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Supplementary Figure 1. Comparison of ScreenDMT’s power and family-wise error rate (FWER) to competing
approaches in replication of two datasets via simulation. Simulation of two datasets with strong or weak dependence
between analytes when the signal strength per analyte is equal between the two datasets and when it is unequal. The x-axis
represents the percent of analytes that do not truly directionally replicate but show some effect in one of the studies or show
effect in both studies of opposite direction. (a) Probability of detecting true associations (power). (b) FWER. The FWER
threshold is 5%



Supplementary Note 1: ScreenDMT procedure and validation

Problem statement

Let wy; and wy be two finite real valued parameters. In the mediation setting w; and wy represent the
exposure-mediator and the mediator-outcome effect, while in the replication setting w; and ws represent
parameters pertaining to the same biological entity measured in two studies. Whether we are interested in
directional mediation or directional replication across two studies, without loss of generality we can consider
the problem of detecting mediation in a direction consistent with the exposure increasing the outcome or
replication in the same direction across two studies. Thus, we are interested in testing the directional null
hypothesis:

Hp: wiwe <0, against f_fo Twiwg > 0.
The null hypothesis can alternatively be written as:

Hy:w; =0orwy;=0or sign(wjwse) = —1.
We assume that we have \/n,-consistent and asymptotically normal estimates &; of w; for i = 1,2 such that

V(@ — w;) 5 N(0,02)

where the convergence is convergence in distribution and 0 < 0; < oo for ¢ = 1,2, where o; is known. Then
we can define component p-values P, and P, for testing H; : w; = 0 and Hj : wy = 0, respectively,

P, =29 (—W> (1)

i

where ®(+) is the standard normal cumulative distribution function. The procedures below are valid for large
samples if consistent estimates of ¢; are used instead. We further assume that @; and @y are independent
(i.e. @1 UL &9), a plausible assumption in both the mediation and the replication setting.

To simplify notation we let

5 _ wi\/ﬁi
;=
0;
for ¢ = 1,2 so that Equation 1 becomes P; = 2 (7|32|) This is without loss of generality, since in any

dataset \/n,;/o; is a constant coefficient of &;. The constant is always positive, so d; could replace w; in the
problem statement. We assume w; and o; are fixed, so |0;] — oo implies §; # 0 and n; — oco. This problem’s
null (white) and alternative (grey) regions are shown in the figure below.
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Directional MaxP test

Previous result

The following result given in Dreyfuss et al.! regarding the directional MaxP test introduced in the Hitman
method specifies how a p-value for Hy can be obtained from both two-sided p-values associated to the two
parameters under study.

Let P and P> be the two valid component p-values foAr testing H; : w; = 0 and Hs : ws = 0 and let
P = max{P;, P} and P = min{Py, Po}. Further, let S = I(sign(&1&2) = 1) indicate if the signs of the
estimates @; and @9 are the same, where I(-) is the indicator function which is one if its argument is true

and zero otherwise. Then .
N

P
Ppyr = <2>

We showed this by demonstrating that ]P’(PDMT <u) <wufor 0 <wu<1. The case of u = 0 is trivial and
we identified that under the null hypothesis P(S = 1) < % and then focused on the more challenging case of

is a valid p-value for testing H.

O<u< % We also showed that IP’(S’ =1)= % if and only (41, d2) is on the boundary of the parameter space
where 61 = 0 U d2 = 0. Since 6; and §, are treated symmetrically, without loss of generality we considered
the null region Hy : 63 < 0Nd2 > 0. On the boundary of HY, we found that P(Pppyr < uldy = 0,2 =
0) = 2u? < u, whereas if one parameter is zero and the magnitude of the other tends to infinity (i.e. the
parameter is nonzero and the sample size tends to infinity), we saw that P(Ppyr < u) — w, which is the
least favorable null. Gail et al.2 came to the same conclusion, which they proved using Schur-convexity. We
also found that when (8;,d3) — (—00,00) then P(§ = 1) — 0 so P(Ppyr < u) — 0, which is the global
minimum.



Proposition 1: The directional MaxP test is the Likelihood Ratio Test (LRT)

Proof

This problem is related to the problem of finding subsets of samples with effects of different signs (i.e. qual-
itative interactions, QI), whose LRT was shown by Gail et al.? and nicely presented in Hudson et al.3. In
that problem, Hégl = wiwy > 0 is tested against lfIOQI t wiwg < 0, so the null region of the parameter space
is Qgﬂ = {(w1,w2) : (w1,ws) € H(?I}. This is also the form of the problem in directional mediation when

the exposure decreases the outcome?.

