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Supplementary Figure 1. Supplementary analyses of empirical data. Decay constants of principal
component spectra in empirical data. Decay constants are estimated as the slope in a linear regression for
the logarithm of the explained variance on the logarithm of the associated principal component number. We
include enough components into the linear regression as necessary to explain either 30 % (red) or 90 % (yellow)
of the variance. Where the two resulting slopes coincide only one is shown. Shown are decay constants
for the following data matrices: a) HCP functional connectivity and b) HCP functional connectivity after
preprocessing for CCA / PLS, both based on 951 subjects. c) HCP functional connectivity for 877 subjects
where global signal was not regressed out, and d) HCP functional connectivity of 877 subjects where global
signal was not regressed out after preprocessing for CCA / PLS. e) HCP global brain connectivity (GBC),
i. e. the sum across rows of the parcel × parcel functional connectivity matrix (951 subjects) and f) HCP
GBC where global signal was not regressed out (877 subjects). g) HCP behavioral data of 951 subjects after
preprocessing for CCA / PLS h) HCP diffusion MRI structural connectivity blueprints of 1020 subjects after
preprocessing for CCA / PLS. i) UK Biobank fMRI of 20000 subjects after preprocessing for CCA / PLS, j)
UK Biobank behavioral measures of 20000 subjects after preprocessing for CCA / PLS.
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Supplementary Figure 2. Supplementary results related to analysis of prior literature. a)
Typical number of samples per feature in brain-behavior CCAs. Studies using CCA to analyze brain-behavior
relationships often used less than 5 samples per feature. Note that we here considered the number of features
that entered into the CCA analysis, which, after preprocessing, can be considerably less than the “raw”
number of features. b) Distance from null in samples-per-feature vs observed correlation plot predicts weight
error. A linear model was fit to the simulated, permuted data shown in Fig. 6a and for each reported CCA
the orthogonal distance to the fit-line was measured and is shown here on the x-axis, with positive values
indicating deviations towards the top-right corner of Fig. 6a. The mean estimated weight error for the
reported CCAs is smaller the farther away from the permuted data the CCA lies in the top-right part of the
plot.
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Supplementary Figure 3. Association strength error converges to 0. In-sample estimates of the
relative association strength error converge to 0, for both CCA (a) and PLS regardless of if the association
strength a is measured as between-set correlation (b) of between-set covariance (c). Relative association
strength error is computed as (â− atrue)/atrue where â is an estimate from a given collection of observations,
and atrue referes to the true value. Curves show mean and 95% confidence intervals of CCA/PLS estimates
across 100 draws of collections of observiations with a given sample size from 25 different generative models
with the indicated rtrue but varying true (population) weight vectors (see Methods). X and Y feature space
dimensionality was 8. The simulations used for this figure are the same as those used for Fig. 2.
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Supplementary Figure 4. A wide range of true association strengths is compatible with a given
observed association strength. Synthetic datasets were generated where the true between-set correlation
was varied from 0 to 0.99 in steps of 0.01 and analyzed with a) CCA, b) PLS. We investigated 4, 8, 16, 32,
64 and 128 features per set, set up 10 different covariance matrices with differing true weight vectors for each
number of features and true between-set correlation, and drew 100 repeated datasets from each corresponding
normal distribution. For every CCA and PLS we recorded the observed association and grouped them in bins
of width 0.01. The plots show 95 % confidence intervals of the true association strength that were associated
with a given observed association strength. Notably, apart from the very strongest observed association
strengths which indicate an almost equally strong true between-set correlation, compatible true association
strengths can be markedly lower, down to essentially 0, when the number of used samples per feature is low.
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Supplementary Figure 5. Cross-validated estimation of association strength. a-b) In contrast to in-
sample estimates, cross-validated estimates of between-set association strengths (i. e. between-set correlations)
underestimate the true value of the between-set correlation rtrue. We here used 5-fold cross-validation. c-d)
The absolute value of the relative estimation error is similar for in-sample and cross-validated estimates.
Shaded areas in a-d) show 95% confidence intervals across 10 covariance matrices encoding CCA/PLS
solutions with the indicated rtrue but different weight vectors, and 100 draws of collections of observations
with the indicated sample sizes (x-axis) from the multivariate normal distributions associated with these
covariance matrices. e-f) Required sample size to achieve a target error level (here: 10 %) are similar when
calculated from in-sample and out-of-sample estimates. We used an X and Y feature space dimensionality of
8 in this figure.

4/32



X feature 1

X 
sc

or
es

r=0.5a

X feature 2

r=0.9

X feature 3

r=0.3

X feature pX

r=0.8

...

Y feature 1

Y 
sc

or
es

r=0.7
subject

b

Y feature 2

r=0.2

Y feature 3

r=0.8

Y feature pY

r=0.9

...

101 102

Number of features

0.0

0.2

0.4

0.6

0.8

r tr
ue

CCA
c

101 102

Number of features

0.0

0.2

0.4

0.6

0.8

PLS
d

101 102

Number of features

0.0

0.2

0.4

0.6

0.8

CCA
e

101 102

Number of features

0.0

0.2

0.4

0.6

0.8

PLS
f

0.0

0.2

0.4

0.6

0.8

1.0

co
rr(

loa
din

gs
, c

ro
ss

-lo
ad

ing
s)

−0.5

0.0

0.5

Re
qu

ire
d 

sa
m

ple
s p

er
 fe

at
ur

e
(c

ro
ss

-lo
ad

ing
s -

 lo
ad

ing
s)

