessed, we
further evidence harnessing of intrinsic noise in Fig. S8. We performed circuit simulations of the mem-HNN similar to those in
Fig. 4g, but without including the intrinsic noise estimated from the error distributions (e.g.: Fig. 4d). The results show clearly
worse performance without the inclusion of intrinsic noise, and also a disagreement with experimental data in general. This
reasserts the presence and utility of intrinsic noise by employing the hysteretic threshold. Indeed, the noise is not just ’present’
in our experimental implementation, it is critical to reach superior performance.

9.3 Comparison of simulated annealing and hysteretic threshold

We compared the experiments based on the hysteretic threshold described in the main text with circuit simulations both
using a hysteretic threshold model and using simulated annealing. In simulated annealing, we use a pseudo-random number
generation circuit (as a part of the digital control computer) to externally inject controlled noise into the mem-HNN. In order
to statistically compare simulated annealing and the utility of the hysteretic threshold, we simulate solutions to the problems
shown in Fig. 4g using optimized simulated annealing schemes for each of the problems, which appear to compare very
well with the experimental and simulated data that use the hysteretic threshold (Fig. S9). This reasserts the fidelity of our
circuit simulations, especially in projecting performance metrics at larger scales, and the equivalence of the hysteretic threshold
scheme and simulated annealing scheme. Further, in Fig. S10 we compare our experimental data using the hysteretic threshold
on the problem of size N = 60 with ideal calculations using simulated annealing (without accounting for circuit nonidealities).
It is apparent that (1) both techniques are able to achieve global optimization by escaping local energy minima, and (2) the
experiments are as good as ideal calculations. In short, the idea of the hysteretic threshold performs at least as good as the
well-known meta-heuristic of simulated annealing.

9.4 Experimental study of analogue crossbar and dynamical noise and interaction with hysteretic thresh-
old
To analyse the effects of the combination of dynamic noise and cycle-to-cycle analogue circuit noise with the influence of the
hysteretic threshold, we measured time traces based on the matrix-vector multiplication output of the crossbar array for fixed
input vectors. To have a broad representative test set, we used 200 random bipolar trial input vectors. For each trial input, we
performed matrix-vector multiplications with a programmed 60 x 60 Hopfield matrix for 250 iterations. We compared the
output in this experiment with the ideal output obtained by performing the vector-matrix multiplication using the target Hopfield
matrix. This data set was used to obtain the histograms shown in Fig. S11a-c. These histograms are obtained by calculating the
deviation between the experimental output and the target output. In Fig. S11c, we sample over all trial vectors, all columns, and
all time slices. In Fig. S11a, we show the deviation obtained by first calculating the time-averaged experimental output vectors,
for all the trial outputs and subsequently sampling at all the columns and trial vectors. For a given input vector, the deviation of
these time-averaged output vectors compared to the input reveals the errors in the vector-matrix multiplication performed by
the memristor crossbar array, due to the various nonlinear effects described around Fig. 1. In Fig S11b, we then calculated for
all time traces the deviation between the output at the current time-step and the corresponding time-averaged output vector, and
sampled these values for all time slices, over all columns. Also, approximately, 62, = 62, + O'(fyn, which demonstrates that the
total noise from the circuit comprises the two sources we have distinguished, with the analogue crossbar noise being dominant.
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Figure S7. Experimental layout and calibration data. a) Schematic layout of the mem-HNN operating sequence,
displaying the memristor crossbar array, peripheral components outside of the array, and control computer. Additional details,
including operation and peripheral component specs are provided elsewhere.® b) Schematic layout of the hardware functions
in the implementation of the mem-HNN. c)-e) Histograms of the errors in the calculations obtained from the experimental
system (for N=32), for the full array and two randomly chosen columns of the array. f)-h) Success probability against initial w
(for a fixed final positive w) shows that the highest success probability is achieved for a negative initial w for all three problem

sizes (N = 8,16,32).
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Next, the experimental outputs of the vector-matrix multiplications described in the previous paragraph are input to the
neuron update (Eqn. 1), using the hysteretic thresholding for each Hopfield node as in Eqn.3. In Fig. S12, to showcase the
effect of dynamic noise for different hysteretic threshold widths, we show a node input fluctuating close to the nominal zero
value (the same time trace of Fig. 1d). The Neuron output for the case of 2w = 0 shows the case of an unmodified Hopfield
network and the noisy input leads to fluctuating neuron states. Modulating the hysteretic threshold width to positive values
suppresses these fluctuations, while moving to more negative hysteretic threshold widths amplifies them, as shown.

