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Supplementary Figure 1: The effective magnetic moment M = +/(S?)/3 (normalised by satura-
tion value) and the spin correlation K = 2(S; - Sy) for varying values of the Hubbard U. For a
pure two orbital singlet, X' = —1.5. In our calculations, as the rest of the molecule hybridises with

the Cu orbitals, the spin-correlation is re-normalised to half its saturation value for U = 6 — 8eV.
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Supplementary Figure 2: The Von Neumann entropy A of the reduced density matrix and its de-

pendence on the on-site interaction U'.
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Supplementary Figure 3: Isosurfaces of several natural bonding orbitals for U = 8¢V. (a) Two Cu

3d orbitals are identified as half-filled by the NBO analysis. (b) The O, o* anti-bond is empty, and
does not hybridise with any Cu orbitals. (c) Instead, O 2p (blue) to Cu 4s (red) charge transfer is

favourable.
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Supplementary Figure 4: (a) The local density of states for U = 8eV and (b) the different total

density of states of the CuyO- functional complex for a range of Hubbard U values from DMFT.
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Supplementary Figure 5: The convergence of the distance d as a function of the total number of

sites (impurity and bath).

Supplementary Figure 6: The local axes for the Cu 3d correlated subspaces, and the two half-filled

NBOs for comparison.



Supplementary Table

Supplementary Table 1: The DMFT 3d orbital occupations of Cu in our model of ligated hemo-
cyanin for different Hubbard U values, as calculated using NBO. Note that the orbital labels corre-
spond to the local axes to each Cu atom (Supplementary Figure 6). All eight other Cu 3d orbitals

had occupancies > 1.98 for all values of U.

U (eV)
0 4 6 8
Cupd,, 1.55 147 127 1.17
Cugd,, 159 151 122 1.13

Supplementary Note 1: Details of diamagnetism

The effective magnetic moment and spin correlation of the Cu dimer are shown in Supplementary
Figure 1. The spin correlation K reaches half the saturation value for U = 6 — 8eV. Note that the
saturation value would only be obtained for a diatomic system in vacuum, which is not hybridised
to the rest of the molecule. As the local Cu 3d orbital charge and spin are not true quantum
numbers in the molecule due to hybridisation, quantum fluctuations reduce the amplitude of the
spin correlation to half the full value. This is consistent with the presence of approximately 50%

combined d'” and d*° excitations (Figure 3 of the main text).

Supplementary Note 2: Von Neumann entropy

The importance of multi-determinental physics can be quantified by the Von Neumann entropy.
This provides a measure to identify the degree to which the system is in a mixed quantum state
with a multitude of significant components. The Von Neumann entropy, obtained in the di-Cu 3d
subspace, is given by A = Tr [, log p4], where pg is the di-Cu reduced finite-temperature density

matrix, traced over the states of the AIM bath environment (Supplementary Figure 2). Interestingly,
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we find that the entanglement entropy increases monotonically in the range U = 0 — 10eV. We
note the presence of two plateaus, for U = 4 — 6eV and U = 7 — 8¢V, that coincide with the

formation of the singlet and triplet configurations in the histogram in Figure 3 of the main text.

Supplementary Note 3: Natural bond orbital analysis

In order to understand the nature of the bonding in the Cu;O, complex, natural bond orbital (NBO)
analysis was performed on the DFT and DMFT electronic densities.! This involves a series of di-
agonalisation and occupancy-weighted orthogonalisation procedures on the single-particle density
matrix, transforming it into a set of atom-centered orthogonal natural atomic orbitals (NAOs),
then natural hybrid orbitals, and finally the natural bond orbitals {|o;)}, which are either one- or
two-atom centered. By construction, this procedure decomposes the electronic density into terms
resembling Lewis-type chemistry (with bonding and lone pairs of electrons). The NBOs generated
from DFT + DMFT densities largely retain the familiar profile of DFT-based NBOs, but their oc-
cupancies may be expected to deviate further from integer values due to quantum-mechanical and

finite-temperature multi-reference effects captured within DFT + DMFT.

Natural bond orbital analysis was performed using the NBO 5 programme.? Performing this
transformation starting from ONETEP’s basis of NGWFs is described by Lee et al.® This analy-
sis reveals a hole in one 3d orbital for each Cu atom (with 3d occupancies of 9.11 and 9.07 for
U = 8eV), confirming the expected Cu(Il) oxidation state 3d°4s" (Supplementary Table 1 and

Supplementary Figure 3a).

A second-order perturbation analysis detects multiple energetically favourable transfers of
electronic density from filled to unfilled NBOs, revealing those aspects of the electronic structure
that are not well described by Lewis-like chemistry. Early studies of hemocyanin identified back-
bonding charge transfer from Cu 3d to oxygen ¢* anti-bonding orbitals (Supplementary Figure 3b)
as an important factor in explaining the comparatively low 750 cm™' Raman frequency of the O,

bond.* However, our second-order perturbation analyses find that this back-transfer is not present.



For U = 8eV we instead detect favourable charge transfer from O 2p orbitals to Cu 4s orbitals

(Supplementary Figure 3c).

Supplementary Note 4: Atomic coordinates of the model system

The atomic coordinates (in Angstroms) of the model system are listed below and published sep-
arately in an xyz file. This is the QM region of the QM/MM region of Supplementary Ref. 5
optimised using the B3LYP hybrid functional. It closely matches the geometry of the Cu,O5 core

in XRD measurements of oxyHc and oxyTy.
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Supplementary Note 5: Convergence of the system-to-AIM mapping

In DMFT, the accurate mapping of the physical system to an Anderson Impurity Model (AIM) is
crucial. This mapping is achieved by fitting the AIM hybridisation function Ajy,(w) to the hy-
bridisation function of the physical system A(w), where these hybridisation functions are defined
as A(w) = w+pu—1t—G ! (w)—X(w) (where p is the chemical potential, ¢ the d-d hopping param-
eters, GG the one-particle Green’s function and 3 the self-energy). In the impurity Green’s function
of an AIM, all of the parameters associated with the bath orbitals only appear via the hybridisation
function; that is, it contains all of the physics of the bath orbitals pertinent to the impurity orbitals.
The matching of the hybridisation functions is achieved by minimising the function

2

d= ; % ‘Aimp(w) ~ Aw) (1)

with respect to the AIM parameters. w., is a cutoff frequency and + is a user-specified parameter that
can allow for preferential weighting of agreement at low frequencies. If we increase the number
of sites of our AIM, the AIM Hamiltonian has more parameters, and we stand a better chance of
fitting the physical hybridisation function because the AIM hybridisation function is more flexible.
Supplementary Figure 5 shows the convergence of the distance d as a function of the total number
of sites in the AIM. We note that as a rule of thumb d < 10~7 is generally adequate; if d is much

smaller than this it tends to indicate overfitting. The calculations in this work used eight sites.

Supplementary Note 6: Local axes

The local axes for the two Cu subspaces are shown in Supplementary Figure 6. This particular
rotation minimises the off-diagonal elements of the local Green’s function. As shown in Supple-
mentary Table 1 these axes localise the holes on single d orbitals; d,, for Cus (on the left of the
figure) and d,, for Cug (on the right). The two NBOs identified as being half-filled are plotted
for comparison. Since the NBO analysis is agnostic to the projection procedure used in the cluster

DMEFT calculations, it is reassuring that these orbitals align with the axes.
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