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Supplementary Figure 1: Spatial dependence of the left-hand circular component of the field scattered by the graphene ring
close to its inner edge (at r⊥ = a). The normalized spatial coordinates are ρ = r⊥/a and ζ = z/a.

Supplementary Note 1

Graphene electromagnetic response. The graphene electromagnetic response at optical and infrared frequencies
is dominated by the conical band structure E = ±vFp around the two Dirac points, where vF ≈ 106 m/s is the Fermi
velocity and E ,p are the electron energy and momentum, respectively [1]. While in undoped graphene the Fermi
energy lies at the Dirac points, injection of charge carriers through electrical gating [2] or chemical doping [3] shifts
efficiently the Fermi level up to EF ≈ 1 − 2 eV . Thus, within the photon energy range ~ω < 2EF, where ~ is the
reduced Planck constant, interband transitions are inhibited by the Pauli exclusion principle and graphene behaves
like a 2D metal [4] with long relaxation time τ = µEF/ev

2
F (µ is the electron mobility, which we set to the realistic value

of µ = 1m2V−1s−1 in our calculations) that can reach the picosecond time scale at moderate doping and purity both
affecting the electron mobility [5]. In principle the graphene surface conductivity σ(k⊥, ω) is nonlocal and depends on
the in-plane radiation wavevector k⊥. However, when k⊥ < kF = EF/~vF electron dynamics is local and the graphene
conductivity can be evaluated within the local random phase approximation (RPA) providing the integral expression

σ(ω) =
−ie2

π~2(ω + i/τ)

∫ +∞

−∞
dE
{
|E|∂fE

∂E
+

fEE/|E|
1− 4E2/[~(ω + i/τ)]2

}
, (1)

where fE = {1 + exp[−(E − EF)/kBT ]} is the Fermi-Dirac occupation density of states up to the Fermi energy EF,
kB is the Boltzmann constant and T is the electron temperature.

Scattering in the long-wavelength limit. Consider the scattering of a monochromatic plane wave E(i) (r, t) =
Re
[
E(i) (r) e−iωt

]
of amplitude E(i) = E0e

ik0z (where k0 = ω/c and êz · E0 = 0) normally impinging upon a free-
standing graphene ring on the z = 0 plane, whose inner and outer radii are a and b, respectively. The electromagnetic



response of the graphene ring (neglecting nonlocality and nonlinearity) can be modelled through the current density

J (r) = σE⊥ (r⊥) f (r⊥) δ (z) , (2)

where σ is the graphene surface conductivity at frequency ω, r⊥ = xêx + yêy, E⊥ (r⊥) = Ex (r⊥) êx + Ey (r⊥) êy
is the transverse component of the electric field on the ring and f (r⊥) is the ring geometrical filling factor which is
equal to zero if r⊥ < a or r⊥ > b and it is equal to one if a+ δ < r⊥ < b− δ, where δ is a suitable edge layer thickness
[6]. Due to the reduced dimensionality of the structure, the integral formalism is particularly suitable for describing
radiation scattering. Since a time harmonic current density of complex amplitude J(r) radiates the field [7]

E(s) (r) =
iωµ0

4π

(
1 +

1

k2
0

∇∇·
)∫

d3r′
eik0|r−r

′|

|r− r′|
J (r′) , (3)

the overall electric field E = E(i) + E(s) in the presence of the graphene ring satisfies the equation

E (r) = E0e
ik0z + ξ

ik0

2π

(
1 +

1

k2
0

∇∇⊥·
)∫

d2r′⊥
eik0

√
|r⊥−r′⊥|2+z2√

|r⊥ − r′⊥|
2

+ z2

f (r′⊥) E⊥ (r′⊥), (4)

where ξ = 1
2

√
µ0

ε0
σ is the dimensionless graphene surface conductivity and ∇⊥ = ∂

∂x êx + ∂
∂y êy. After evaluating the

transverse part of Eq.(4) on the graphene ring (i.e. at r = r⊥ with a < r⊥ < b) an integral equation for the electric
field E⊥ (r⊥) is obtained, and its solution allows the same Eq.(4) to provide the electric field over all the space. We
are here only considering rings with size is much smaller than the radiation wavelength (a < b� 2π/k0), and hence
the integral equation reduces to its long-wavelength version

E⊥ (r⊥) = E0 +
iξ

2πk0
∇⊥

∫
d2r′⊥

∇′⊥ · [f (r′⊥) E⊥ (r′⊥)]

|r⊥ − r′⊥|
, (5)

where an integration by parts has been performed after noting that ∇⊥ |r⊥ − r′⊥|
−1

= −∇′⊥ |r⊥ − r′⊥|
−1

. Such
an approximation consists in neglecting retardation effects within the sub-wavelength structure and it entails an
electrostatic description of the radiation-ring interaction. Physically, Eq.(5) states that the electric field produced by
the ring on itself is due the effective surface charge density

σsur (r⊥) =
2ε0ξ

ik0
∇⊥ · [f (r⊥) E⊥ (r⊥)] (6)

which self-consistently depends on the overall electric field. The electrostatic approximation allows one to introduce
the electrostatic potential V (r⊥) for the electric field produced by the ring on itself according to

E⊥ (r⊥) = E0 −∇⊥V (r⊥) (7)

so that Eq.(5) yields

V (r⊥) = V0 (r⊥) +
iξ

2πk0

∫
d2r′⊥

∇′⊥ · [f (r′⊥)∇′⊥V (r′⊥)]

|r⊥ − r′⊥|
(8)

where

V0 (r⊥) = − iξ

2πk0

∫
d2r′⊥

∇′⊥ · [f (r′⊥) E0]

|r⊥ − r′⊥|
. (9)

