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Supplementary Fig. 1 | Effect of T and %, on the optimal and optimized fixed control
strategies. a, Optimal maintenance fraction f for the optimal strategy (green line) and opti-
mized strictness o for the fixed control intervention (blue line) as a function of intervention
duration 7. Red dotted vertical line shows the critical value 7. below which full suppression
(f = 0) is the globally optimal intervention. Blue dotted vertical line shows 7;, the point at
which Z, = 1 at the start of the optimized fixed control intervention. b, Full suppression crit-
ical value 7. as a function of basic reproduction number %. ¢, d, Example timecourses for
T > 71, under the (¢) optimal and (d) fixed control interventions. Dashed black line shows time-
course in the absence of intervention. Parameters as in Table 1 of the main text unless otherwise
stated.



1 Supplementary Note 1: Theorems and Proofs

1.1 Useful notation

We define S, for an SIR model to be the critical fraction susceptible at which %, = 1 and

dI . . . . |
ar = 0 (in the absence of intervention), i.e. Scri = T

1.2 Peak prevalence in an SIR model

Define I™#(¢) for an SIR system as the maximum value of /(x) achieved during the interval
X € [t,00). Notice that I™**(0) = ™, where I™®* is the global maximum value of /(x), which

we are seeking to minimize with our intervention.

A known result that is immediate from the original work of Kermack and McKendrick' (see
Weiss” for an explicit derivation) holds that for S(¢) > Sy

ImaX(t> _ I(t) +S(z) — % log (S(t)) — 3%0 + %Olog (%) 5)

Remark 1: Continuity of 1™, "% is a continuous function I"* : (0,1]> — [0,1] of v =
(S(2),1(t)) forv € [Serir, 1] X (0, 1], and therefore also a continuous function of t, I"** : R +— [0, 1]
fort € (—oo,t,yif|, where teyi; is the time such that S(teris) = Seris

This is immediate from the fact that /™**(¢) is a linear combination of univariate functions of
S(t) and I(r) that are themselves continuous on [Sc, 1] and [0, 1], respectively. And since S()

and I(t) are continuous functions of ¢, I'™®* is a continuous function of ¢ for ¢ € (—oo, fi].

Lemma 1: The more fire, the bigger the blaze. If0 <I.(t.) <I,(t;) and S(t.) = Sy(ty) for two
SIR systems x and y with identical parameters % and 7y at possibly distinct times ty,t, € 0,0
then I (t,) < I (ty), with equality only if I(t) = L,(ty).

Proof. There are three cases.

Case 1: I(7;) = 0. In this case, ;'™ (t;) = 0 < I(ty) < [;"**(ty), with equality only if [ () =

0, which can only occur if 1,,(f,) = 0.

Case 2: Sy(tx) = Sy(ty) < Scrit- In this case, I (tx) = L(ty) and [['**(ty) = Ly(ty), so our result



holds.

Case 3: S(t) = S, (ty) > Scrit- In this case, we can apply equation 5. Fixing S(¢) > Scrig, ™ ()
is an increasing function of I(¢) (there is a single, positive I(¢) term in the sum), so the result
must hold. []

Lemma 2: The more fuel, the bigger the blaze. If I.(t.) = I,(t,) > 0 and S.(t,) < S,(ty)
for two SIR systems x and y with identical parameters %y and y at possibly distinct times
to,ty € [0,00] then I'™ < I'™, with equality only if S(t) = Sy(ty) or Sy(ty) < Scrir

Proof. There are three cases.

Case 1: Sy(fy) < Serit. If Sy(y) < Serit, then Sy(#r) < Scrir, and neither epidemic will grow after
Iy or 1y, respectively. It follows that [ = I(ty) = [[™* = I,(1y)

Case 2: Sy(ty) > Scrit» Sx(tx) < Scrit- In this case, ' = I,(zy) but I,‘:‘a" > I,(ty), since % > 0if
I,(t) > 0and Sy(t) > Scrit. So we have I'* < I,r;‘ax

Case 3: S,(ty),Sy(ty) > Scrit. The result in this case follows immediately from the fact that,
fixing I(z), I™®*(¢) is an increasing function of S(z) when S(¢) > S.;i. We can see that it is by
taking the partial derivative with respect to S of the expression in equation 5:

d 1
_ImaX t e 1 _—— 6
If S > Scit, ,%7% <1,s0 %Imax (t) > 0, and I™**(¢) is an increasing function of S(z). O