/lo
ad

ing
s

X loadings

Y loadings

Supplementary Figure 6. Loadings and cross-loadings. a-b) Loadings are defined as Pearson
correlations, r, (across observations) of a feature with the CCA/PLS scores. The loadings vector contains
these correlations for all variables. Apart from the illustrated loadings, cross-loadings in which scores of
one set are correlated with the original features of the other set can also be computed. c-d) Color values
represent Pearson correlation between true loadings and true cross-loadings. The shown correlations were
averaged across generative models different assumed weight vectors. c) In CCA, true loadings and true
cross-loadings were collinear. d) For PLS, they were strongly correlated. e-f) For PLS cross-loadings provide
more stable estimates of feature profiles than loadings. For both loadings and cross-loadings we calculated
the required number of samples per feature to obtain less than 10% error. Shown here color-coded is their
the difference, i. e. the required sample-per-features for cross-loadings minus for loadings, divided by the
required samples-per-feature for loadings. e) Relative differences were small for CCA. f) However, for PLS
fewer observations were required with cross-loadings than with loadings to obtain the same error level. rtrue

indicates the true between-set correlations used in each respective simulation. 25 covariance matrices with
different true weight vectors (10, due to computational expense, in the case of PLS with rtrue=0.7 and number
of features=128) were used to instantiate generative models.
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Supplementary Figure 7. Sample sizes required to obtain less than 10% weight error are shown
for CCA (a) and PLS (b), depending on the assumed true correlation rtrue and the total number of features
in the data. Unless rtrue is high, 100s to 1000s of samples are required. rtrue denotes the assumed true
between-set correlation. Required sample sizes were averaged across 25 generative models with different
assumed weight vectors (10, due to computational expense, in the case of PLS with rtrue=0.7 and number of
features=128).
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Supplementary Figure 8. Stability and PC similarity of weights and loadings. Stability of loadings
was quantified with pairwise Pearson correlation of loadings from independent collection of samples, averaged
over 25 generative models with different assumed weight vectors. Loading error was averaged across 100
draws of collections of observations from each of these 25 generative models. a-b) PLS loadings exhibit very
high stability despite large loading error at lower sample sizes, in contrast to CCA. Shaded areas show 95%
confidence intervals. c-d) The steeper the within-set variance spectrum the more stable were loadings for
both CCA and PLS, and weights for PLS. Thin black bars indicate 95% confidence intervals, thick black bars
the interquartile range and the white bar represents the median. e-f) CCA loadings resembled dominant
principal component (PC) axes, while CCA weights for small sample sizes resembled more low-variance
PC-axes. In contrast, PLS weights and loadings both exhibited strong bias toward dominant PC axes. rtrue