Scattering of radiation with well-defined angular momentum. In this paper we are mainly focused on the
impact of the field scattered by a subwavelength graphene ring on the rotational degrees of freedom of homonuclear
molecules and therefore radiation with well-defined angular momentum would simplify and clarify such interaction at
the same time. Since the graphene ring is rotationally invariant around the z axis, the z-component of the radiation
angular momentum is conserved upon scattering. The generator of rotations around the z-axis (angular momentum)
of any vector field is [8]

Jz = Lz + Sz, (10)



where

Lz =
1

i

(
x
∂

∂y
− y ∂

∂x

)
, Sz =

1

i

 0 1 0
−1 0 0
0 0 0

 , (11)

are the orbital and spin angular momentum operators, respectively. Hence, if the impinging field E(i) is an eigenvector
of Jz, the scattered field E(s) is an eigenvector of Jz as well. In order to consider the simplest scattering situation
compatible with rotational invariance, we here specialize the above general scattering approach to a circularly polarized
impinging plane wave since it has a well-defined angular momentum and therefore we set

E0 = E0êL, (12)

where hereafter êL = 1√
2

(êx + iêy) and êR = 1√
2

(êx − iêy) are the left and right circular polarizations unit vectors,

respectively. The angular momentum of such plane wave is of purely spin kind and it is equal to 1 (since JzêL = êL)
and hence the electric field E = E(i) + E(s) is an eigenvector of Jz with eigenvalue equal to 1 which is readily seen to
have the general expression [9]

E (r⊥, ϕ, z) = ẼL (r⊥, z) êL + ẼR (r⊥, z) e
i2ϕêR + Ẽz (r⊥, z) e

iϕêz, (13)

where cylindrical coordinates have been introduced according to x = r⊥ cosϕ and y = r⊥ sinϕ and where hereafter
the tilde is used for quantities independent on ϕ. Note that, even though the three components of the field in Eq.(13)
are not independent, each of them is an eigenvector of Jz with eigenvalue 1 as it is simple to check after noting that

the angular and spin angular momentum operators can be written as Lz = 1
i
∂
∂ϕ and Sz = êLê†L − êRê†R, respectively.

The emergence of the topological charges 2 and 1 (vortex generation) in the R- and z- components of the scattered
field is required to compensate their spin angular momentum.

Since we are considering the circularly polarized components of the field by using cylindrical coordinates for the
position, we report here the particularly useful expression of the nabla operator

∇ =
e−iϕ√

2

(
∂

∂r⊥
− i

r⊥

∂

∂ϕ

)
êL +

eiϕ√
2

(
∂

∂r⊥
+

i

r⊥

∂

∂ϕ

)
êR +

∂

∂z
êz. (14)

In addition, in order to clearly exploit the above discussed angular momentum conservation, it is also convenient to
resort to the Bessel decomposition of the kernel of Eq.(4) [10]

1√
|r⊥ − r′⊥|

2
+ z2

=

+∞∫
0

dk⊥e
−k⊥|z|

+∞∑
n=−∞

Jn (k⊥r⊥) Jn (k⊥r
′
⊥) ein(ϕ−ϕ′). (15)

Substituting Eq.(12) into Eq.(9), after using Eq.(14) and Eq.(15) with z = 0, we obtain after some algebra

V0 (r⊥) = −E0
iξ

k0

√
2

b∫
a

dr′⊥r
′
⊥N (r⊥, r

′
⊥)

df (r′⊥)

dr′⊥
eiϕ ≡ Ṽ0 (r⊥) eiϕ (16)

where N (r⊥, r
′
⊥) =

+∞∫
0

dk⊥J1 (k⊥r⊥) J1 (k⊥r
′
⊥) and we have used the fact that df/dr⊥ vanishes for r⊥ < a and

r⊥ > b. The integral in the kernel N (r⊥, r
′
⊥) can be analytically performed [11] so that we obtain

N (r⊥, r
′
⊥) =

r⊥r
′
⊥

2 (r⊥ + r′⊥)
3 2F1

(
3

2
,

3

2
; 3;

4r⊥r
′
⊥

(r⊥ + r′⊥)
2

)
(17)

where 2F1 (a, b; c; ξ) is the hypergeometric function. Equation (16) states that the left circular polarization of the
impinging field imposes a topological charge 1 to the source term of Eq.(8) and this implies that the potential also
has the same property, i.e.

V (r⊥) = Ṽ (r⊥) eiϕ. (18)



This is due to the fact that, after substituting Eq.(18) into Eq.(8) and using Eqs.(16), (15) and (14), we obtain

Ṽ (r⊥) = Ṽ0 (r⊥) +
iξ

k0

b∫
a

dr′⊥r
′
⊥N (r⊥, r

′
⊥)

[
f (r′⊥)

(
d2

dr′⊥
2 +

1

r′⊥

d

dr′⊥
− 1

r′⊥
2

)
+
df (r′⊥)

dr′⊥

d

dr′⊥

]
Ṽ (r′⊥) (19)

which is a one-dimensional integral equation for the radial part Ṽ (r⊥) of the potential. In other words conservation
of angular momentum upon scattering implies that the potential on the ring has a definite topological charge equal
to the value of the impinging angular momentum.

