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SUPPLEMENTARY NOTE 1

Tip and Sample Preparation

�e experiments were carried out in a scanning tunneling
microscope (STM) operating at a base temperature of 10mK
[1]. �e sample was a V(100) single crystal. To obtain a clean
surface, the sample was prepared by multiple cycles of Ar
spu�ering and subsequent annealing to 700◦C. �e tip mate-
rial was a polycrystalline V wire, which was cut in air and
prepared in ultrahigh vacuum by �eld emission. �e cleaned
V(100) always features a (5×1) oxygen reconstruction, which
can be seen in Fig. S1(a) and (b), due to migration of oxygen
to the surface during annealing procedure [2]. Additional im-
purities include oxygen vacancies (see Fig. S1(b), which are
most abundant and visible in STM topography image and
some carbon atoms [3]. Carbon atoms migrate to the sur-
face during slow cool down procedure a�er annealing, and
is invisible in STM topography measurements [4]. Impuri-
ties with YSR states can be found on the surface, whose ori-
gin is not exactly known. However, from the much smaller
abundance compared to oxygen vacancies and the still much
higher concentration than remnant transition metal impu-
rities, we conclude that the YSR impurities may originate
from combination of the most abundant impurities, such as
a carbon-oxygen vacancy complex. �e fact that most YSR
impurities only show one pair of YSR state in-gap indicates a
simple spin structure and supports the simple elements com-
ponent rather than conventional magnetic transition metal
elements.

SUPPLEMENTARY NOTE 2

Deviations from an Exponential Decay of the Conductance

We a�ribute the deviations from the exponential decay
of the conductance as function of tip-sample distance to
changes in the impurity-substrate coupling. However, there
are other e�ects that may result in a similar deviation from
the exponential behavior of the conductance, such as defor-
mations of the tip. In order to exclude tip deformations, we
have performed distance dependent conductance measure-

FIG. S1: Topography of V(100) surface. (a) An overview to-
pography covering an area of 100 nm× 100 nm. (b) A smaller area
(6 nm× 6 nm) showing the (5× 1) oxygen reconstruction with some
oxygen defects showing up as bright protrusions.

ments for both a tunnel junction without any YSR state as
well as with one YSR state that does not move in energy as
function of tip-sample distance. Both curves are plo�ed log-
arithmically in Fig. S2(a), which demonstrates their princi-
pally exponential evolution. Fi�ing an exponential to the low
conductance regime and dividing the data by this �t, shows
a constant behavior across the distance, which is shown in
Fig. S2. �erefore, we do not expect tip deformations to con-
tribute as we approach tip and sample. �is demonstrates
that in the systems presented here, deviations in the expo-
nential behavior can be a�ributed to changes in the impurity-
substrate coupling.

SUPPLEMENTARY NOTE 3

Mean Field Description of the Anderson Impurity Model

In the Anderson impurity model, the Hamiltonian H de-
scribes the coupling of an impurity Hi to a substrate Hs by
means of an interaction term Hsi acting like a hopping be-
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FIG. S2: z-dependence of conductance of a clean BCS junction
without YSR state. (a) Experimental normal state conductanceGN
as function of tip-sample distance z showing the exponential depen-
dence for a tunnel junction without any YSR state as well as with
one YSR state that does notmove in energy as function of tip-sample
distance. (b) �e same data as in (a) divided by an exponential �t to
demonstrate that no deviations occur in these two instances.

tween impurity and substrate

H = Hs + Hi + Hsi, (S1)

Hs =
∑
kσ

εkc
†

kσckσ − ∆s
∑
k

(
c†k↑c

†

k↓ + h.c .
)
, (S2)

Hi =
∑
σ

εdndσ +Udnd↑nd↓, (S3)

Hsi =
∑
kσ

tkd

(
c†kσcdσ + h.c .