is the true between-set correlation assumed in the generative model.
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Supplementary Figure 9. Weights vs loadings in real data. Using 180 fMRI-GBC features and the
5 dominant behavioral principal components as input to CCA / PLS we here illustrate GBC weights and
loadings. a CCA weights, b PLS weights, c CCA loadings, and d PLS loadings. Note the relative noisiness of
CCA weights. e-f shows a decomposition of weights and loadings into principal components, illustrating
that CCA weights overlap more with low-variance PC-axes, while CCA loadings, as well as PLS weights and
loadings overlap more with dominant PC-axes.
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Supplementary Figure 10. Additional CCA and PLS analyses of HCP data. Layout is similar to
first row in Fig. 5. a-d) HCP dMRI data was related to behavioral and demographic data. Overall, CCA
and PLS behave similarly using dMRI compared to fMRI data (Fig. 5a-d). p-values in a and c were 0.001
and 0.001, respectively. e-h) Re-analysis of HCP fMRI vs behavior data with optimized number of principal
components. Format is identical to Fig. 5. The only difference is the number of principal components retained
for analysis: whereas in Fig. 5 100 principal components were used for both datasets, in agreement with
previous studies of HCP data, here we chose the number of principal component with a “max-min detector”.
As the algorithm provided multiple values for the optimal number of components pX (neuroimaging data)
and pY (behavioral and demographic data), we selected here the pair that minimized pX + pY . The optimized
values were pX = 59 and pY = 31, along with 13 between-set modes (we only consider the first one here).
p-values for CCA and PLS were, respectively, 0.001 and 0.004. While the results are very similar to Fig.
5, (i) the observed between-set correlations in e) appear to have stabilized more and are lower than in Fig.
5a, (ii) in-sample and cross-validated association strengths are more similar here in panels a) and c) than
in Fig. 5, and (iii) weight similarities in b) and d) are higher than in Fig. 5. Altogether results seem to
have converged more with the same sample size. This demonstrates the potential benefit of dimensionality
reduction for CCA and PLS. Shaded areas indicate 95% confidence intervals across subsample pairs and
(where applicable) 1000 permutations. All analyses were performed with 100 randomly drawn subsamples
of varying sizes (x-axis). For each subsample size and repetition, we created two non-overlapping sets of
subjects and calculated weight stability using these non-overlapping pairs.
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Supplementary Figure 11. HCP data analysis workflow. Resting-state functional connectivity data
and behavioral and demographic data from corresponding subjects were separately deconfounded, reduced to
100 principal components and then analyzed with CCA and PLS.
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Supplementary Figure 12. HCP fMRI CCA/PLS results for X and Y separately. For conciseness,
sample size dependences of weights, PC loadings and original-variable loadings were collapsed into one quantity
in Fig. 5 and Supplementary Fig. 14. Here, X and Y weights and loadings are shown separately. Shaded
areas indicate 95% confidence intervals across subsample pairs and (where applicable) 1000 permutations. All
analyses were performed with 100 randomly drawn subsamples of varying sizes (x-axis). For each subsample
size and repetition, we created two non-overlapping sets of subjects and calculated weight stability using
these non-overlapping pairs.
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Supplementary Figure 13. UKB fMRI CCA/PLS results for X and Y separately. For conciseness,
sample size dependences of weights, PC loadings and original-variable loadings were collapsed into one quantity
in Fig. 5 and Supplementary Fig. 14. Here, X and Y weights and loadings are shown separately. Shaded
areas indicate 95% confidence intervals across subsample pairs and (where applicable) 1000 permutations. All
analyses were performed with 100 randomly drawn subsamples of varying sizes (x-axis). For each subsample
size and repetition, we created two non-overlapping sets of subjects and calculated weight stability using
these non-overlapping pairs.
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Supplementary Figure 14. Loadings in HCP fMRI and UKB. Continuation of Fig. 5. Both
PC-loadings (calculated as the correlation across observations between CCA/PLS scores and PCs of the data
matrices) and original-variable-loadings (calculated as the correlation across observations between CCA/PLS
scores and the columns of the data matrices) show a similar pattern as weights (compare Fig. 5), with
loadings being slightly more similar to PC1 than weights. Stability and PC1 similarity were calculated
according to Eqs. 17 and 18, respectively. Shaded areas indicate 95% confidence intervals across subsample
pairs and (where applicable) 1000 permutations. All analyses were performed with 100 randomly drawn
subsamples of varying sizes (x-axis). For each subsample size and repetition, we created two non-overlapping
sets of subjects and calculated weight stability using these non-overlapping pairs.
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Supplementary Figure 15. CCA and PLS association strength in UKB depending on retained
number of principal components. a) In-sample and b) cross-validated association strength for CCA,
measured as between-set correlation. c) In-sample and d) cross-validated association strength for PLS,
measured as between-set covariance.
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Supplementary Figure 16. Schematic for estimating weight errors for published CCA results.
For each CCA from the literature in our database, synthetic data for CCA is generated with matching number
of samples and features. 100 collections of observations are drawn for each assumed ground-truth between-set
correlation rtrue of 0.00, 0.01 . . . 0.99. In each generated dataset the between-set correlation is estimated and
if it is close to the value in the reported CCA, the weight error for the synthetic dataset is recorded. The
distribution of recorded weight errors across assumed ground-truth between-set correlations and repetitions
of the whole process is shown in Fig. 6b and its mean in Fig. 6a.
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Supplementary Figure 17. Sample-size calculator. a) Algorithm for sample-size calculation. Sample
sizes can, in principle, be calculated directly with GEMMR, as shown in Fig. 7c-d. However, this is
computationally expensive. To quickly obtain sample-size estimates, we developed the algorithm illustrated
here. b-g) Especially for low assumed ground-truth between-set correlations and a high number of features
it is computationally expensive to estimate the required number of observations by generating synthetic
datasets and searching the sample size such that error bounds are satisfied. To abbreviate this process
we pre-calculate required sample sizes using the generative model approach for certain parameter values,
fit a linear model to log(nrequired) and then use it to quickly interpolate for parameter values not in the
pre-calculated database. Predictors for the linear model are − log(rtrue), log(pX + pY ) and, for PLS only,
|aX + aY |, where rtrue indicates the true between-set correlation, pX and pY are the number of features
in datasets X and Y , respectively, and aX and aY are the power-law decay constants for the within-set
principal component spectrum, respectively. Shown here are linear model estimates for the required sample
size based on the combined criterion, i. e. the sample sizes required to obtain 90 % power and at most 10 %
error for the between-set association strength, weight, score and loading error. b) Linear model coefficients
for CCA and PLS. c-d) The pre-calculated database was split in half where one half corresponded to true
between-set correlations of rtrue = 0.1 and 0.3, the other to rtrue = 0.5 and 0.7. The linear model was
re-estimated separately for each half, and used to predict the other half. We obtained good predictions for
CCA (c) and PLS (d). e-f) Solving the linear model for rtrue, we aim to predict between-set correlations.
We train the model using either simulation outcomes for rtrue ∈ {0.1, 0.3}}, or rtrue ∈ {0.7, 0.9}} and testing
the predictions on the remaining rtrues. e) Good predictions can be obtained in this way for CCA, f) but not
for PLS.
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Supplementary Figure 18. Parameter dependencies of required sample sizes. a-b) Required sample
sizes based on the combined criterion increase with number of features and for low true between-set correlations
rtrue. Required sample sizes were averaged across 25 generative models with different assumed weight vectors
(10, due to computational expense, in the case of PLS with rtrue=0.7 and number of features=128). Due to
computational expense values for some parameter sets were not available (white). c-d) Scaling of sample-size
dependence on number of features, shown here for rtrue = 0.3, for different metrics.
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Supplementary Figure 19. Sample-size dependence on within-set variances. a-d) CCA, e-h)
PLS. Simulated parameter sets were averaged across subsets having indicated values for the true between-set
correlation rtrue and for aX +aY (the sum of within-set power-law decay constants) ±0.5. The closer aX +aY
was to 0 (i. e. the “whiter” the data) the fewer observations were required.
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Supplementary Figure 20. Required sample size for CCA vs. PLS. We instantiated joint
covariance matrices (assuming 1 between-set association mode), drew observations from the associated normal
distributions, and analyzed the resulting datasets with both CCA and PLS. The CCA and PLS estimations
were then compared, respectively, to the true CCA and PLS solutions, which were derived from the joint
covariance matrices. Panels a-g) show for various error metrics how resulting deviations from the truth
compare between CCA and PLS. PLS errors for a given dataset tend to be larger than CCA errors in many,
but not all, datasets. h-n) For various error metrics, when PLS has a smaller error than CCA, this tends
to happen preferentially when the true PLS weight overlaps strongly with the PC1 axis. Here, we used 25
different generative models with different assumed weight vectors (except for PLS with pX=64 and r = 0.7
where we only had completed simulations for 21 completed generative models) and drew 100 collections of
observations from each generative model. Datasets were included in these analyses if the CCA or PLS error
were below 0.5.
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Supplementary Figure 21. Comparison of PLS and sparse PLS. (Caption follows)
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Comparison of PLS and sparse CCA (PLS). We have compared the capacity of PLS and sparse PLS
[Witten et al., 2009] (this method is also referred to as “sparse CCA”, see Supplementary Note 3) to recover
different kinds of weight profiles (cf. different rows in figure to the left). For all except the first row, PLS
and sparse PLS estimated the correct weight profile provided the sample size was large enough. In the first
row, where a flat weight was assumed, sparse PLS failed, although it is unclear if even larger sample sizes
would allow sparse PLS to succeed. Note that, for small sample sizes, both PLS and sparse PLS put strong
weight on the first principal component, irrespective of the true population weight. Note also, that weight
stability (last column) was, overall, similar for PLS and sparse PLS: sparse PLS had a slight advantage for
sparse population weights and small sample sizes (last 2 rows). To produce these data, we assumed the
same population weight for X and Y, a population between-set correlation of 0.3 and a within-set principal
component variance spectrum decaying with constant -1 (for both X and Y). We ran 10 repetitions for each
parameter combination and calculated stability as the pairwise cosine similarity between all possible pairs
among the 25 repetitions. Shaded areas represent 95% confidence intervals. Altogether, in the situations
show-cased here, sparse PLS did not do better than PLS.
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Supplementary Table 1. Considerations and recommendations for using CCA and PLS in practice.