To characterize the analog crossbar noise, we experimentally performed thousands of steps of regular mem-HNN operations
for different variants of w. We compared the experimental data (neuron input and output) to ideal calculations to obtain the
deviations. An example time trace has been displayed in Fig. 1b, whereas we display a more comprehensive data set in Fig.
S13. Tt is clear that a highly negative w indeed amplifies the intrinsic noise, while a positive w suppresses intrinsic noise. The
case for 2w : —4 — 1, shows the operational mode similar to simulated annealing, where an initial amplification of noise is
followed by a suppression of noise to stabilize the final convergence. The Fourier transforms of the input deviations (Fig. S13
are shown in the middle column, and display a white-noise-like distribution across the entire spectrum. These experimental
results are as expected, as the analogue crossbar noise is fundamental to the computing operations performed in the crossbars
themselves. The flat noise spectra shows an injection of noise at all frequencies of the mem-HNN operation, even up to the
highest update frequency.

In Fig. S14, we generalize the effects of the hysteretic threshold width compared to the case study discussed in Fig. S12.
Using the full dataset of Figs. S11 and S14, we calculated output time traces of the Hopfield node for the following different
scenarios: (a) the ideal output assuming a Hopfield node with w = 0, and using the ideal target matrix, (b) the ideal output
obtained by using the target matrix while using different w, (c) the output obtained for various w starting from the experimental
time traces. For the time traces with non-zero w, we assumed identical initial conditions. Based on those four different
timetraces, we then calculated the deviations plotted as a function of w for two cases: (i) Experimental vs. software with
hysteretic threshold (i.e., scenario (c) vs (b)), and (ii) Experimental vs. software without hysteretic threshold (i.e., scenario (c)
vs (a)). The y-axis counts the number of times the time traces are unequal and is normalized such that a deviation equal to one
represents a deviation at every time step for all columns and all trials. Unsurprisingly, line (ii) approaches 0.5 for very negative
w, which can be understood as the output without using a hysteretic threshold (i.e., time trace (a)) is either +1 or -1, whereas
the signal with large negative w periodically oscillates between +1 and -1 (time trace (c)). In contrast, both deviation curves
converge to zero for a broad range of positive w. The interplay of the errors due to analogue crossbar noise with the negative w
as a controllable deviation source (functioning as ’computational noise’ in the mem-HNN algorithm) can be seen in the behavior
of curves (i) and (ii). In a finite region between 2w ~ —20...1, the output of the Hopfield neurons has a tunable level of random
deviations enabled by the experimental vector-matrix multiplications performed in analogue crossbar arrays. For larger values,
the deviations go to zero. This controllable enhancement or suppression of the deviations is a core computational resource
utilized in our proposed mem-HNN. It is worth noting that this is what enhances the success probability in the simulations with
noise in Fig. S8 versus the no noise case.
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Figure S12. Dynamical noise and the interaction with a varying hysteretic threshold. a) Neuron input obtained via
experimental measurements for the same input repeatedly applied to the memristor crossbar array. Hysteretic threshold widths
(2w) are marked as bands over the data, with red bands representing w < 0 and blue bands representing w > 0. b) Neuron
outputs calculated from experimental data for different hysteretic threshold widths 2w, as annotated. The amplification of noise
at negative w is apparent.
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Figure S13. Analogue circuit noise a) Deviations in neuron input obtained via experimental measurements compared to
ideal calculations during operation of a mem-HNN for three different trials (corresponding to three different initial conditions).
b) Fourier transform of the neuron input in a), showing noise that is distributed uniformly across the spectrum. c) Deviations in
neuron output obtained via experimental measurements compared to ideal calculations during operation of a mem-HNN. For
the case of 2w : —4 — 1, the initial amplification of noise followed by a suppression of noise is apparent, while the input noise
persists throughout the measurement.
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9.5 Alternative sources of intrinsic noise

Our study focused on one source of intrinsic noise, namely noise from the analogue memristor array, complemented by a
technique that enables generation and modulation of noise. However, in other implementations of the mem-HNN system,
alternative sources of noise in analogue systems can be leveraged, many of which can be dynamically tuned to implement
simulated annealing. To appreciate this insight and as extended material for the interested reader, we list three sources of noise
for use in recurrent and other forms of neural networks.