Once Ṽ (r⊥) is obtained by solving Eq.(19), Eq.(7) provides the transverse electric field on the graphene ring which,
using Eq.(14), becomes

E⊥ (r⊥) =

[
E0 −

1√
2

(
d

dr⊥
+

1

r⊥

)
Ṽ (r⊥)

]
êL +

[
− 1√

2

(
d

dr⊥
− 1

r⊥

)
Ṽ (r⊥) ei2ϕ

]
êR (20)

whose structure evidently agrees with angular momentum conservation (see Eq.(13)). Substituting Eq.(20) into Eq.(6)
and using again Eq.(14) we get

σsur (r⊥) =
2ε0ξ

ik0

{
df (r⊥)

dr⊥

E0√
2
−
[
f (r⊥)

(
d2

dr2
⊥

+
1

r⊥

d

dr⊥
− 1

r2
⊥

)
+
df (r⊥)

dr⊥

d

dr⊥

]
Ṽ (r⊥)

}
eiϕ ≡ σ̃sur (r⊥) eiϕ (21)

so that the surface charge density has topological charge 1 as well, as expected since it is the source of the potential.
The integral equation provided by Eq.(19) can not be analytically dealt with. However, after noting that the

integral in Eq.(15) can be analytically evaluated and written in terms of hypergeometric functions, Eq.(19) can be
approximated by a matrix equation by writing the potential as

Ṽ (r⊥) =

N∑
n=0

cnΨn (r⊥), (22)

where the function Ψn(r⊥) are a suitable orthonormal basis on the interval [a, b]. In our numerical analysis we have
chosen the basis functions

Ψn (r⊥) =

√
2n+ 1

b− a
Pn

(
2r⊥ − b− a

b− a

)
, (23)

where Pn(z) is the n-th Legendre polynomial, which are easily seen to satisfy the orthonormality relation

b∫
a

dr⊥Ψn (r⊥) Ψm (r⊥) = δnm. (24)

In all numerical calculations we have checked that excellent convergence is achieved by using only the first N = 25
basis functions.

Resonant scattering. In the present analysis, we are proving that the field scattered by the graphene ring can
trigger a highly nontrivial radiation-matter interaction regime where the standard multipole treatment is challenged.
To achieve this goal, the interacting field should not be regarded as uniform on the molecule spatial scale so that it
should have deep sub-wavelength spatial features. A field with such spatial properties can be achieved by resorting to
the resonant scattering provided by the graphene ring together with a suitable tailoring of the ring size. To discuss
this point, note that Eq.(19) can be written as

Ṽ = Ṽ0 + iξKṼ (25)

where K is the integral operator

[
KṼ

]
(r⊥) =

1

k0

b∫
a

dr′⊥r
′
⊥N (r⊥, r

′
⊥)

[
f (r′⊥)

(
d2

dr′⊥
2 +

1

r′⊥

d

dr′⊥
− 1

r′⊥
2

)
+
df (r′⊥)

dr′⊥

d

dr′⊥

]
Ṽ (r′⊥) . (26)

Assuming that the operator K admits a complete (even not orthonormal) set of modal eigenvectors

Kϕ̃n = κnϕ̃n (27)



the solution of Eq.(25) is readily seen to be

Ṽ (r⊥) =
∑
n

cn
1− iξκn

ϕ̃n (r⊥) (28)

where cn are the coefficients in the expansion Ṽ0 (r⊥) =
∑
n
cnϕ̃n (r⊥). Evidently, if the field frequency and the

graphene doping are such that ξ ' − i
κm

for a specific m, the term with n = m will dominate the series of Eq.(28),

i.e. the excitation is resonant with the m−th ring mode. Accordingly the surface-charge density σ̃sur(r⊥) in Eq.(21)
becomes very large especially close to ring edges with a corresponding local very large field enhancement. In order
to achieve a scattered field with very deep-subwavelength spatial feature it is therefore sufficient to choose the inner
ring radius a to be very much smaller than the wavelength as detailed in the main manuscript.

In order to characterize the efficiency of a scattering experiment, it is convenient to obtain the absorption cross
section of the process. The dipole moment of the ring

p =

∫
d2r⊥r⊥σsur (r⊥) , (29)

after using Eq.(21) and the relation r⊥ = r⊥√
2

(
e−iϕêL + eiϕêR

)
, can be written as

p =

√2π

E0

b∫
a

dr⊥r
2
⊥σ̃sur (r⊥)

E0 ≡ αE0 (30)

so that the polarizability α can be simply evaluated from the radial part of the surface charge density. From the
optical theorem and the far-field structure of the dipole radiation [7], the expression for the absorption cross section
σabs = k0

ε0
Imα is easily obtained, so that we get

σabs =

√
2πk0

ε0E0
Im

b∫
a

dr⊥r
2
⊥σ̃sur (r⊥) . (31)

Deep-subwavelength spatial features of the scattered near field. The interaction of the field scattered by
the graphene ring and homonuclear molecules is expected to be highly nontrivial on the region surrounding the ring
where the field gradient is very pronounced. Therefore we focus on the near-field (r � 2π/k0 = λ) approximating
Eq.(4) in the form

E (r) = E0e
ik0z −∇

 1

4πε0

∫
d2r
′
⊥

σsur (r′⊥)√
|r⊥ − r′⊥|

2
+ z2

 , (32)

where Eq.(6) has been used to replace the divergence with the surface charge densities. Using Eq.(15), Eq.(14) and
some well-known properties of the Bessel functions, it is easy to show that the electric field has the structure of Eq.(13)
where

ẼL (r⊥, z) = E0e
ik0z − 1

2
√

2ε0

b∫
a

dr′⊥r
′
⊥N0 (r⊥, r

′
⊥; z) σ̃sur (r′⊥) ,

ẼR (r⊥, z) =
1

2
√

2ε0

b∫
a

dr′⊥r
′
⊥N2 (r⊥, r

′
⊥; z) σ̃sur (r′⊥) ,

Ẽz (r⊥, z) =
sign (z)