# Keyword Recommendation

1. Importance of
sample size and
number of fea-
tures

Sample size and the number of features in the dataset are of critical importance
for the stability of CCA and PLS.

2. Significance test-
ing

A significant non-zero association does not necessarily indicate that estimated
weights are reliable.

3. Association
strength error

In-sample estimates for association strengths are too high. Out-of-sample estimates
are more conservative. In-sample estimates of association strenghts should also
not be taken as evidence of predictive validity of CCA/PLS model.

4. Weights & load-
ings

Weights and loadings estimated with too few observations are unreliable. For PLS,
estimation of cross-loadings required fewer observations than loadings.

5. PC1 similarity In PLS, weights can appear consistently similar to the first principal component
axis.

6. Deceptive weight
stability

For PLS, weights can appear stable, scattering around the first principal component
axis, and converge to their true values only for very large sample sizes.

7. Subsampling Subsampling can be used to check stability of estimated association strengths in
empirical data: similar results for varying subsample sizes indicate stability.

8. Reporting Number of observations, number of features (after dimensionality reduction) and
obtained association strength (in-sample and cross-validated) should be reported.
The within-set variance spectrum is useful as well.

9. Required sample
size

Generally, we recommend at least 50 samples per feature for CCA, more for
PLS (depending on the variance spectrum). The accompanying Python package
(GEMMR) can be used to calculate recommended sample sizes for given dataset
characteristics.
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Supplementary Note 1 Canonical Correlation Analysis (CCA) and

Partial Least Squares (PLS)

We assume that we have two datasets in the form of data matrices X and Y , both of which have n rows

representing samples, and, respectively, pX and pY columns representing measured features (or variables).

Throughout we also assume that all columns of X and Y have mean 0. If both datasets consisted of only a

single variable, we could measure their association by calculating their covariance or correlation. On the other

hand, if one or both consist of more than one variable, pairwise between-set associations can be obtained

but the possibly huge number of pairs results in a loss of statistical sensitivity and a difficulty to concisely

interpret a potentially large number of significant associations [1]. To circumvent these problems, canonical

correlation analysis (CCA) and partial least squares (PLS) estimate associations between weighted composites

of the original data variables and find those weights that maximize the association strength.

Terminology

Given a data matrix, e. g. X, composite variables or scores ~tX (a vector of the same size as the number of

samples, n) are formed by projection of X onto a weight vector ~wX (of same size as the number of variables

in X, pX), see Fig. 1A:

~tX = X ~wX . (1)

Loadings ~̀XX (of same size as the number of variables in X, pX) characterize these composite variables

by measuring their similarities with each of the original data variables in X (Supplementary Fig. 6A,B)

(`XX)j = corr
i

(Xij , tX,i) = (~xj)z ·
(
~tX
)
z

(2)

where corr means Pearson correlation, ~xj is the j-th column of X, and the subscript z represents z-scoring

across samples (i. e. subtraction of the mean and subsequent division by the standard deviation across

samples). The complete loading vector is then

~̀
XX = XT

z

(
~tX
)
z
/(n− 1)

= diag(SXX)−
1/2SXX ~wX/

√
~wT
XSXX ~wX (3)
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where SXX is the sample covariance matrix for X. Similarly, cross-loadings can be defined as

~̀
XY = XT

z

(
~tY
)
z
/(n− 1)

= diag(SXX)−
1/2SXY ~wY /

√
~wT
Y SY Y ~wY (4)

where SY Y and SXY are, respectively, the sample covariance matrix for Y and the sample cross-covariance

matrix between X and Y .

We note that alternative terminologies exist. CCA/PLS “scores” (as described above) could also be called

“variates”, “weights” (as described above) could also be called “vectors”, and “loadings” (as described above)

could also be called “parameters”. For CCA, the correlation between the score vectors, i. e. the “between-set

correlations” or “inter-set correlations” are also called “canonical correlations”.