Noise may originate from nonvolatile memristors used to store information. It is known that tantalum oxide memristors
exhibit amplified random telegraph noise when biased or held at certain conductances®’. A dedicated noise-generating row of
memristors could be included in an array of memristors storing the weights matrix, and such memristors can be programmed at
the start of every cycle to exhibit a certain degree of noise. This would allow simulated annealing since a controlled source of
noise is added onto the currents at every row before they encounter a nonlinear filter. Noise may also originate from volatile
memiristors, such as controlled chaotic oscillations in nanoscale niobium oxide memristors>®. Volatile memristors, especially
those that exhibit threshold switching can form compact comparators that can provide the nonlinear filtering within a recurrent
neural network. Thus by utilizing compact devices to produce nonlinear filtering, without any significant circuit overheads,
it may be possible to achieve simulated annealing by controlling the magnitude of chaos injected at the filtering function.
Analogue noise from the memristor array was discussed in detail in this study, which may originate form multiple sources
including wire resistances, imperfect conductance programming, device-level fluctuations, etc. These may be static, such as
finite conductance distributions, or these may be dynamic, such as the noise distributions arising from device- or circuit-level
fluctuations. Both static and dynamic nature of such noise may have distinct behaviors when utilized for simulated annealing,
which deserves further study of its own (cfr. e.g., Ref.* for a discussion on the consequences of static noise). Similar to the
hysteretic threshold utilized in this study, there may be a variety of techniques to harness and modulate this noise.

10 Additional context for the comparison of the different accelerators

This section provides additional information about Table 1 that could not be included in the main text of the article due to space
constraints.

10.1 Emerging technologies not included in Table 1

Interestingly, recently, another promising digital annealing technology, has been proposed, namely an FPGA implementation of
an optimized Boltzmann sampling algorithm called a Digital Annealer?*. Impressively, the DA has been applied to Max-Cut
with non-binary weights with a 16 — bit resolution, even outperforming software algorithms that have a higher bit resolution®*.
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We expect similar benefits for the mem-HNN system. Moreover, by embedding the crossbars inside the mem-HNN in
an appropriate tiled architecture, the effective bit-resolution can be increased in future work**. Unfortunately, so far, the
performance of the DA for the dense Max-Cut on N = 60 hasn’t been reported and, as it behaves similar in power and speed to
the CPU and GPU approach, it is not included in the benchmark table in the main text of the article. Similarly, the recent work
on a CMOS annealer reported in'®1? has not investigated its performance for the dense Max-Cut benchmark task and, as it only
allows for sparse connectivity (hence bad scaling of the success probability and time-to-solution), we chose to not include it in
the benchmark table due to place constraints.

10.2 Caveat about the power consumption numbers for quantum and CIM systems

In the case of D-wave’s quantum annealing accelerator, 25kW of power is needed to operate the system, of which the majority
is used for cooling. This power envelope is expected to stay constant when the number of nodes scales into the tens of thousands,
as the cooling is currently over-provisioned*’. The idea is that, for some applications, a limited set of qubits might have a
computational performance that can not be obtained with a traditional high performance computing (HPC) system, even though
HPC systems use 100 — 1000x more power. Due to this large fixed offset, when estimating the energy efficiency of quantum
annealing based on the performance of current available small system sizes, the potential efficiency will be underestimated.
Similarly, the current CIM implementations are just proof of concept implementations and are hence not yet optimized for
energy efficiency.

10.3 Benchmark simulations on a CPU using parallel tempering

Previous research has demonstrated that running parallel tempering (PT) on an Intel Xeon CPU E5-1650 v2 (3.50GHz) as
a digital benchmark for the dense Max-Cut problem, reaches comparable time-to-solution values (TTS) as the fiber-based
CIM proposed by Stanford and NTT'3. Even though the power budget (thermal design power 130 W, actual estimated power
20W) is lower than the power budget of the GPU (250 W), due to the stronger reduction in time-to-solution when using a GPU,
running the noisy mean field annealing algorithm proposed by D-wave on a GPU'? is outperforming the parallel tempering
approach when run on a CPU.

The Max-Cut problem instances used in this work, are either taken from the Big-Mac Library N = 60, 80, 100, or randomly
generated using the same problem definition as the dense Max-Cut problem proposed in the CIM analysis'?. As an additional
check on the difficulty of the specific Max-Cut instances used in Fig. 6, we reran these exact same problem instances on a
CPU, and compared those with the previously published time-to-solution numbers for a CPU obtained'? in the CPU-CIM
comparison (Fig. S15). This CPU reference performance is comparable with the performance of NTT’s parallelized version of
the fiber-based CIM.

In the experiment for this paper, an Intel(R) Core(TM) i7-3720QM CPU @ 2.60GHz was used. Similar to the CIM-paper,
all the CPU results included here are provided by Salvatore Mandra, using the same implementation of parallel tempering in
the NASA/TAMU Unified Framework for Optimization (UFO). The algorithm (PT@UFO) has been executed on a single core.
Despite the lower clock speed, the run-time analysis is still consistent with the previous analysis published in the NTT/Stanford
paper.