)
, (S4)

Here, σ denotes the spin states up (↑) and down (↓) and
ndσ = c

†

dσcdσ is the number operator. �e substrate Hamilto-
nian Hs describes a Bardeen-Cooper-Schrie�er (BCS) super-
conductor, which is readily solved within mean �eld theory.
�e energy-momentum relation is given by εk and the super-
conducting gap is given by ∆s. Integrating over momentum,
we �nd the Green’s function of the substrate in 2× 2 Nambu
space

Gs(ω) = ns
(ω + iγ )σ0 − ∆sσ1√
∆2
s − (ω + iγ )2

, (S5)

with ns being the density of states of the substrate at the
Fermi level in the normal conducting state and γ being a
phenomenological broadening parameter [5]. In the impu-
rity HamiltonianHi, the four component operator describing
the Coulomb repulsion Ud can be reduced to a two compo-
nent operator by means of a mean �eld approximation

Udnd↑nd↓ = Ud 〈nd↓〉nd↑ +Ud 〈nd↑〉nd↓, (S6)

where 〈ndσ 〉 denotes the spin down density in the spin up
level and vice versa. �e spin densities of states 〈ndσ 〉 depend
on each other, but they can be calculated selfconsistently us-
ing the equation

〈ndσ 〉 =

∞∫
−∞

Aiσ (ω)f (ω)dω, (S7)

where Aiσ (ω) = ImGiσ (ω) is the spin-resolved spectral func-
tion of the impurity Green’s function and f (ω) is the Fermi-
Dirac distribution. Within this mean �eld approximation, we
can rewrite the energy levels of the impurity as

Hi =
(
εd +Ud 〈nd↓〉

)
nd↑ +

(
εd +Ud 〈nd↑〉

)
nd↓

=
(
−EJ + EU

)
nd↑ +

(
EJ + EU

)
nd↓. (S8)

�e second line in Eq. (S8) de�nes the energy levels in terms
of a spli�ing parameter EJ and an o�set parameter EU, which
are used in the main text. �e relation to the �rst line illus-
trates the connection to the mean �eld description of the An-
derson impurity model. We should point out that the relation
of EJ and EU to εd andUd is likely more complex, when taking
into account correlation e�ects. �e impurityHamiltonianHi
describes an e�ective Zeeman spli�ing without introducing
a quantization axis as in a magnetic �eld. �e impurity spin
is quantized with s = 1

2 and rotates freely.
With this mean �eld approximation in mind, we can write

down the full Hamiltonian in matrix form

H =

(
Hs Hsi
H †si Hi

)
=

(
Hs t̂
t̂† Hi

)
. (S9)

We assume a 2 × 2 Nambu space for each entry, such that
the interaction term becomes Hsi = t̂ = tσ3, where t = tkd
is a momentum independent hopping term and σ3 is a Pauli
matrix. �e corresponding Green’s function can be wri�en
as

G(ω) =

(
ω − Hs t̂
t̂† ω − Hi

)−1
(S10)

Focusing on the impurity Green’s function Gi(ω) = G22(ω),
we �nd the expression

Gi(ω) =
(
ωσ0 + EJσ0 − EUσ3 − Γsσ3дsc(ω)σ3

)−1
, (S11)

where σj are the Pauli matrices, Γs = |t |2ns is the
impurity-substrate coupling parameter, and дsc is the nor-
malized Green’s function of the superconducting substrate
withGs(ω) = n0дsc(ω). Equation (S11) represents the Green’s
function of the impurity as used in the main text.
While we work in the limit Γs � ∆ in this manuscript, we

want to point out that in the regime Γs ≈ ∆ interactions of
non-magnetic impurities can lead to Andreev bound states,
which are similar to the YSR states, but spin degenerate. �is
also illustrates the more general character of the Anderson
impurity model as it encompasses not just the YSR states, but
also the more genreal Andreev bound states.

Transport through an Impurity

Tunneling involving a YSR state is typically thought of as
transport through the YSR state, i. e. transport through the
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impurity at the surface. �e tunneling current through an im-
purity not only involves the tunnel coupling between tip and
impurity, but also between the impurity and the substrate.
�is is best modelled within the Anderson impurity model as
it naturally involves the impurity-substrate coupling and has
been discussed extensively in the literature. �e normal state
conductance is typically measured at bias voltages V much
larger than the superconducting gaps, i. e. eV � ∆t + ∆s,
where the in�uence of the superconducting gaps on the nor-
mal state conductance can be neglected. In this approxima-
tion, the transmission through the YSR state can be wri�en
as [6]

