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Supplementary Figure 1: Intensity and phase distributions for the orbital angular momentum (OAM) states. a-d:
Intensity distributions for the analogous vacuum state (a-VS), coherent state (a-CST), rotated coherent state, and cat
state (a-CS), respectively. Four subfigures at the bottom of panel a-d are the corresponding phase hologram for
generations in spatial light modulation (z=0). In the simulation, the wavelength and waist are 780 nm and 200 um;
a, represents the size of the a-CST; and ¢ is the phase factor of the a-CST.

. P “
B - . =
- -

» . .
exp(i0) ® exp(in/4) exp(i2n/4) e\'p(iﬂh) exp(im) exp(iSx/4) exp(i6n:/4) e,\p(i%M)

exp(i0) exp(in/4) exp(i2n/4)  lexp(i3n/4) exp(in) exp(iSa/4)  exp(i6n/4) e\p(17n/4)

4 s @3 o ’?ﬁ .05 ;wi @

Supplementary Figure 2: Theoretical (the top panels) and experimental (the bottom panels) results of rotations for
the analogous cat state. The position of the charge coupled device (CCD) camera is placed ~ 1 m behind the beam
splitter (see Fig. 2 in the main text).

Supplementary Figure 3: Intensity distributions for an even (a) and odd (b) "kitten" states (|aL| =40.5). Panels ¢

and d show the intensity distribution for an even (c) and odd (d) "cat" states (|aL| =35). |aL| represents the size
of the a-CS.
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Supplementary Figure 4: Intensity distributions for the orbital angular momentum (OAM) superposition states. a:
the mode-orthogonality for the OAM eigenstate |6> , where the x-axis is the conjugate OAM eigenstate; and the y-
axis is the power with the unit .W. b: Normalized intensity distributions for an OAM superposition state with 17
modes.
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Supplementary Figure 5: The experimental setup for implementing interference between a plane wave and an
analogous cat state. HWP: half wave plate; AT: neural attenuator; SLM: spatial light modulator. F1, F2, and F3: the
convex lens of focal length 75 mm, 200 mm, and 125 mm.

Supplementary Figure 6: Interference patterns between a plane wave and the analogous cat states (a-CS). a-d: the
theoretical simulations for the a-CS from "kitten" to "cat" states based on Eq. 6 in the main text. e-h: the experimental
interference patterns acquired by a charge coupled device (CCD) camera.



|aL|2 0.5 1.5 2.5 3.5 5.0

r 0.5794 0.2014 0.0704 0.0226 6.8*10"-4

Supplementary Table 1: Overlaps between two analogous coherent states with opposite-amplitude.
Supplementary Note 1. Definition of analogous cat states and fundamental characteristics.

The normalized orbital angular momentum (OAM)-eigenstate associated with the Laguerre—
Gaussian (LG) mode can be represented as (Cylin(r,¢,2)|L) — LG, (p,¢,2) in the cylindrical
representation. Without the radial index p, it takes the form *.

. _ ’ 71 (Jar ) r2o kr?z z
(Cylin(r,¢,2)|L)= 7r|l_'|vv(z)[w(z)J vexp[—w(z)2+|[L¢—2(Zz+Zr2)+(L+1)atan[zrjn (S1)

The analogous cat state (a-CS) |, )+|—«,) is a superposition of two analogous coherent states

(a-CST). One of them, i.e., |aL> , Is a weighted superposition of each OAM eigenstate which given

in Eq. 1 in the main text. Inserting it into Eq. S1, we obtain the expression of the a-CST in the
cylindrical representation along the propagating direction z:

<Cylin(r,¢,z)aL>=C(z)-exp(— r zj-exp[mﬁrexp[i[wwn1{2]]]]

w(z) w(z) z,
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_\/;W(Z)exp[ > I2(zz+zf)+ltan [Z,]J exp[ w(z)zJ exp[aLW(z)exp[l(qﬁrtan [LDD

Here, o, (=, |€¥) is a complex number giving the position of the a-CST in cylindrical

(S2)

coordinates; |er | s the radial distance between the center of the a-CST and the analogous

vacuum state (a-VS, |0> Gaussian beam); and ¢ defines the rotation angle along the horizontal

axis. In Eq. S2, the imaginary part like an optical grating, represents a displacement operation
moving an a-VS to a-CST. The dynamic movement is similar to the displacement operation on the
usual coherent state.