Partial Least Squares

Partial Least Squares (PLS) finds the maximal covariance achievable between weighted linear combinations

of features from two data matrices X and Y [2]:

wX , wY = arg max
‖w̃X‖=1,‖w̃Y ‖=1

cov (Xw̃X , Y w̃Y ) (5)

The solution is based on the between-set covariance matrix ΣXY which can be estimated from data via its

sampled version SXY = 1
n−1X

TY . Performing a singular value decomposition yields

ΣXY = Udiag(~σXY )V T (6)

such that the optimal weights are given by the first columns of U and V , and the maximal covariance

max
‖w̃X‖=1,‖w̃Y ‖=1

cov (Xw̃X , Y w̃Y ) (7)

by the first singular value σXY,1 [3, 4].

Multiple modes of association can be estimated in this way: beyond only the first column, every pair of

corresponding columns in U and V provides another mode such that cov(X~ui, Y ~vi) (for 1 ≤ i ≤ min(pX , pY ))

is maximal given that the covariance of lower modes (those with indices < i) has already been accounted for.

There are a number of different algorithms for PLS that differ conceptually in how these higher modes are
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estimated [2, 3]. The one presented above (sometimes called “partial least squares correlation” or PLS-SVD)

was chosen for its similarity to canonical correlation analysis (see below). Another notable PLS algorithm is

“PLS regression” which, in contrast to the above flavor, is asymmetrical in its handling of X and Y in that it

estimates weighted composites (scores) for X and re-uses these as predictors for Y [2].

Canonical Correlation Analysis

Canonical Correlation Analysis (CCA) [5], as a multivariate extension of Pearson’s correlation, finds maximal

correlations between weighted linear combinations of variables from X and Y :

~wX , ~wY = arg max
~̃wX , ~̃wY

corr
(
X ~̃wX , Y ~̃wY

)
(8)

Note that corr
(
X ~̃wX , Y ~̃wY

)
is independent of the scaling of ~̃wX and ~̃wY . I. e. if ~wX and ~wY are solutions

of (8), then cX ~wX and cY ~wY , where cX ∈ R and cY ∈ R, are also solutions.

Also note that, as for PLS, several modes of association can be obtained with this framework by successively

discounting the variance that has been explained by lower-order modes.

The maximal correlation in (8) is often called “canonical”.

The further analysis is then based on the “whitened” between-set covariance matrix

Σ
(CCA)
XY = Σ

−1/2

XX ΣXY Σ
−1/2

Y Y (9)

[6, 7]. A singular value decomposition of Σ
(CCA)
XY is performed, yielding

Σ
(CCA)
XY = Udiag(~σXY )V T (10)

and the singular values ~σXY turn out to be the canonical correlations from (8), i. e. the maximal achievable

correlations between a weighted linear combination of variables in X on the one hand, and a weighted linear

combination of variables in Y on the other hand. The corresponding weights are given by

WX = Σ
−1/2

XX U (11)

WY = Σ
−1/2

Y Y V . (12)
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The use of the “whitened” between-set covariance matrix in CCA leads to an invariance property between

datasets. To see this, let Xw, Yw be whitened data matrices, i. e. Xw = XΣ
−1/2

XX and Yw = Y Σ
−1/2

Y Y such that

ΣXwXw
= 1, ΣYwYw

= 1 . Then,

Σ
(CCA)
XwYw

= Σ
−1/2

XwXw
ΣXwYw

Σ
−1/2

YwYw
(13)

= ΣXwYw (14)

= Σ
−1/2

XX ΣXY Σ
−1/2

Y Y (15)

= Σ
(CCA)
XY (16)

which is the same as for the original (non-whitened data). Consequently, canonical correlations for the original

and whitened data are the same, given by the singular values of Σ
(CCA)
XY , canonical weights for the whitened

data are directly its singular vectors and canonical weights for the original (non-whitened) data differ only by

a matrix Σ
−1/2

XX and Σ
−1/2

Y Y for X and Y , respectively (see (11)-(12)).

It can be shown that the invariance property is even more general [6]. Let O(X) ∈ RpX×pX and O(Y ) ∈

RpY ×pY be non-singular and ~d(X) ∈ RpX and ~d(Y ) ∈ RpY be arbitrary vectors. Then X̃ = O(X)X + d(X) and

Ỹ = O(Y )Y + d(Y ) have the same canonical correlations as X and Y , and the canonical vectors are related by

~̃wX =
(
O(X)

)−1

~wX (17)

~̃wY =
(
O(Y )

)−1

~wY (18)

Thus, in particular, z-scored data Xz = diag(SXX)−1/2X and Yz = diag(SY Y )−1/2Y as well as whitened data

Xw and Yw have the same canonical correlations as the original data X and Y .

In CCA, X- and Y -weights are related by [8]

wX = Σ−1
XXΣXY ~wY /σXY (19)

wY = Σ−1
Y Y ΣY X ~wX/σXY (20)

Replacing sample with population covariance matrices in (3) and (4), we thus also see that loadings and
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cross-loadings are collinear

~̀
XY = diag(ΣXX)−

1/2ΣXY ~wY /
√
~wT
Y ΣY Y ~wY

= diag(ΣXX)−
1/2ΣXXΣ−1

XXΣXY ~wY /
√
~wT
Y ΣY Y ~wY

∝ diag(ΣXX)−
1/2ΣXX ~wX

∝ ~̀XX (21)

Overestimation of association strength

Let ΣXY be a population cross-covariance matrix with singular value decomposition

ΣXY = Udiag(~σXY )V T (22)

and let ~u1, ~v1 and σ1 be, respectively, the first columns of U , V and the first entry in ~σXY . In PLS, ~u1, and

~v1 are the weight vectors of the first mode and σ1 is the corresponding association strength.