For our problem, consider applying a LRT based on the asymptotic sampling distribution of (&1,02). The
LRT rejects Hy for large values of:

MAX(v;,v5)€00 Hi6{1,2} o{v/ni(@i —vi)/oi}

7=-—2ln -
MaX (u; uz)er? [ Lic 1,2y H{v/Mi(@i — ui)/oi}

where Qg = {(z1,22) : (x1,22) € Hp} is the null region of the parameter space (Qg is the alternative region)
and ¢(-) is the standard normal density function. The denominator is maximized at u} = @&; for both i = 1, 2.
Then,

2 N 2
i Wi — U;
7T=—2 max ——
(’Ul,’UQ)EQO; 2 ( ag; )
2 o — 0\ 2
. i~ Ui
= min n; | ——
(v1,vz)€Qgi:ZI ‘ ( g; )
If (01,&2) € Qo, then we will have (vf,v3) = (©1,d2), yielding 7 = 0. So we next consider points under
the alternative hypothesis. Without loss of generality, consider that (&1,&2) is in quadrant I, where both
parameters are non-negative. Then the closest (v1,v2) can be to (&1,&2) is to be on the boundary of quadrant
I, where for one of ¢ = 1 or ¢ = 2 we have that v; = @; and for the other ¢,v; = 0. The minimization of the
sum will select the study with the smallest ¢:

= min 621[(8;,09) € Q
7= in o [(01,02) € Q]

where the p-value of the LRT is computed as P(x} > 7)/2 if 7 > 0, otherwise the p-value is one. This is

equivalent to computing the p-value as

P(x? > §2)/2
[ (x1>9;)/

if (51, 32) € Qo or otherwise one, which is asymptotically equivalent to the directional MaxP test, so the
DMT is the LRT.

ScreenDMT: multiple testing of directional hypotheses with screen-
ing
When considering multiple hypotheses (e.g. for many analytes, lipids, genes), we propose the following two-

step multiple testing procedure. The ScreenDMT procedure includes an additional step based on AdaFilter*
to calculate the adjusted p-values.



1. Apply the directional MaxP test per potential analyte to obtain Pppsr.

2. Calculate adjusted p-values using AdaFilter with filtering p-value A = P and selection p-value = =
max{Ppyr,P}. This can be used for calculating adjusted p-values that control the FDR or the
FWER.

Dreyfuss et al. (2021) provided an option in step 1 to calculate valid p-values of these parameters in omics
data using the R package Limma®, which has been found to improve power across omics datasets. The same
option is available for ScreenDMT.

The key property that AdaFilter relies on is a form of conditional validity*. Assuming that for each analyte
P is independent of P,, the property states that when Hy is true:

PE<ulA<u)<u

holds for any fixed u > 0 whenever P(P < u) > 0.

Proposition 2: ScreenDMT satisfies conditional validity in asymptotic sample
sizes

Proof

To demonstrate conditional validity, we first show that this holds on the boundary of the parameter space
where w; = 0Uwy = 0 and then off the boundary under H{, which is where w; < 0N wy > 0. We have,

P(E < u|A < u) =P(max{Ppyr, P} < ulP < u)
P(Ppyr < u, P < u|P < u)
P(Ppyr < u, P < u)/P(P < u)
P(Ppyr < u|lP < u)

For w > 1, we trivially have P(Ppyr < u|P < u) < u. We know that Ppyr and P are symmetric in wy
and ws, so without loss of generality we only consider the null region Hj : w3 <0Nwg > 0. For 0 < u < 1,
using the law of total probability, we continue

£<U)+P(PDMT <u,5':0|£<u)

B<U), sincegzo — f:)D]\/szl7

=P(Ppyr < u,S =1
P(Ppyr < u, 8 =1
P(P < 2u,8 = 1|P. < u)

P(P; < 2u, Py < 2u,S =1|P, <uU Py < u) )
P(P; <2u,Ps <2u,Py <uUPy <u,S=1)

PP <uUP, <u)
P(P, < u, Py <2u,S =1)+P(P, <2u,P, <u,5=1)—P(P, <u, Py, <u,5=1)
PP <u)+P(P<u)—P(P <u, P <u)

For u > % we know that P; < 2u for ¢ = 1,2, so Equation 2 becomes

P(Pl < ’LL) +P(P2 < u) — P(P1 <u, Py < u) ~
s 8 1L (P, P
BB <)+ PP <u) PP <Py <u) 250 L (0P,

P(Ppyr < ulP <u) =P(S =1)

VAN VAN
S ol



To see why S 1L (Py, P;), consider that P; is only a function of |4; | whereas §' is only a function of 81gn(51)
and sign(dz). Then we can observe that |d;| is the same whether 6; = x or §; = —z, and because §; and 9,
are both continuous, they are never zero, so x # —zx, implying that 51gn(5z) AL \5Z|. Finally, we have assumed

above that &; 1L 82, so (sign((?l), sign(gg)) ui (\31|, |52|), which proves the claim.

The second line follows because we showed the bound IP’(S‘ =1)< % previously?.