In the cylindrical representation, the a-CS could be written as (C|e, )+e”(C|—e ). The
intensity of the a-CS gives the following form,

[(Cylin(r,¢,2)|Cat)|" =|(C|a, )| +[(C|~a, )| +2c0s(6 24, sin(®))|(C|0)’

=G (e, )+G (-, )+ 2c0s(0 - 2a, sin(®))-G(0) 9

Where a(= \/EaLr/ w,) and ®(=g¢+tan(z/z)) are the size and phase constants of the a-
CS, respectively; G(0) describes the a-VS C(z)~exp(—r2 /W(Z)z) ; G(+er,) represent two
Gaussian intensity lobes (GILs), and the last term gives the interference between them. The intensity
distribution of an a-CS is similar to the Wigner function of the optical cat state in phase space 2.
Supplementary Figure 1 shows intensity-distribution of the a-VS, a-CST, the rotated a-CST, and
a-CS, respectively, where the size of an a-CS is ‘\/ﬁ‘ Correspondingly, the phase holograms

show different operations on the input state (a-VS). Supplementary Movies 1 shows the dynamic
intensity- distribution of an odd a-CS with size from 0 to /g, and Supplementary Movies 2 shows



the situation of the interference between "alive™ and "dead" cat state (|aL| =1.0). Experimentally,
the a-CS can be created by loading these holograms.

In the observed plane, the position of the a-CS depends on «, (=] «, |€'?), where ¢ is the
rotational angle. The theoretical and experimental results of rotations are shown in Supplementary
Figure 2, where the size is |a, | =+/2.5; and the phase ¢ takes 0,7/4,2z/4,..7z14 for each

of eight panels. Because the GILs of the a-CS would have a relative rotation in the observed plane,
we add a basic phase of around 1.27t/4 for a better comparison with experimental results.

Supplementary Note 2. The ""Macroscopicity" of the a-CS.

Supplementary Figure 3 shows the three-dimensional intensity distributions of an even (odd)
"kitten" (|az_|=+/0.5) and “cat" (|, |=+/3.5), respectively. In these panels, the green and red lines
on the marginal planes show the tangential distributions along x=0 and y=0. As the cat state grows,

the distance between two GILs increases. Therefore, one can define a "Macroscopicity” of an a-CS
based on the movement.

The movement d is the center distance between an a-CST and a-VS, which is derived by solving
the equation &|(Cylin(r,¢,z)|e, )[ 1 or =0,

d :@w(z) :&W0 l+{ij (S4)
2 2 z

r

In Eq. S4, the movement d is proportional to the size of the a-CST. Furthermore, the relative
movement is not dependent on distance z, which indicates that one could detect it in any position.
Be analogous to the "Macroscopicity" criterion in Ref. 5; we define a criterion M as follows:

V2 2\
0 7|C¥|WO 1+ —
M = sing ~ dAII - Zr :ﬁ

Hsuo dFWHM Z 2 2
w,, [1+ -

where d and d.,,.,, represent the distance (see Supplementary Figure 3b) that we only

consider the odd cat state. Usually, two spatially localized Gaussian intensity packets can be merely
generated by a beam splitter, which is the very particular situation of the state prepared in our setup.
The intensity distribution of an a-CS in Eq. S3 includes three parts, two spatial localized Gaussian
intensity lobes G(+«, ) , and the interference term. The interference depends on the size of the cat
state, the vortex related phase @, and the global phase factor & . All of the parameters create a cat
state that can be of movement, rotation, and interference in the Bloch sphere. However, it is difficult
to realize such a state by a beam splitter. For a Gaussian beam passing through a beam splitter, the
transmission intensity distribution should have only two terms, 1=R-G,+T- -G,
Experimentally, the perfect and arbitrary coherent superposition state in the Bloch sphere is difficult
to realize by only one beam splitter, although the interference can be created with the help of other
elements, such as MZ-interferometer.
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Supplementary Note 3. Mode orthogonality and Interference in the Bloch-sphere.