τ =
4t2tinint
|1 − t2tiдiдt |2

, (S12)

where ni is the density of states at the impurity, nt is the den-
sity of states in the tip, дi is the Green’s function of the impu-
rity in the normal conducting state, дt is the density of states
in the tip in the normal conducting state, and t2ti describes the
tunnel hopping between the tip and the impurity. Assuming
particle-hole symmetry, i. e. EU = 0, the Green’s functions
are

дi =
EJ + iΓs
Γ 2
s + E

2
J

and дt = int, (S13)

and the density of states ni in the impurity is

ni = Im (дi) =
Γs

Γ 2
s + E

2
J
. (S14)

Further de�ning Γt = t2tint, we can calculate the transmission
through the YSR state of the impurity

τYSR =
4ΓsΓt

(Γs + Γt)2 + E
2
J
=

4Γ̃sΓ̃t
(Γ̃s + Γ̃t)2 + 1

. (S15)

In the last expression of Eq. (S15), we relate the impurity-
substrate coupling Γs to the level spli�ing EJ, which we as-
sume to be constant, through Γ̃s = Γs

EJ
. Furthermore, we de-

�ne Γ̃t = Γt
EJ
. �is allows us to directly relate the experimen-

tally extracted impurity-substrate coupling in the expression
for the YSR state energywith the impurity-substrate coupling
in the expression for the channel transmission.

�e experimental spectra show pronounced coherence
peaks, which are not part of the density of states on the YSR
state. We, therefore, assume that a second transport channel
going through the impurity, but not through the YSR state, is
involved. �is means that both transport channels share the

same impurity-substrate transport channel. Assuming a con-
ventional BCS-type superconducting gap based on a constant
Green’s function дi = i/Γs and density of states ni = 1/Γs ,
we �nd for the normal state transmission

τBCS =
4ΓsΓt
(Γs + Γt)2

=
4Γ̃sΓ̃t
(Γ̃s + Γ̃t)2

. (S16)

Further assuming that the two channels are independent, we
can add them to �nd the total transmission τ weighted by the
ratio p with which they have been measured

τ = τYSR + τBCS = p
4Γ̃sΓ̃t

(Γ̃s + Γ̃t)2 + 1
+ (1 − p)

4Γ̃sΓ̃t
(Γ̃s + Γ̃t)2

, (S17)

As can be seen, the transmission does not only carry infor-
mation about the coupling between the tip and the impurity,
but also between the impurity and the substrate. As such, it
provides excellent means to con�rm the connection between
the YSR state energy as well as the impurity-substrate cou-
pling.

SUPPLEMENTARY NOTE 4

Orbital Decay for Di�erent Transport Channels

We use the same decay constants in the calculation of Γt
for the YSR channel and the BCS channel in the respective
systems. While this is a priori not necessarily justi�ed, for
our speci�c situation, we argue in the following way. We �t
the conductance spectra of Set 1 and 3 at low conductance
and �nd that the contribution from each channel is at least
within a factor of three a�er the conductance has dropped by
almost four orders of magnitude. �is indicates that the de-
cay constants cannot be very di�erent. In terms of a minimal
model that we present here, our assumption of having the
same decay constant for both channels is therefore justi�ed.
For Set 2, we ��ed the spectrum at a higher conductance, but
as the three systems are in principle similar, we also make the
same assumption for this data set.

SUPPLEMENTARY NOTE 5

Fitting the di�erential conductance

�e di�erential conductance dI/dV was calculated from
the tunneling current I (V ) = e[®Γ(V ) − ®Γ(V )], with the tun-
neling probability from tip to sample

®Γ(V ) =
GN

2e2

∞∫
−∞

∞∫
−∞

dEdE ′(net (E − eV )n
e
s (E
′)f (E − eV )[1 − f (E ′)] − nht (E + eV )n

h
s (E
′)f (E + eV )[1 − f (E ′)])P(E − E ′). (S18)
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Here, GN is the normal state conductance, f (E) = 1/(1 +
exp(E/kBT )) is the Fermi function, and ne ,ht , ne ,hs are the elec-
tron (e) and the hole (h) contributions to the DOS in tip and
sample, respectively. For the corresponding Green’s func-
tions we use the (2× 2) Nambu space as in the main text. �e
P(E)-function describes the exchange of energy with the en-
vironment during the tunneling process and is interpreted as
the energy resolution function of the STM [7]. �e other tun-
neling direction ®Γ(V ) from sample to tip can be obtained by
exchanging the Fermi functions in Eq. (S18), i. e. f ↔ (1− f ).