The sample covariance matrix SXY = 1
n−1X

TY is an unbiased estimator for ΣXY , i. e. E[SXY ] = ΣXY .

Therefore,

E[~uT1SXY ~v1] = ~uT1 E[SXY ]~v1 = ~uT1ΣXY ~v1 = σ1 (23)

i. e. if the true (but unknown) weights were applied to a given dataset (between-set covariance matrix) the

association strength of the resulting scores would, on average, match the true association strength. However,

by definition, PLS selects those weight vectors that maximize the association strength between resulting

scores. If ~̂u1 and ~̂v1 are those optimal weights for a given dataset, then

~̂uT1SXY ~̂v1 ≥ ~uT1SXY ~v1 (24)

and consequently also

E[~̂uT1SXY ~̂v1] ≥ E[~uT1SXY ~v1] = σ1 (25)

i. e. the association strength is overestimated.
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PC-1 similarity

We show here, for the special case that the between-set covariance matrix SXY has rank 1, that PLS weights

are more similar to the first princpial component than CCA weights.

To describe the data we choose, without loss of information, a convenient coordinate system. Specifically,

we assume that both X and Y data are expressed in their respective principal component coordinate system.

Now, as said, we consider here the special case that SXY has rank 1, such that its singular value decomposition

is

SXY = ~us1~v
T. (26)

In this equation, ~uPLS ≡ ~u and ~vPLS ≡ ~v are, respectively, the X and Y PLS weight vectors.

To obtain the CCA solution, we consider K = S
−1/2
XX SXY S

−1/2
Y Y . Then, we note that

K = S
−1/2
XX ~us1~v

TS
−1/2
Y Y (27)

=
S
−1/2
XX ~u

‖S−1/2
XX ~u‖

‖S−1/2
XX ~u‖s1‖S−1/2

Y Y ~v‖

(
S
−1/2
Y Y ~v

‖S−1/2
Y Y ~v‖

)T

(28)

As

∥∥∥∥ S
−1/2
XX ~u

‖S−1/2
XX ~u‖

∥∥∥∥ =

∥∥∥∥ S
−1/2
Y Y ~v

‖S−1/2
Y Y ~v‖

∥∥∥∥ = 1, the right-hand side constitues the singular value decomposition of K. Thus

~uCCA =
S

−1/2
XX ~uPLS

‖S−1/2
XX ~uPLS‖

and ~vCCA =
S

−1/2
Y Y ~vPLS

‖S−1/2
Y Y ~vPLS‖

are the X and Y CCA weight vectors, respectively.

As we have assumed data are expressed in the principal component coordinate system, the cosine similarity

of ~uPLS (analogously ~vPLS) with the first principal component is simply the first coordinate of ~uPLS, (~uPLS)1,

which we denote cPLS. Likewise, the cosine similarity of ~uCCA with the first principal component is given

by its first coordinate, denoted cCCA. To calculate that, let λ1 ≥ · · · ≥ λp denote the principal component

variances for X and note that

‖S−1/2
XX ~uPLS‖ =

√(
λ
−1/2
1 (~uPLS)1

)2

+
(
λ
−1/2
2 (~uPLS)2

)2

+ · · · (29)

= λ
−1/2
1

√√√√((~uPLS)1)
2

+

(
λ
−1/2
2

λ
−1/2
1

(~uPLS)2

)2

+ · · · (30)

≥ λ−1/2
1

√
((~uPLS)1)

2
+ ((~uPLS)2)

2
+ · · · (31)

≥ λ−1/2
1 ‖~uPLS‖ = λ

−1/2
1 (32)
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Then,

cCCA =
λ
−1/2
1 (~uPLS)1

‖S−1/2
XX ~uPLS‖

(33)

≤ λ
−1/2
1 cPLS

λ
−1/2
1

(34)

= cPLS. (35)

Thus, at least in the case of rank 1 between-set covariance matrices, PLS weight vectors have a stronger

cosine similarity with PC1 than CCA weight vectors.

Supplementary Note 2 Scaling law for between-set correlations

When the true population canonical correlations are non-zero, the density of the observed canonical correlations

is extremely complicated, following a hypergeometric function of two matrix arguments [9, Section 12.4.2].

Assuming ΣXY = 0, i.e. that all population canonical correlations are 0, the density for the squares of

the observed canonical correlations is given by Anderson [9, Section 13.4]. While this density is still rather

complicated in general, some insight can be gained in the special case where one of the feature spaces, say X,

has only 1 dimension, i.e. pX = 1.

Let p = pX + pY and let n be the number of available samples. Then, the density d for the squares of the

observed canonical corrlation, ρs, is [9, Section 13.4]

d(ρs) =
Γ[ 1

2 (n− 1)]

Γ[ 1
2 (n− p)]Γ[ 1

2 (p− 1)]
ρ

1
2 (p−3)
s (1− ρs)

1
2 (n−p−2) (36)

From this, we find the expected value of ρs as

Eρs =

∫ 1

0

ρsd(ρs) dρs (37)

=
p− 1

n− 1
(38)

Empirically, we find this scaling law for the first (highest) observed canonical correlation to hold well for

”small” n, even when pX > 1, and even when the true population canonical correlation is > 0 (Supplementary

Fig. 22). pX > 1 leads to a vertical offset in the observed relationship, while the scaling as such appears
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unchanged.

The scaling law suggests to use (n − 1)/(p − 1) rather than the quantity “samples per feature”, n/p

(which we have used in multiple places throughout the manuscript). However, we do not know whether the

theoretical scaling with (n− 1)/(p− 1) would generalize to other quantities like various error metrics, beyond

E r2. In fact, we have tried to re-plot Fig. 3 as a function of (n− 1)/(p− 1) instead of n/p and this did not

universally make the curves co-incide more. Moreover, ”samples per feature” is conceptually simpler than

(n− 1)/(p− 1). For these reasons, we have chosen to continue to use ”samples per feature” throughout the

manuscript instead of (n− 1)/(p− 1).