2ε0

b∫
a

dr′⊥r
′
⊥N1 (r⊥, r

′
⊥; z) σ̃sur (r′⊥) , (33)

where

Nn (r⊥, r
′
⊥; z) =

+∞∫
0

dk⊥k⊥e
−k⊥|z|Jn (k⊥r⊥) J1 (k⊥r

′
⊥) . (34)



In addition to revealing that the electric field has the structure imposed by the conservation of angular momentum
even in the near-field, Eqs.(33) are particularly suitable for evaluation purposes since the integrals in the kernels
Nn (r⊥, r

′
⊥; z) can be analytically evaluated [11] and we obtain

N0 (r⊥, r
′
⊥; z) =

m

8π (1−m2)

[
m2
(
−r2
⊥ + r′2⊥ − z2

)
E (m) + 4r⊥r

′
⊥
(
1−m2

)
K (m)

r
3/2
⊥ r

′5/2
⊥

]
,

N2 (r⊥, r
′
⊥; z) = −N0 (r⊥, r

′
⊥; z) +

2

πm

[(
2−m2

)
K (m)− 2E (m)

r
3/2
⊥ r

′1/2
⊥

]
,

N1 (r⊥, r
′
⊥; z) =

m

4π (1−m2)
|z|

[(
2−m2

)
E (m)− 2

(
1−m2

)
K (m)

r
3/2
⊥ r

′3/2
⊥

]
. (35)

where K (m) =
π/2∫
0

dτ
(
1−m2 sin2 τ

)−1/2
and E (m) =

π/2∫
0

dτ
(
1−m2 sin2 τ

)1/2
are the complete elliptic integrals of

the first and second kind, respectively, and

m =

√
4r⊥r′⊥

(r⊥ + r′⊥)
2

+ z2
. (36)

It is worth discussing the behavior of the field close to the inner edge of the ring (at r⊥ = a). Our numerical analysis of
the scattering process reveals that the surface-charge density σ̃sur (r⊥) attains very large values only close to the ring
edges r⊥ = a and r⊥ = b (especially at resonance where we are mainly investigating radiation-matter interaction).
Due to the nano-size of the ring hole, the contribution of σ̃sur(a) close to r⊥ = a is expected to be dominant for
points close to the inner edge of the ring. As a consequence, for r⊥ < a and |z| < a, an estimation of the integrals in
Eqs.(33) can obtained by restricting the integration to a very small domain a < r′⊥ < a(1 + η) (with η << 1) and by
assuming σ̃sur to be constant over such domain. For simplicity, we focus on the left-hand circular component of the
field whose estimation yields

ẼL (r⊥, z) = E0e
ik0z − σ̃sur (a)

ε0

η

2
√

2
F
(r⊥
a
,
z

a

)
(37)

where, from the first of Eqs.(35), we have

F (ρ, ζ) =
1

π

√
(ρ+ 1)

2
+ ζ2

[(
1− ρ2 − ζ2

(ρ− 1)
2

+ ζ2

)
E

(√
4ρ

(ρ+ 1)
2

+ ζ2

)
+K

(√
4ρ

(ρ+ 1)
2

+ ζ2

)]
(38)

Even if such estimation is rather crude, it sheds light on a number of relevant features characterizing the actual field
scattered by the graphene ring. In first place Eq.(37) clearlys show that the resonant scattering is accompanied by

a large field enhancement since numerical analysis reveals that |σ̃sur(a)|
ε0

� E0. Second, Eq.(38) shows that at the

graphene ring plane ζ = 0 the function F (ρ, 0) diverges for ρ→ 1 thus clearly stating that the actual scattered field
close inside to the inner ring edge is extremely larger that at the center of the ring. Since in the present analysis we
have chosen a to be very much smaller than the wavelength (which has been set in the Terahertz domain in the main
paper), it is evident that the scattered field is characterized by an extremely deep sub-wavelength scale inside the ball
r < a. Such spatial feature is precisely the ingredient able to trigger a highly nontrivial radiation-matter interaction
in principle not treatable in terms of the standard multipole expansion. To discuss this point, in Supplementary Fig.1
we have plotted the function F (ρ, ζ) for 0.9 < ρ < 1 at the planes ζ = 1, 2, 3, 4, 5 · 10−4 and, in the inset, we have
highlighted that for 0.985 < ρ < 0.995 the function F

(
ρ, 10−4

)
displays a large variation which can not be linearized.

If we set a = 15 nm (as done in the main text), such region has a width of about 1.5 Å which is of the order of
the molecule size (see below) and this implies that, when describing radiation matter interaction, it is generally not
possible to retain only the slowest order of the field expansion around the center of the mass of the molecule.