In Fig. S15, besides the reference data used in the Stanford/NTT paper, we include two different curves for the set
of simulations ran on our own set of Max-Cut-problems: run-time without initialization time and run-time including the
initialization time. Roughly speaking, the initialization time consists in the allocation of the arrays and the generation of all
the random numbers that will be used in the simulation (all random numbers are cached and stored in memory). Hence, the
run-time corresponds to the sole optimization of the Max-Cut problem. Typically, for larger systems, this initialization time is
so fast that it is negligible compared to the run-time. However, for the rather small instances (N < 100) discussed in this paper,
this is not the case. Importantly, random number generation happens intrinsically in the proposed hardware for the mem-HNN
system, the CIM system or the quantum system, which is one of the advantages of using analogue hardware in accelerators.
However, as the percentage of time spent initializing becomes negligible for larger systems, we report the TTS value without
initialization for the CPU in Table 1. No description of initialization-time has been provided in the discussion of the GPU
results!Z.

A reasonable number for a single core energy consumption®?#! is 20 W /core, this is the value used in Table 1. Additionally,
the TTS for for the CPU benchmark can be improved by running independent processes in parallel, i.e., the TTS for PT@UFO
can be reduced by the optimal number of repititions 7,,, =TT S / Tynn by Tunning annealing instances on nrep CPU cores (for the
small N = 60 task, the median n,,, = 1, so parallelization is not beneficial yet). Importantly, if the overhead of parallelization
is negligible, this should have no significant effect on the energy to solution value listed in Table 1.

The time-to-solution in Table 1 for PT@UFO is calculated by running 1000 simulations of PT, with random seeds. For each
simulation, the algorithm stops after the required number of sweeps to obtain the optimal solution, which we call the ’run-time’.
For a given problem size N and problem instance i, due to the different random seeds, every run-time is different, and by
calculating the cumulative distribution of all the obtained run-times, combined with a bootstrapping procedure, the optimal
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Figure S15. Comparison of mem-HNN to a CPU. Time-to-solution (TTS) benchmark results for dense Max-Cut obtained
by running parallel tempering on a CPU: (red circle marker) reference data obtained from the Stanford/NTT-paper'?, using the
same problem definition, but different instances as in this paper; (triangle marker) CPU run-time on the same problem instances
as used in the mem-HNN simulations, including initialization time; (square marker) CPU run-time on our problem set, without
including the initialization time. Black square markers are our results from Fig. 6b, for 1000 cycles, using sequential runs (i.e.,
the worst case scenario shown in Fig. 6b).

runtime RTy ; (= Tunneating) can be estimated that minimizes the time-to-solution 7T Sy ; for that task. The time-to-solution
TTSy for a given size N can then be obtained by using the same median value of RTy = median(RTy ;) for all the instances
and by subsequently calculating for every task i (with size N) the success probability p,,; that a simulation for this task can
be been completed in less time than R7y. Finally, these success probabilities p;,; can be used to calculate for every size the
median of the corresponding TTS-estimates (based on the number of repetitions n,.p ; = log(1 —0.99) /log(1 — p.;)) for all
these instances. Specifically, for N = 60, n,.;, = 1, consequently, as reflected in Table 1, TT S¢g = RTg0 = Tann-

10.4 Power consumption estimate for the GPU data

In Table 1, when including the energy efficiency of the GPU, we are using the 250 W as an upper bound for the thermal power
consumption. Similar to the CPU scenario, where the thermal design power is 130 W, but in practice the power consumption
during operation can be assumed to be*>#! ~ 20W /core, we assume the effective power of the GPU can be a factor 10x lower
than the power budget estimate.