�e DOS in the sample ns is modeled by the sum of the
DOS of the YSR state nYSR and the DOS of the empty BCS
gap nBCS:

ne ,hs = pne ,hYSR + (1 − p)nBCS, (S19)

where p is the relative contributions of the two transport
channels to the tunneling current.

�e DOS of the YSR state is calculated from the Green’s
function G(ω) given in Eq. (S23)

neYSR(ω) = ImG11(ω) and nhYSR(ω) = ImG22(ω). (S20)

�e DOS of the empty BCS gap nBCS as well as the DOS of
the tip nt were modeled by the BCS density of states:

nBCS,t(ω) = Re


ω + iγs,t√

(ω + iγs,t)2 − ∆2
s,t

 . (S21)

Here, γs,t is a phenomenological broadening parameter in
sample (s) and tip (t). For the vanadium tip, we �nd ∆s =

760 µeV, γs = γt = 3 µeV. In order to account for a slight non-
BCS shaped tip gap, we use the Maki model for the tip, which
introduces a depairing parameter ζt that leads to an energy
dependent tip gap parameter ∆t [8]:

∆t = ∆
BCS
t − ζt

∆t√
∆2
t − ω

2
. (S22)

with ∆BCS
t = 780 µeV and ζt = 0.008. �e sharp YSR state

in the sample is a direct probe of the coherence peaks in
the tip, which can be directly seen in the tunneling current.
�e asymmetric shape of the coherence peaks and the falling
slope away from the gap result in the typical YSR peak shape
in the di�erential conductance with the characteristic nega-
tive di�erential conductance. Hence, a be�er �t of the YSR
state in the sample can be achieved with a modi�ed coher-
ence peak in the tip. �erefore, we phenomenologically adapt
the tip gap by employing theMaki model, which can be ratio-
nalized by previously observed di�erences in the vanadium
tip gaps compared to the vanadium bulk gap [9–11].

Di�erential conductance spectra were recorded with a
lock-in ampli�er having amodulation amplitude of 20 µV and
amodulation frequency of 793Hz. �e additional broadening
in the di�erential conductance spectra due to the lock-in am-
plitude is accounted for in the data analysis by means of an
additional convolution with a semi-circle shaped resolution
function.

Fitting YSR states within the Anderson impurity model

In the strong impurity-substrate coupling limit (Γs � ∆),
we �nd the following Green’s function for the YSR states
within the Anderson impurity model:

G(ω) =
Γsωσ0 + (EJσ0 + EUσ3)

√
∆2
s − ω2 + Γs∆sσ1

2EJΓsω − (Γ 2
s − E

2
J + E

2
U)

√
∆2
s − ω2

, (S23)

It can be easily seen that there are more variables to be de-
termined than independent �t parameters. �erefore, it is
not possible to �nd an unambiguous value for every variable
from the �t. We have to reduce the e�ective number of vari-
ables by introducing the following dimensionless parameters:

x =
EU
EJ

; y =
Γs
EJ
; u =

ω

∆
. (S24)

�e resulting Green’s function in terms of the parameters x ,
y, and u is:

G(u) =
1
EJ

(σ0 + xσ3)
√
1 − u2 + uyσ0 + yσ1

2uy +
√
1 − u2(1 − x2 − y2)

. (S25)

�e energy position of the YSR state in this notation is

u± =
ε±
∆
= ±

1 − x2 − y2√
(y2 + (1 − x)2)(y2 + (1 + x)2)

. (S26)

�e extracted �t parameters for the data sets presented in the
main text are summarized in Table SI. We can see that ne-
glecting the particle-hole asymmetry parameter EU will not
cause a signi�cant error in the analysis of the main text as x
is smaller than one.