Spherical harmonic expansion of the field inside the ring hole. A different (but equivalent) way of investi-
gating the very fast spatial scale of the scattered field is provided by the radial Taylor expansion of the field around
the center of the ring. In order to achieve this goal, we exploit the relation [7]

1

|r− r′|
= 4π

∞∑
l=0

l∑
m=−l

1

2l + 1

rl<
rl+1
>

Y m∗l (θ′, ϕ′)Y ml (θ, ϕ) (39)



where spherical coordinates have been introduced (x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ), r> and r< are the
larger and the smaller of r and r′, respectively and Y ml (θ, ϕ) are the spherical harmonics. In view of Eq.(32), we note
that r′ = r′⊥ and θ′ = π

2 and that r < r′ on the sphere r < a embedded within ring hole so that Eq.(39) becomes

1√
|r⊥ − r′⊥|

2
+ z2

= 4π

∞∑
l=0

l∑
m=−l

1

2l + 1

rl

(r′⊥)
l+1

Y m∗l

(π
2
, ϕ′
)
Y ml (θ, ϕ) . (40)

Inserting Eq.(40) into Eq.(32), using Eq.(21) together with the familiar expression for the spherical harmonics

Y ml (θ, ϕ) =
√

2l+1
4π

(l−m)!
(l+m)!P

m
l (cos θ) eimϕ and performing the trivial integration over ϕ′, we get for the scattered

field E(s) (r) = E (r)−E0e
ik0z within the sphere r < a

E(s) (r) = −∇
∞∑
l=0

 1

ε0

b∫
a

dr′⊥
σ̃sur (r′⊥)

(r′⊥)
l

√ π

(2l + 1)

(l − 1)!

(l + 1)!
P 1
l (0)rlY 1

l (θ, ϕ) . (41)

The associated Legendre functions have the property

P 1
l (0) =

 (−1)
(l+1)/2 l!!

(l − 1)!!
, if l odd,

0, if l even,
(42)

so that Eq.(41) turns into

E(s) (r) =

∞∑
s=0

 1

ε0

b/a∫
1

dρ
σ̃sur (aρ)

ρ2s+1

[(−1)
s (2s+ 1)!!

(2s)!!

√
π

(4s+ 3)

(2s)!

(2s+ 2)!

]
1

a2s
∇
[
r2s+1Y 1

2s+1 (θ, ϕ)
]
, (43)

where we have set r′⊥ = aρ to get a dimensionless integral. Note that the potential of the scattered field is the
superposition of only the spherical harmonics Y ml of order m = 1, as it was expected from conservation of angular
momentum, and of odd degree l = 2s + 1 since such potential is spatially odd as a consequence of the topological
charge 1 of the surface charge density. The gradient of the harmonic polynomial rlY ml (θ, ϕ) can be evaluated by using
the expression of the nabla operator

∇ =
e−iϕ√

2

[
sin θ

∂

∂r
+

1

r

(
cos θ

∂

∂θ
− i

sin θ

∂

∂ϕ

)]
êL +

eiϕ√
2

[
sin θ

∂

∂r
+

1

r

(
cos θ

∂

∂θ
+

i

sin θ

∂

∂ϕ

)]
êR +

+

(
cos θ

∂

∂r
− sin θ

r

∂

∂θ

)
êz. (44)

so that, after some algebra, we obtain

∇
[
rlY 1

l (θ, ϕ)
]

= rl−1

√
2l + 1

2l − 1

{[
−
√
l (l + 1)

2
Y 0
l−1 (θ, ϕ)

]
êL +

[√
(l − 1) (l − 2)

2
Y 2
l−1 (θ, ϕ)

]
êR

}
+

+rl−1

√
2l + 1

2l − 1

[√
(l + 1) (l − 1)Y 1

l−1 (θ, ϕ)
]

êz, (45)

where the well-known properties of the associated Legendre functions

∂Pml (ξ)

∂ξ
=

1

ξ2 − 1

[
ξlPml (ξ)− (m+ l)Pml−1 (ξ)

]
,

Pm−1
l (ξ) =

ξPml (ξ)− Pml+1 (ξ)

(l +m)
√

1− ξ2
,

Pm+1
l (ξ) =

(l −m+ 1)Pml+1 (ξ)− (l +m+ 1) ξPml (ξ)√
1− ξ2

(46)

have been used. Using Eq.(45), Eq.(43) yields

E(s) (r, θ, ϕ) =

∞∑
s=0

Fs

[
C0
s√
2
Y 0

2s (θ, ϕ) êL +
C2
s√
2
Y 2

2s (θ, ϕ) êR + C1
sY

1
2s (θ, ϕ) êz

]( r
a

)2s

, (47)



where

Fs =
1

ε0

b/a∫
1

dρ
σ̃sur (aρ)

ρ2s+1
,

C0
s = (−1)

s+1 (2s+ 1)!!

(2s)!!

√
π

(4s+ 1)
,

C2
s = (−1)

s (2s+ 1)!!

(2s)!!

√
π

(4s+ 1)

s (2s− 1)

(s+ 1) (2s+ 1)
,

C1
s = (−1)

s (2s+ 1)!!

(2s)!!

√
π

(4s+ 1)

2s

(2s+ 1)
. (48)

Equation (47) provides the full expansion of the scattered electric field on the sphere r < a. The three field components
are the superposition of only the spherical harmonic Y ml (θ, ϕ) with even degree l = 2s (since the field is spatially
even) and with a single order, i.e. m = 0, m = 2 and m = 1 for the left, right and z− components, respectively. Once
again this is in agreement with the general structure of a field with angular momentum equal to 1 (see Eq.(13)) since,
r⊥ = r cos θ, z = r sin θ, Y ml (θ, ϕ) = fml (θ)eimϕ and cylindrical and spherical coordinates have the same azimuthal
angle ϕ. The coefficients Cms are purely geometrical and it is simple to show that

|Cms | < 1,

lim
s→∞

|Cms | = 1, (49)

this implying that the rate of convergence of the series is only due to the terms Fs. On the other hand, the surface-
charge density σ̃sur attains very large values only close to the inner ring edge r⊥ = a. As a consequence, the first of
Eqs.(48) can be approximated by restricting the integration to a very small domain 1 < ρ < 1 + η (with η << 1) and
by assuming σ̃sur to be constant over such domain, thus obtaining