101

(n-1)/(p-1)

10 1

Er
2

pX=1, pY=15

101

(n-1)/(p-1)

pX=2, pY=14

101

(n-1)/(p-1)

pX=4, pY=12

101

(n-1)/(p-1)

pX=8, pY=8

scaling law 0.0 0.1 0.3

Supplementary Figure 22. Scaling of observed canonical correlation. The expected value for
the square of the observed canonical correlation, E r2, largely follows the scaling law (38). Colored lines
represent simulation results with different assumed true population canonical correlations. We assumed in
the simulations 1 component for the between-set covariance, i.e. one true population covariance 6= 0. While
the scaling law (black dashed curve) was derived assuming a true between-set correlation of rtrue = 0 as well
as assuming a dimensionality for the X feature space of pX = 1, simulations show that it holds approximately
for ”small” n for other rtrue (shown are rtrue = 0.1 (orange) and 0.3 (green)). pX 6= 1 leads to a vertical
offset, while the scaling as such remains constant.

Supplementary Note 3 Sparse PLS

Multiple sparse CCA and PLS methods exist [10–13]. Here, we use penalized matrix decomposition (PMD) [12],

which has found widespread application, see e.g. [14–19]. Briefly, the PMD algorithm repeats the following

steps until convergence [12]

• ~u← arg max~u ~u
TXTY ~v subject to ‖~u‖1 ≤ c1 and ‖~u‖2 ≤ 1
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• ~v ← arg max~v ~u
TXTY ~v subject to ‖~v‖1 ≤ c2 and ‖~v‖2 ≤ 1

to maximize ~uTXTY ~v. If XTX ≈ 1 and ‖~u‖2 = 1, then 1 = ‖~u‖2 ≈ ‖X~u‖2 and analogously for Y .

Consequently, ~uTXTY ~v ≈ ~uTXTY ~v/
√
‖X~u‖2‖Y ~v‖2 = corr(X~u, Y ~v). Note that the approximation XTX ≈ 1

(together with Y TY ≈ 1) makes this sparse “CCA” variant identical to sparse PLS [19,20].

Implementation and sparsity parameter selection

We implemented a Python wrapper for the R-package PMA [21] which we used with default parameters.

Sparsity parameters were estimated separately for each dataset subjected to sparse CCA via 5-fold cross-

validation [12,22]: for X and Y we used 3 different candidate sparsity parameters (0.1, 0.3, and 0.5 where

smaller values mean more sparsity and 1 corresponds to no sparsity), and used the same parameter for both

X and Y . For each candidate parameter sparse CCA was estimated with 80 % of the data, the resulting

weights applied to the remaining 20 % of the data to obtain test scores, the Pearson correlation calculated

between the test scores and averaged across the 5 folds. The sparsity parameters for which the test-correlation

averaged across folds was maximal, was then selected and sparse CCA re-estimated on the whole data with

these parameters.

Supplementary Note 4 Reduced Rank Regression

In the following, we first derive theoretically that RRR is expected to behave similarly to CCA and PLS. We

then continue to derive a generative model akin to what we have done for CCA and PLS and end with a

simulation that illustrates the theoretical results.

RRR linearly predicts a pY -dimensional ~y from a pX -dimensional ~x, using a rank-constrained coefficient

matrix C [23, Section 6.3.2]:

~y = C~x+ Error (39)

C is then found using a least-squares approach by minimizing [23, Section 6.3.2]:

W = E
[
(~y − C~x)T Γ(~y − C~x)

]
(40)

where Γ is a positive-definite symmetric parameter matrix. Note that the choice Γ = Σ−1
Y Y leads to an RRR
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method that is equivalent (in a specific sense) to CCA, see [23, Section 6.3.2]. The C that minimizes (40)

is [23, Section 6.3.2]

C = Γ−
1
2VqV

T
q Γ

1
2 ΣY XΣ−1

XX (41)

where q is the imposed rank of C, ΣAB is the (cross-)covariance matrix between ~a and ~b (both assumed

to be de-meaned), and the columns of Vq = (~v1, . . . , ~vq) are the eigenvectors corresponding to the q largest

eigenvalues (in descending order) of the matrix

R = Γ
1
2 ΣY XΣ−1

XXΣXY Γ
1
2 . (42)

To analyze sample-size-dependence of RRR in the same way as we have done for CCC and PLS, we need a

generative model that lets us simulate ~x and ~y with known RRR-solution. To that end, we note the following

observations:

We first rewrite

C = Γ−
1
2 C̃Σ

− 1
2

XX (43)

with

C̃ = VqV
T
q Γ

1
2 ΣY XΣ

− 1
2

XX (44)

Next, we make the following coordinate substitions:

• ~x→ ~xW = Σ
− 1

2

XX~x

• ~y → ~yΓ = Γ
1
2 ~y

Then,

R = ΣYΓXW
ΣXWYΓ . (45)

Using the singular value decomposition of ΣXWYΓ
,

ΣXWYΓ
= USV T (46)
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we get

R = V S2V T . (47)

Thus, the eigenvalues of R are the diagonal entries of S2 and the corresponding eigenvectors are V , i. e. the

right singular vectors of ΣXWYΓ
. Also,

C̃ = VqV
T
q ΣYΓXW

(48)

= VqV
T
q V SU

T (49)

= VqSqU
T
q (50)

and

C =
(

Γ−
1
2Vq

)
Sq

(
Σ
− 1

2

XXUq

)T
(51)

where Sq is the top left q × q submatrix of S and Uq represents the first q columns of U .