10.5 Run-time analysis

Although the mem-HNN, the CIM and NMFA @GPU have a similar clock frequency (in the case of the CIM we pick the
repetition rate of the pulsed laser as fundamental clock unit), and a similar time-to-solution scaling, there are still important
differences in performance. Before we dive into the speed and energy efficiency specifics, it is worth noting the differences
in modus operandi: the algorithm on the GPU can update the nodes synchronously, whereas the CIM system is purely
asynchronous (one node gets updated per pump pulse), and, as explained in the discussion of Fig. 6, the mem-HNN is
somewhere in-between: we notice better performance in success probability if we update the nodes in batches N, = 10 instead
of node-by-node or completely synchronous. For the CIM system, doing updates in batches would be possible by using
multiple phase-sensitive amplifiers in parallel, but that would be a drastic increase in system complexity. Given that traditional
discrete-time Hopfield algorithms are known to have better performance when using asynchronous updates, the ability for the
noisy mean-field algorithm to work with in essence synchronous updates can be surprising. However, the asynchronous updates
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were a mathematical trick to mimic noisy continuous-time Hopfield neural networks, where updates do occur ’synchronously’.
The noisy mean field algorithm can be seen as another way of modeling noise-induced annealing effects in a discrete-time
algorithm that allows for synchronous updates. These choices do have important consequences on the eventual time-to-solution.
One annealing run will consist of a certain number of cycles, and, for the mem-HNN, one cycle will take Nﬂchlock- For the
CIM, N, = 1 and there is an additional overhead on the order of 1.6 — 2.5 related to additional pulses required for stabilizing
the fiber feedback loop, increasing the annealing time. For the GPU the calculation time also dwells on the calculation of
the matrix-vector products in the algorithm. In the DA implementation, only one node is updated per iteration, but due to its
parallel-trial scheme the number of required cycles per run is reduced. Finally, despite the slightly higher clock cycle of the
CPU, the parallel-tempering algorithm has a longer optimal annealing time than both the GPU-approach and the mem-HNN
approach. This is probably related to its asynchronous update mechanism of the states of the Ising nodes.

As discussed in Sec. SM.10.3, there is a procedure to obtain the optimal run-time/annealing time for the parallel tempering
algorithm on the CPU. Similarly, in principle, the number of cycles per annealing run can be optimized for different problem
sizes for the other classical technology implementations as well. However, the number of cycles used to obtain Fig. S15
and Table 1 is fixed: 1000 for the GPU and CIM, 50 for mem-HNN (based on Fig 6b, resulting in a 20x difference). For
a given annealing time, one run will then result in a success probability, and this success probability can be converted to a
time-to-solution (i.e., the duration required to hit the optimal solution with 99% probability). Given the same clock frequency
for GPU, CIM and mem-HNN, the shorter annealing time of the mem-HNN compared to the CIM can be solely explained
by the stabilization pulse overhead for the CIM, the choice to use 20x less cycles per run for the mem-HNN, and the CIM’s
current inability to update in batches. The GPU’s scaling of the annealing time versus problem size is less straight forward to
explain, as it also scales with the (dense) matrix-vector multiplication, hence, for large problem sizes, we expect a quadratic
dependence (if the available CUDA-cores is assumed to be fixed).

10.6 Run-time versus success probability trade-off

The meta-parameters of the algorithm in the case of the noisy mean field annealing implementation, and the physics and
operation regime of the hardware accelerators will then determine the success probability for a given annealing time. For
instance, the success probability for the mem-HNN is lower than the success probability of the CIM, which results in the
need to have more runs for the mem-HNN. However, due to the shorter annealing time, the absolute time-to-solution is still
better. Obviously, a similar optimization routine based on the trade-off between allowing for a lower success probability to
obtain an overall shorter time-to-solution could also be performed on the CIM system. Importantly, this wouldn’t make up
for the overhead time required for stabilization of the feedback loop and the current lack of possibilities to use batches in that
technology. Also, whereas the mem-HNN benchmark numbers are just based on (experimentally grounded) simulation, the
CIM is an actual experimental implementation. In these experiments, there is also overhead for readout and postprocessing of
data'3, which is currently not included in the table.

10.7 Technology nodes for the electronic implementations

We assumed a 32nm node for the simulations of the mem-HNN, while the CPU and GPU experiments used a 22nm and 16nm
nodes, respectively. Using scaling protocols derived from leading foundry data, we estimated the performance metrics for a 16
nm technology node design, which is reported in Table 1.

10.8 Outlook for optical and quantum technologies
Finally, we want to give an outlook on the future prospects of the involved technologies.

and/or by allowing for batch updates using several parallel phase-sensitive amplifiers. One other promising alternative is
to integrate the coherent Ising machine into a photonic integrated circuit'*4%%3. This would result in relatively lower cost,
potential for scalability, lower energy consumption and higher clock speeds.

As for potential improvements in quantum annealing, demonstrating larger node sizes will result in an increased energy
efficiency, but without changes in the interconnectivity, we do not expect this technology to become competitive with the other
listed approaches for the currently studied benchmark task. Consequently, as mentioned in Ref.!3, there are also efforts on
allowing for all-to-all connectivity in quantum annealing implementations, which would result in similar scaling as the other
classical approaches, but this technology development is non-trivial'”**. Besides increasing the number of qubits in a single
D-wave system, to drastically improve the energy-efficiency of the quantum annealer far more efficient cryogenic cooling
techniques need to be developed, but it is currently unclear which techniques might be suitable for this task>2.
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