Fs '
σ̃sur (a)

ε0

1+η∫
1

dρ
1

ρ2s+1
=
σ̃sur (a)

ε0

1

2s

[
1− 1

(1 + η)
2s

]
' σ̃sur (a)

ε0

[
η −

(
s+

1

2

)
η2

]
, (50)

which reveals that the coefficients Fs are very slowly dependent on s, the first order in η being independent on s at
all. This implies that the expansion of Eq.(47) is very slowly convergent in the parameter r/a so that the scattered
field displays a very pronounced variation for 0 < r < a. An equivalent way to prove this statement is noting that,
due to above properties of the coefficients Fs and Cms , the components of scattered field of Eq.(47) can mainly be
modelled, if the spherical harmonics are neglected, by the function

∞∑
s=0

( r
a

)2s

=
a2

a2 − r2
(51)

whose divergence at r = a clearly shows that the actual scattered field close inside to the inner ring edge is extremely
larger that at the center of the ring. Since in the present analysis we have chosen a to be very much smaller than the
wavelength, it is evident that the scattered field is characterized by an extremely deep sub-wavelength scale inside
the ball r < a.

Supplementary Note 2

Rotational transitions. In order to investigate the interaction of matter with the field scattered by the graphene
ring, as a case study, we here consider the hydrogen molecular ion (H+

2 ) which is the simplest molecule in nature. The
molecule is composed of two protons at the positions rA and rB and an electron at re. After introducing the standard
center of the mass and relative coordinates

Rc =
1

2
(RA + RB) ,

R = RB −RA,

r = re −
1

2
(RA + RB) , (52)



in the Born-Oppenheimer approximation [12], the molecule eigenfunctions Ψ (such that ĤΨ = EΨ) have the familiar
factorization

Ψ (Rc,R, r) = Ψ(c) (Rc) Ψ(e) (R, r) Ψ(N) (R) (53)

where the center of the mass Ψ(c), electronic Ψ(e) and nuclear Ψ(N) wave functions satisfy the Schrödinger equations[
− ~2

4M
∇2

Rc

]
Ψ(c) (Rc) = E(c)Ψ(c) (Rc) ,[

− ~2

2m
∇2

r +
e2

4πε0

(
1

R
− 1

|r + R/2|
− 1

|r−R/2|

)]
Ψ(e) (R, r) = E(e) (R) Ψ(e) (R, r) ,[

− ~2

M
∇2

R + E(e) (R)

]
Ψ(N) (R) = E(N)Ψ(N) (R) , (54)

where m and M are the electron and proton mass, respectively and the energy eigenvalue is E = E(c) + E(N). In
the discussion below, we will be mainly concerned with rotational transitions and hence we will only consider the
electronic ground state Ψ(e) (R, r). Neglecting centrifugal distortion, the nuclear eigenfunctions associated to the
electronic ground state are

Ψ
(N)
n,J,M (R) =

1

R
Gn (R)YMJ (Θ,Φ) , (55)

where (R,Θ,Φ) are the spherical coordinates of the internuclear vector R, YMJ (Θ,Φ) are the spherical harmonics,
(n, J,M) are the vibrational, rotational and magnetic quantum numbers, respectively, and

Gn (R) =

(
Mωe

2π~

)1/4
1√

2nn!
e−

Mωe
4~ (R−Re)2Hn

[(
Mωe

2~

)1/2

(R−Re)

]
, (56)

where Re = 1.06 Å is the internuclear equilibrium distance, ωe =

(
2
M

d2E(e)

dR2

∣∣∣
Re

)1/2

is the fundamental vibrational

angular frequency (ν̄e = ωe

2πc = 2297 cm−1) and Hn(ξ) is the n−th Hermite polynomial [12]. The energy eigenvalue

of the eigenfunction Ψ
(N)
n,J,M (R) is

E
(N)
n,J = E(e) (Re) + ~ωe

(
n+

1

2

)
+BJ (J + 1) , (57)

where B = ~2

MR2
e

is the fundamental rotational constant (B̄ = 2π
~cB = 29.8 cm−1).

We investigate the molecule-radiation interaction by resorting to the Power-Zienau-Woolley [13] scheme according
to which the interaction hamiltonian is

HI = −
∫
d3r P (r) · E (r, t) , (58)

where E (r, t) = Re
[
E (r) e−iωt

]
is the real electric field and P (r) is the polarization density which, for a system of

point charges (of charge qα and located at rα) localized around the point R̄, is

P (r) =
∑
α

qα
(
rα − R̄

) 1∫
0

du δ
[
r− R̄− u

(
rα − R̄

)]
. (59)

Since in the present analysis we only focus on absorption spettroscopy, in Eq.(58) we can retained only the positive
frequency part of the electric field 1

2E (r) (also dropping the time dependent term e−iωt). For the hydrogen molecular

ion we have q1 = −e, q2 = e, q3 = e and r1 = re, r2 = RA, r3 = RB so that, after choosing R̄ = Rc, inserting Eq.(59)
into Eq.(58) and using Eqs.(52), we get

HI (Rc,R, r) = H
(e)
I (Rc, r) +H

(N)
I (Rc,R) , (60)



where

H
(e)
I (Rc, r) =

e

2
r ·

1∫
0

duE (Rc + ur) ,

H
(N)
I (Rc,R) =

e

4
R ·

1∫
0

du

[
E

(
Rc − u

R

2

)
−E

(
Rc + u

R

2

)]
(61)

are the electronic and nuclear contributions to the interaction hamiltonian, respectively. We here consider only
rotational transitions involving the rotational quantum numbers change (Ji,Mi)→ (Jf ,Mf) with Jf > Ji (absorption)
whose initial and final states are