We now consider P(Ppar < ulP < u) under Hj for 0 < u < 1 both on the boundary of the parameter
space where w; = 0 Uws = 0 and then over the whole parameter bpace

Boundary of parameter space

Under Hj for 0 < u < % when w; = 0 U ws = 0 we know that IP(S’ = 1ljw; = 0Uws = 0) = %
P(P; < ujw; = 0) = u. Without loss of generality, let wy = 0 and wy; < 0, so P(P2 < ujws = 0) = u a
P(P; < u|w; <0) = F(u) > u. For these parameter values, Equation 2 becomes

nd

2F (u) + F(2u) — F(u)

2[u + F(u) — uF(u)]
. F(u) + F(2u)
2+ F(u) — uF(u)]
—u, as F(u) =1

P(Ppyr < u|P < u,ws =0) =

and
3u

]P)(PDMT<U|B<U,UJ]_ :LAJQ:()):m

<u, for0<u<

N | =

F(u) — 1 for 65 =0 as 07 — —oo as per Equation 1 which occurs as nqy — 00

Whole parameter space

We continue Equation 2 for 0 < u < % using the definition of our component p-values from Equation 1,

P(Pparr < ulP < u)
{IP’ (20 (—161]) < w20 (<162]) < 20,8 = 1) + P (20 (~[81]) < 2,20 (~[s]) < u,$ =1)
—]P’(Q(I) (_|81\) < u, 20 (_|82|) <u 8= 1) }/
{1@ (2@ (—|81|) < u) +P (2<1> (_|32|) < u) P (2<1> (_|51\) < u,20 (_|82|) < u) } )
:{IP’ (—|81\ <ol (g) L —18s] < @ L(w), § = 1) +P (—|81| < & L(u), — |6y < &1 (g) S = 1) -
(ol <0 (2).fol <0 (2).5=1)
(e (o1 <o (2)) o2 (<ot () - (ol <o (2) <o (2) )

We calculate these probabilities according to the law of total probability by integrating over the realized
values (1, x2) of the random estimates (@, @2). This involves the joint density



f (51 = 71,00 = xz) =¢(x1 —01) P (22 — d2)

which follows from &; L &5, where @(+) is the standard normal density. For example, for the first term in
the numerator of Equation 3 with fixed §; for i = 1,2,

=
|
S
A
<
—
o e
~—
=
» o
A
oA
95}
Il
—_
~—

01 = 1,02 = I2> f (81 = $1,(§2 = $2> dzidzs
o0 oo m .
:/ / P (—|$1| <o 5) , s < @7 (u), S = 1) ¢ (x1 = 61) ¢ (2 — 02) da1dz2

:[m [mﬂ (—le\ <ol g) L —|wa| < @M (w), 8 = 1) ¢ (z1 — 61) ¢ (w2 — 03) daday

: - v(3) v
:/ (b(l‘l — (51)dl‘1/ (b(.%‘g — 52)d$2 —|—/ ¢(x1 — 61)dx1/ ¢(I2 — (52) dxs
P

—+ (I) ((El — 61)

@*1(5) 1 (u)
—®~1(u) - - }

(P (:L'Q — (52)
)
—[1 @ (-0 w/2) - 8)] [ @ (-0 ) — )] + @ (@M w/2) — 51) B (D7) — 6o)
=0 (D7 (u/2) +61) @ (2 (u) +62) + @ (@ (u/2) — 61) @ (@' (u) — 02) , since ®(—xz) =1 — D(x).

The fourth line (involving the indicator function) holds because (x1,x2) are realizations of random variables,
rather than being random themselves, so the probabilities evaluate to zero where their event is false and one
where it is true. Following this example, we can simplify Equation 3 by removing the S terms,

IP(PDMT < u|P < u)
={® (27 (u/2) +01) @ (D" (u) + &2) + @ (D" (u/2) — 01) D (D' (u) — 02) +

B (8710 +6) @ (07 (1/2) +62) £ 8 (27 () = 5) @ (07 u/2) = o) =

o (@ —1(u/2)+61) (@ (u/2) +62) — @ (@ u/2 61) @ (@' (u/2) — 62) }/ (4)
{® (@ (u/2) +51)+<1>( (u/2)751)+q)( Y(u/2) + 62) + @ (D (u/2) — b2) —

(P (u/2) +01) @ (D7 (u/2) + 62) — (" (u/2) — 01) @ (@ (u/2) — b2) —

O (' (u/2) = 61) @ (D' (u/2) + 82) — @ (P (u/2) + 61) @ (D' (u/2) — b2) }.

2

To evaluate Equation 4 off the boundary in the large sample limit where §; and d2 are no longer finite, consider
that for fixed z with 0 < < 1, lims_,0c ® (27 (2) + 6) = 1 and lims_,oo ® (P! (x) — §) = 0. Using these
limits off the boundary as the sample sizes n; and ny grow unbounded, we find that Equation 4 converges
to zero, so P(Ppyr < u|P < u) — 0, which is the global minimum. Thus, the asymptotic maximum under
H} is reached on the boundary when only one parameter is zero where P(Ppyr < u|P < u) — u, which
completes the proof.

Conditional p-value in finite sample sizes

We have the closed form expression of the conditional p-value P(Ppyr < u|P < u) in Equation 4 for finite
sample sizes, so we plot it below. We see that when d; is off the boundary in the left panels (here we show
01 = —10) and d2 > 0, conditional validity is easily satisfied, since the curve is far below the dashed line at
u. When §; = 0 is on the boundary in the right panels and d2 takes on some small values there is slight



inflation but conditional validity holds when d5 is near zero and when ds > 0 for large sample sizes, which is
concordant with our mathematical proof.
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