In summary, to solve RRR, we calculate the singular value decomposition of ΣXWYΓ = Σ
− 1

2

XXΣXY Γ
1
2 =

U (RRR)S(RRR)
(
V (RRR)

)T
, restrict U (RRR), S(RRR) and V (RRR) to the first q components, obtain the RRR

”weights” W
(RRR)
Y = Γ−

1
2V

(RRR)
q and W

(RRR)
X = Σ

− 1
2

XXUq, and then the RRR prediction matrix Cq =

W
(RRR)
Y S

(RRR)
q

(
W

(RRR)
X

)T
.

Compare this to

• PLS, where we obtained the weight vectors W
(PLS)
X and W

(PLS)
Y from the singular value decomposition

of IΣXY I = U (PLS)S(PLS)
(
V (PLS)

)T
as W

(PLS)
X = IU

(PLS)
q and W

(PLS)
Y = IV

(PLS)
q

• CCA, where we obtained the weight vectors W
(CCA)
X and W

(CCA)
Y from the singular value decomposition

of Σ
− 1

2

XXΣXY Σ
− 1

2

Y Y = U (CCA)S(CCA)
(
V (CCA)

)T
as W

(CCA)
X = Σ

− 1
2

XXU
(CCA)
q and W

(CCA)
Y = Σ

− 1
2

Y Y V
(CCA)
q

Thus, Γ = ΣY Y leads to an RRR-method with the same sampling properties as CCA. Γ = I provides

a hybrid between PLS and CCA in which the X variables are internally whitened (as in CCA), but the Y

variables are not (as in PLS), and the sampling properties are therefore again not different from CCA and

PLS.

To illustrate this with simulations, we next derive a generative model. As we did for CCA and PLS, we

will work in the coordinate system in which the within-set covariance matrices are diagonal and assume that
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the diagonal entries follow a power-law. The between-set covariance matrix, ΣXY , is

ΣXY = Σ
1
2

XXΣXwYΓΓ−
1
2 (52)

= Σ
1
2

XXU
(RRR)S(RRR)

(
V (RRR)

)T
Γ−

1
2 (53)

= Σ
1
2

XX

(
Σ

1
2

XXW
(RRR)
X

)
S(RRR)

(
Γ

1
2W

(RRR)
Y

)T
Γ−

1
2 (54)

As U (RRR) and V (RRR) are, respectively, left and right singular vectors, we also need to take into account

the following constraints:

(
U (RRR)

)T
U (RRR) = I ⇔

(
W

(RRR)
X

)T
ΣXXW

(RRR)
X = I (55)(

V (RRR)
)T

V (RRR) = I ⇔
(
W

(RRR)
Y

)T
ΓW

(RRR)
Y = I (56)

We will now make the following further assumptions:

1. ΣXY has rank one, such that U (RRR), V (RRR), W
(RRR)
X and W

(RRR)
Y all have one column

2. Γ = I

We can then choose W
(RRR)
Y to be any arbitrary unit vector, set W

(RRR)
X to be ~wX/

√
~wT
XΣXX ~wX for any

arbitrary vector ~wX , and calculate ΣXY from Eq. (54).

For CCA, the diagonal entries of S(CCA) were the between-set correlations. For PLS, the diagonal entries of

S(PLS) were the between-set covariances, and, to compare PLS with CCA, we have expressed these between-set

covariances as a function of the corresponding between-set correlation. This was done by multiplication with

the corresponding standard deviations. To compare RRR (with Γ = I) to CCA and PLS, recall that the

X and Y variables turn out to be treated similar as in CCA and PLS, respectively. Thus, by analogy, we

will set the diagonal entry of S(RRR) to be the given between-set correlation multiplied by the y-standard

deviations (as is done for PLS), but not by the x-standard deviations (as in CCA, the between-set correlation

is not multiplied by a standard deviations, to obtain the diagonal of S).

Supplementary Fig. 23 shows results of a simulation. We have assumed that the between-set correlation

is 0.3 and that the dimensionalities of the X and Y feature spaces are both 16. We have also assumed

that the within-set covariances decay with a power-law with exponent -1 for both X and Y . We have then

generated a random X and a random Y weight vector. For RRR we normalized these vectors according to

eqs. (55) and (55), and then constructed the between-set covariance matrix according to (54). Analogously,
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for PLS, we normalized both of these vectors to have length one and constructed the between-set covariance

matrix according to Eq. 4 in the Methods. For CCA, on the other hand, we normalized both of these vectors

according to the scheme of Eq. (55) and constructed the between-set covariance matrix according to Eq. 6 in

the Methods.

We have then drawn a given number of samples (see x-axis of panels in Supplementary Fig. 23 ) from the

associated joint normal distribution, estimated S, WX and WY for PLS, CCA and RRR, and calculated a

corresponding error metric. This was repeated 100 times and Supplementary Fig. 23 shows the mean of the

error metrics across these 100 repetitions. Note the similarity between the convergences of PLS, CCA and

RRR.

a b c

Supplementary Figure 23. Convergence of PLS, CCA and RRR. Panels show an example simulation
with details described in the main text. Note the similarity between PLS, CCA and RRR. a) The relative
association strength error is calculated as (ŝ− strue)/strue, where ŝ is the estimated diagonal entry of S and
strue is the true value that was assumed when constructing the generative model. b, c) The weight error is
calculated as 1− | cossim(ŵ, wtrue)|, where cossim denotes cosine-similarity, ŵ is the estimated weight vector
and wtrue is the true value that was assumed when constructing the generative model.
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