Ψi (Rc,R, r) = Ψ(c) (Rc) Ψ(e) (R, r) Ψ
(N)
n,Ji,Mi

(R) ,

Ψf (Rc,R, r) = Ψ(c) (Rc) Ψ(e) (R, r) Ψ
(N)
n,Jf ,Mf

(R) . (62)

where the center of the mass wave fuction Ψ(c) (Rc) is highly localized at R0, Ψ(e) (R, r) is the electronic ground state

and n is a vibrational quantum number which does not change. The transition probability is proportional to |Mfi|2
where the matrix element

Mfi = 〈Ψf |HI |Ψi〉 =

∫
d3Rc

∫
d3r

∫
d3R Ψ∗f (Rc,R, r)HI (Rc,R, r) Ψi (Rc,R, r) , (63)

after exploiting the fact that the center of the mass of the molecule is practically located at R0, can be written as

Mfi =

∫
d3R

[∫
d3r

∣∣∣Ψ(e) (R, r)
∣∣∣2H(e)

I (R0, r) + H
(N)
I (R0,R)

]
Ψ

(N)∗
n,Jf ,Mf

(R) Ψ
(N)
n,Ji,Mi

(R) . (64)

Quadrupolar absorption. The interaction Hamiltonian of Eq.(60) allows in principle to evaluate the matrix element
Mfi in the presence of any radiation field and this is particularly suitable in the situation we are considering where the
scattered field has deep-subwavelength spatial features. For very large molecules, the field has a remarkable spatial
variation on the molecule volume and generally the standard multipole expansion of the interaction hamiltonian can
not be approximated by only the dipole term. The molecular hydrogen ion we are investigating here is, on the
other hand, the smallest molecule in nature so that its absorbtion spectroscopy can be analyzed by resorting to the
multipolar expansion, but two observations are in order. In first place, this approach may fail if the molecule is close
to the inner edge of the graphene ring where, as above detailed, the scattered field has spatial features of the order of
the molecule length. Second, even though the approach is traditional, it nonetheless entails a dramatic enhancement
of the absorption probability which unveils novel and viable absorption spectroscopy methods.

In order to perform the multipole expansion of the interaction hamiltonian of Eq.(60) we note that, as it is well
known, the hydrogen molecular ion has no permanent dipole and hence the field has to be at least be expanded up
the first order around the molecule center of the mass. Therefore, exploiting the Taylor expansions

E (R0 + ur) = E (R0) + u (∂iEj)R0
xiêj ,

E

(
R0 ±

1

2
uR

)
= E (R0)± 1

2
u (∂iEj)R0

Xiêj , (65)

where r = xiêi, R = Xiêi and E = Eiêi are vector cartesian expansions, Eqs.(61) yield

H
(e)
I (R0, r) =

e

2
r ·E (R0) +

e

4
(∂iEj)R0

xixj ,

H
(N)
I (R0,R) = −e

8
(∂iEj)R0

XiXj (66)

and, consequently, Eq.(64) becomes

Mfi =

∫
d3R

e

8
(∂iEj)R0

[
2

∫
d3r

∣∣∣Ψ(e) (R, r)
∣∣∣2 xixj −XiXj

]
Ψ

(N)∗
n,Jf ,Mf

(R) Ψ
(N)
n,Ji,Mi

(R) (67)

where we have used the fact that the electron provides no dipole contribution, i.e.
∫
d3r

∣∣Ψ(e) (R, r)
∣∣2 r = 0 (since∣∣Ψ(e) (R, r)

∣∣2 is spatially even while r is odd). The integration on the electron position r in Eq.(67) can be dealt with



by noting that, exploiting the rotational invariance of the electronic orbital
∣∣Ψ(e) (R, r)

∣∣2 around the internuclear
vector R, it is simple to prove that∫

d3r
∣∣∣Ψ(e) (R, r)

∣∣∣2 xixj = a (R) δij + b (R)XiXj (68)

where
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]
,
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[
3
(
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)2

− r2

]
(69)

are functions of only the internuclear distance R =
√
X2 + Y 2 + Z2. Inserting Eq.(68) into Eq.(67) and using the

divergenceless of the scattered field (0 = ∇ ·E = ∂iEi) we get

Mfi =

∫
d3R

e

8
[2b (R)− 1]

[
(∂iEj)R0

(
XiXj −

1

3
δijR

2

)]
Ψ

(N)∗
n,Jf ,Mf

(R) Ψ
(N)
n,Ji,Mi

(R) , (70)

clearly showing the quadrupolar nature of the interaction we are considering. In order to evaluate this integral, it is
convenient to resort to the spherical tensor formalism which can here be set up by resorting to the relation (which is
easy to check)

(∂iEj)R0

(
XiXj −

1

3
δijR

2

)
=

√
4π

15

2∑
q=−2

R2Y q2 (Θ,Φ)V q (R0) (71)

where

V 2 =
√

2 (êR · ∇EL) ,

V 1 = − (êz · ∇EL + êR · ∇Ez) ,
V 0 = −

√
3 (êL · ∇EL + êR · ∇ER) ,

V −1 = (êz · ∇ER + êL · ∇Ez) ,
V −2 =

√
2 (êL · ∇ER) , (72)

are the five spherical components of symmetric and traceless field gradient tensor ∂iEj . Inserting Eq.(71) into Eq.(70),
exploiting Eq.(55) and using polar coordinates to perform the integration we get