SUPPLEMENTARY NOTE 6

Conductance Measurements as Function of Tip-Sample
Distance

For completeness, we show the normal state conductance
curves as function of tip-sample distance in Fig. S3 for the
data sets in Figs. 4 and 5 of the main text. �e exponen-
tial dependence of the tunnel coupling dominates the overall

TABLE SI: Fit parameters for the data sets presented in the main
text. �e parameters x and y are de�ned in Eq. (S24), p is the con-
tribution of the YSR state to the total normal state conductance, and
τ is the total normal state conductance in units of the quantum of
conductance G0.

Set Figure x y p τ

1 2,3 0.42 ± 0.01 1.36 ± 0.01 22% 1.6 × 10−4
2 4 0.03 ± 0.006 0.86 ± 0.005 39% 2.5 × 10−2
3 5 0.029 ± 0.005 0.39 ± 0.005 35% 1.6 × 10−4
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FIG. S3: z-dependence of conductance of a YSR junction. (a) Ex-
perimental normal state conductance GN as function of tip-sample
distance z showing the exponential dependence for the data set pre-
sented in Fig. 4 of the main text. (b) Zoom-in to the high conduc-
tance regime, where the strongest deviations are expected between
the experimental data and the theoretical model with a constant
impurity-substrate coupling. �e calculated transmission based on
the extracted impurity-substrate coupling provides a much be�er
agreement even in the logarithmic plot. (c) and (d) is the same as (a)
and (b) for the data in Fig. 5 of the main text.

behavior, which does not illustrate the comparatively small,
but important changes in the impurity-substrate coupling.
�erefore, we only show the reduced transmission τ/Γ̃t in
the main text.

�e uncertainty of the data points presented in the raw
experimental data, including bias spectra (for example Fig. 2
(d) in the main text) and z-dependence of conductance (for
example Fig. S3) is usually too small to show in the graph.
On the other hand, the uncertainty of the �t can be qualita-
tively visualized from the deviation between the �t and the
experiment.

SUPPLEMENTARY NOTE 7

Experimentally deciding the scattering regime

If the YSR states are changing their energy ε±, when the tip
approaches, the sca�ering regime can be determined. Both ε±
and the normal state conductanceGN have to be measured as
function of tip-sample distantce z. If the conductanceGN in-
creases more than exponentially as the tip approaches, the
impurity-substrate coupling Γs decreases. If GN increases
less than exponentially, Γs. Whether the sca�ering regime
is weak or strong can be found in Table SII.

TABLE SII: Table to decide, if the system is in the weak or strong
sca�ering regime. Both the YSR state energy ε± and the normal
state conductanceGN have to be evaluated as function of tip-sample
distance z.

tip-sample distance decreases Γs increases Γs decreases
ε± moves towards 0 weak strong
ε± moves away from 0 strong weak

FIG. S4: �e evolution of the asymmetry of a YSR state cross-
ing the quantum phase transition.Asymmetry of the YSR state
intensity shown in Fig. 4 of the main text. �e vertical dashed line
indicates the position, where the system moves across the quantum
phase transition.

YSR State Asymmetry

�e asymmetry of the YSR state

A =
IR − IL
IR + IL

, (S27)

where IL,R is the intensity of the le� (L) and the right (R)
YSR peak, respectively, is particularly interesting when the
YSR state moves across the quantum phase transition. In the
experiment, it then looks like the asymmetry switches sign.
It should be noted that in the model the energies of the elec-
tron and hole parts of the YSR state change sign, when mov-
ing across the transition, but the asymmetry does not change
its sign. In the experimental analysis, the sign change arises
when calculating the asymmetry from the le� and the right
peak irrespective of their electron/hole character.
We plot the asymmetry of the YSR state shown in Fig. 4 of

the main text in Fig. S4. �e shaded region around the data
points indicates an uncertainty of ±0.004. �e strong sca�er-
ing of the data points for z > 0.4 nm is due to the small lock-in
signal at large tip-sample distances. We note that the asym-
metry is intrinsically small and moves through zero rather
smoothly, such that a discontinuity is not directly visible. �e
vertical dashed line indicates where the YSR energies cross
zero. Still, the overall change in sign of the asymmetry to the
le� and to the right of the vertical line indicates the quan-
tum phase transition. In addition, the rather small asymme-
try throughout the measurement justi�es the approximation
EU = 0.
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