In this section, we study the interference in the Bloch-sphere. For an OAM superposition state of
lw)=a|L)+ B|L,) , there exists an ideal conjugated unit transform:

(wlw)=a*(LIL)+ (L IL)+a' B(LIL) +ap (L | L)=a’ + 5 (S6)



Experimentally, one can perform projection measurement with the help of SLM and a single mode
fiber, which can be expressed as |—L) — (L|. Therefore, the corresponding transform is:

(1) = Ug dw) =0} + 7] 0) + B, — L) + e L, — L) 7
Where U, (=a|-L)+B|-L,)) is the corresponding measured phase loaded on the SLM;

|<l//|l//>|2 is proportional to the detected power. Supplementary Figure 4a presents the mode-

orthogonality of the single OAM eigenstate |6> . For the single OAM eigenstate |6> , the crosstalk

is very weak (32:1), which indicates that the OAM mode-orthogonality is reliable. Supplementary
Figure. 4b shows the spatial mode distribution for OAM separated superposition state
|0)+|1)+|2) +...+|16) . The results illustrate that the collection efficiency decreases as the

topologic charge L increases, which give rise to a low similarity (fidelity) during the state
tomography.
Because the a-CS is a superposition of infinate OAM eigenstates, the conjugated transform of

. 2 - -
the a-CS can be written as ‘<aL|aL>‘ :exp(—|a —a'|2) . Based on this equation, one can calculate

the corresponding transforms for even and odd analogous cats.

|(Cat|g |Cat)

Even

: =((l+ exp(—|a¢L|2 —aa, )) : (1+ e“9))2 ~1+cos(9)

. 2
[(Cat|, -|Cat>0dd|2 =((1—exp(—|aL|2 - ataL))-(l—e"g)) ~1-cos(6)
In the equator plane of Bloch-sphere, the interferences have the form 1+ cos(8); therefore, one
can define the visibility v =R, — P, /Py + P, {0 evaluate the coherence, where P is the

Min
corresponding detected power. The interference curves and visibilities for "kitten" and "cat" states
are shown in Fig. 4 in the main text.

For an a-CS, the overlap between two opposite-amplitude a-CST is calculated by the correlation

coefficient r,

2 2(E,~E)(E, -E)

Xy

|z -8 | {zzis-8)

Xy

r=

(S8)

where p and n signify positive (¢, >0) and negative (¢, <0) the a-CST; E, ,E,, and E
represent positive, negative, and average electric distributions, respectively. For an a-CS, the
correlation coefficient is calculated (see Supplementary Table 1), where the overlap between two a-
CSTs approaches zero when the size |aL| isequal to /3.5 . For this reason, the a-CS can be named

as "kitten" when the |e | is smaller than /35.

Supplementary Note 4. Experimental results for wavefronts of the a-CS.

To study the wavefront of the a-CS, we study the interference between the sum of GILs and a
referenced beam. Supplementary Figure 5 shows the setup, including a beam splitter (BS), a neutral
attenuator (AT), and a CCD. In our setup, the distance is 0.8 m from SLM to convex lens F3, and
0.17m from F3 to the CCD, respectively. One of the paths, i.e., port A, refers to a referenced
Gaussian beam expanded by a telescopic system, and the other (port B) is the a-CS with two GILs.
The CCD is used to observe interference patterns in port C or D. Supplementary Figure 6 a-d show

the theoretical interference patterns of the a-CSs from /0.5 to /5.0 . Correspondingly, the
experimental measurements registered by CCD are shown in Supplementary Figure 6e-h. The
results indicate that two separated GILs have two genuine Gaussian wavefronts without any screw
dislocation.



Supplementary Note 5. The details for state tomography.
aé)} in Hilbert space

can be generated using the Weyl group, Hadamard matrix, and Fourier—-Gauss transform methods.
Here, we used the discrete Fourier—-Gauss transform to product MUBs in prime space ©,

- 1 & () 1 & it
s>} = ﬁde In> = ﬁze ’ n> (S9)
n=0 n=0

Where j indexes the group of the MUBS, j=0...d-1; m (=0...d-1) indexes the superposed OAM
states for each set in MUBS, and |<anj1 |ar{1>|2 =1/d(1-5;.) forthe MUBs. In actuality, j runs from
0 to d, with the last set of MUBSs being the OAM eigenstates.

In the process of state tomography, the mutually unbiased bases (MUBS) {

{[ai)t >{10>[1>, .. [d-15}.

For a two-dimensional OAM space (d=2), the eigenstates of three Pauli operators form a complete
set of MUBSs, which can be represented by the following three matrices:

oo ol gl

The corresponding measured superposed OAM states are

{1.3={10>,11>)
_[10>+]1> |0>—|1>

w- g g
10> +i[1> [0>—i|1>

a-{l g 2l

For higher dimensional space, we calculate these states using Eq. S9. From the theoretical and

experimental measured distributions P, , one can determine the similarity that equals the fidelity
78
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