Mfi =

e
8

√
4π

15

+∞∫
0

dRR2 [2b (R)− 1] |Gn (R)|2
 2∑
q=−2

V q (R0)

∫
dΩY q2 (Ω)YMi

Ji
(Ω)YMf∗

Jf
(Ω) . (73)

The integral of the product of three spherical harmonics is a standard one [12]

∫
dΩ Y m1

j1
(Ω)Y m2

j2
(Ω)Y m3∗

j3
(Ω) =

√
(2j1 + 1) (2j2 + 1)

4π (2j3 + 1)
〈j1, j2; 0, 0 | j3, 0〉 〈j1, j2;m1,m2 | j3,m3〉 (74)

where 〈j1, j2;m1,m2 | j3,m3〉 are the Clebsch-Gordan coefficients, so that Eq.(73) becomes

Mfi (R0) = IJi,Jf ;n

2∑
q=−2

〈2, Ji; q,Mi | Jf ,Mf〉V q (R0) (75)

where

IJi,Jf ;n =
e

8
√

3
〈2, Ji; 0, 0 | Jf , 0〉

√
2Ji + 1

2Jf + 1

+∞∫
0

dRR2 [2B (R)− 1] |Gn (R)|2 . (76)



The properties of the Clebsch-Gordan coefficients imply that

〈2, Ji; 0, 0 | Jf , 0〉 6= 0 if

{
Jf − Ji even
|Ji − 2| ≤ Jf ≤ Ji + 2

〈2, Ji; q,Mi | Jf ,Mf〉 6= 0 if

{
|Ji − 2| ≤ Jf ≤ Ji + 2
Mf −Mi = q

(77)

reproducing the well known quadrupole selection rule

∆J = 0,±2 (Ji = 0→ Jf = 0 forbidden) ,

∆M = 0,±1,±2. (78)

From Eq.(75) it is evident that the transition Mi → Mf = Mi + q is locally triggered by the component V q of the
field gradient. Resorting to Eq.(14) for evaluating the components V q of Eqs.(72) for the field of Eq.(13), we get
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]
,
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− 1
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,

V −2 (r⊥, ϕ, z) = ei3ϕ
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∂

∂r⊥
− 2

r⊥

)
ẼR

]
, (79)

showing that they have defined topological charge

V q (r⊥, ϕ, z) = Ṽ q (r⊥, z) e
i(1−q)ϕ. (80)

Note that the impinging photons have angular momentum equal to ~ whereas also transition with angular momentum
change ~∆M = ±2~ are allowed, thus generally preventing the conservation of the projection along the z-axis of the
total (radiation and matter) angular momentum. This is due to the fact that we have chosen for the quantization
axis of the internuclear vector R the line parallel to z axis and passing through R0. Now the field is rotationally
invariant only around the z-axis (passing thorough the center of the ring) and hence the conservation of total angular
momentum is not guaranteed if the molecule is out of this axis. On the other hand if the molecule is on the z-axis
(R0 = Z0êz) it is simple to prove that all the components V q (0, ϕ, Z0) vanish except V 1 (0, ϕ, Z0) (as it also obvious
from the fact that V 1 is the only component with vanishing topological charge) so that only transition with ∆M = 1
occurs, thus satisfying the conservation of the total angular momentum z-component.

Rotational absorption spettroscopy of molecular hydrogen ions. The above treatment of quadrupolar
absorption of photons from molecular hydrogen ions is usually not considered in standard rotational spectroscopy
since the available field gradients are generally too small to provide detectable absorption cross-sections. However,
the above discussed field resonantly scattered by the graphene ring has deep-subwavelength spatial features, evidently
entailing very large values of the field gradient. In order to show that such a field can actually make feasible rotational
spectroscopy we compare the rotational absorption cross-section in the presence of the graphene ring with the one
produced by the impinging plane wave without the ring. From Eq.(57), in a rotational transition Ji → Jf = Ji + 2,
the frequency ω of the absorbed photon is such that

~ω = E
(N)
n,Jf
− E(N)

n,Ji
= 2B (2Ji + 3) . (81)

The probability that such frequency is actually absorbed is proportional to sum of the squared matrix elements |Mfi|2
over all the initial Mi (which are thermally equiprobable) and over all the allowed final Mf . As a consequence the
absorption cross-section of such transition is

σmol = g

Ji∑
Mi=−Ji

Ji+2∑
Mf=−Ji−2

|Mfi|2, (82)



where g is a proportionality constant. Using Eq.(75) and exploiting the fact that only the term with Mf = Mi + q
contributes, we get

σmol (r⊥, z) = g |IJi,Ji+2;n|2
2∑

q=−2

w(Ji)
q

∣∣∣Ṽ q (r⊥, z)
∣∣∣2 (83)

where

w(Ji)
q =

Ji∑
Mi=−Ji

〈2, Ji; q,Mi | Ji + 2,Mi + q〉2. (84)

In the absence of the graphene ring the molecule is exposed to the sole impinging plane wave E(i) = E0e
ik0zêL whose

field gradient has the only not vanishing component V 1 = −ik0E0e
ik0z and accordingly the absorption cross-section

is in this situation

σvac = g |IJi,Ji+2;n|2 w(Ji)
1 |k0E0|2 . (85)

The efficiency of the graphene ring of enhancing the rotational absorbtion cross-section of a molecule is hence quantified
by the ratio

σmol (r⊥, z)

σvac
=

2∑
q=−2

w
(Ji)
q

w
(Ji)
1

∣∣∣∣∣ Ṽ q (r⊥, z)

k0E0

∣∣∣∣∣
2

. (86)
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