
Supplementary Note 1 

Spatially-variable genes 

Typically, methods for identifying SVGs seek to explicitly or implicitly model the expression of a 

gene i as a function of spatial position 𝑔!"𝑋⃗%: 𝑅" 	→ 	𝑅, and then represent this function as a 

combination of a spatial term and spatially uniform random variation: 

𝑔!"𝑋⃗% = 𝑆"𝑋⃗% + ϵ 

where 𝑆"𝑋⃗% may represent a function or a random process, but designed in a way to depend on 

the spatial positions of cells. Under this framework, when the magnitude of 𝑆"𝑋⃗% is significantly 

greater than that of ϵ, the function 𝑔!"𝑋⃗% is almost entirely determined by 𝑆"𝑋⃗% and is therefore 

highly spatially correlated. On the other hand, if the magnitude of 𝑆"𝑋⃗% is significantly less than 

that of ϵ, there is little spatial information in  𝑔!"𝑋⃗%. 

Segmentation 

In general, segmentation can be viewed as an optimization problem over the space of all partitions 

𝒫 of 𝑁 spots, each of which has a position 𝑋#000⃗  and an expression profile 𝑔#000⃗ , into 𝑘 groups such that 

each partition 𝑃 is a vector 

𝑃	 = 𝑐 ∈ 𝑅$								𝑐! ∈ {1,2, … , 𝑘} 

 of the spatial locations to maximize some measure of homogeneity within each group. In the case 

of spatial data, this homogeneity should reflect both the transcriptional profiles and the positions, 

so that cells/spots that are nearby are likely to be in the same group. A potential formulation of 

the optimization problem for the solution partition 𝑃∗ may take the form 

𝑃∗ = argmin&∈𝒫𝛼Bδ"𝑐! , 𝑐)%
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where 𝑑+ is a measure of distance in gene expression and space, and δ"𝑐! , 𝑐)% represents the 

Dirac delta function, equal to 1 when 𝑐! = 𝑐) and 0 otherwise. In this case the first term encourages 

similar gene expression across spots in the same community, and the second term encourages 

adjacent spots to be in the same community. The specific formulation of the objective will vary 

from method to method. 

Deconvolution analysis 

Given an expression vector for a spot 𝑔⃗5 and a set of 𝑘 single-cell expression vectors 𝑚00⃗ ! , 𝑖 =

1,… , 𝑘 encoding the same set of genes, the cell type decomposition can be expressed as  

𝑔⃗6 =B𝑐!𝑚00⃗ !
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+ 𝑟⃗ + constraints 

where the coefficients 𝑐! ≥ 0 represent the contribution of each single cell expression vector and 

𝑟 is a residual vector to be minimized. Possible sources of sets of vectors 𝑚00⃗ ! may be expression 

patterns of known cell types, clustering of scRNA-seq data, or directly from individual cells in 

scRNA-seq data. The key requirement is that each vector be representative of a possible 

observation of expression in a single cell, as opposed to spots whose combined expression may 

not be similar to that of any single cell. Additional constraints reflect the fact that each spot is 

comprised of only a small number of cells – for this reason, typically k is constrained to not be 

large, and the coefficients 𝑐! are constrained to not be too small. Algorithms may choose to 

truncate small coefficients or force representations with a fixed number of cells (e.g. doublets) to 

address this. 

 