1.3 Intervention function

We say that a right-continuous function with finite discontinuity points b(¢) : R — [0, 1] is an
intervention beginning at #; with duration 7 if b(¢) = 1 for all t € (—oo,1;) | (t; + T,00). The SIR

model under such an intervention will then take the form



s

o= —b(t) * BSI

dl

“_ _ 7
o b(t)* BSI— vyl (7)
R _

a7

We wish to show that for every 7 there exists an intervention that minimizes /™** and that such
an optimal intervention must be identical except at a finite set of times {¢; | t; € (t;,t; +7)} to
one of the form:

g5 1€ [titi+ f1)

0, te[ti+fr,ti+1]

(8)

For some values of 7; € R and f € (0, 1]. We divide the proof into a series of lemmas.

Lemma 3: More fire, less fuel. Let by(t) and by(t) be two interventions beginning at the same
ti and lasting until ty = t; + T. Denote the infectious and susceptible fractions for by(t) and by(t),
respectively, by I.(t),S(t) and I,(t),Sy(t). If I(t) > L,(¢) for all t € [t;,t7], and L(t) > I,(t) for
some t € (ti,tr), then Sx(ty) < Sy(ty).

Proof. The difference AR, (1) = Ry(t) — R,(t) obeys dAdI:"y

for all ¢ € [t;,t7]. Therefore AR, (t) is non-decreasing during any time interval contained in
[ti,tr]. Take 7 € (t;,tf) such that I(f) — I,(f) > 0. Because the intervention b(t) allows only a

= Y(Ix — 1), which is non-negative

finite number of discontinuities, the resulting /(7) is continuous. And so there is an € such that
I(t) — I,(t) > 0 for all € [f — €,7 + €]. Therefore AR,,(¢) must be strictly increasing during
[f—e,f+e].

Because ARy, (1) never decreases and sometimes increases during [t;, 77|, it follows that AR, (#;) <
AR,y (tr), but ARy (1;) = 0 so ARy (tf) > 0 and Ry(tf) > Ry (tr). But I(ty) > I,(ty) and S =
1 —(I4+R), s0 Sx(tr) < Sy(tr). O

We now wish to prove that an epidemic left alone—without any intervention—will reach any
given level of prevalence faster than it would have if any transmission-reducing intervention

had taken place. In other words, an intervention always slows down the epidemic.

Lemma 4: Do nothing to burn faster and brighter. Ler b|(t) = 1 denote the null intervention

and take tiqy such that I (tyax) = I, Let by(t) be an intervention that starts at time t;, has



duration T, and satisfies by(t) < 1 for almost all t € [f — €, + €] for some € > 0 and some
[ <tmax. Then L(t) < I,(t) for all t € [f,tmay]-

Proof. Let the time of divergence of the interventions b; and b, be given by t; = inf{z €
(ti,tmax) | bx(f) < 1}. Note that this infimum must exist by completeness, because it is taken
over a bounded and non-empty set. It is easy to see that by(¢) = 1 and that I,(t) = I, (¢) for all
t <tg4. Also, by the right continuity of by, there exists an interval (z4,¢; + €) such that I} > I, and
b1BSi1; > b.BS.I;. Suppose there exists a minimal 7, € (¢;,tmax) such that I,(z,) = I;(z,). We
will find a contradiction. Note that I, < I in (¢4,2,). Because I; is monotonic and continuous in
(—o0, tmax ), We can invert /; and define 7 = I ' (I(t)) for all t € (—oo, ymax)-

We can see that 44 7+ (f) is the growth rate of the infectious class under the null intervention
when I} = L(1). It follows that dll( f) < E( ) for some value of ¢, otherw1se I} would always
dominate I, and 7, would not exist. Let tiyf = inf{z € (14,1,) | dll( f) < dt Is(1)}. This implies
that S (7) < Sy(r) for some interval including ;¢ that can be maximally extended to the left as
(fmin, tinf]. By continuity of S, S1(fnin) = Sx(fmin)-

If #1nin 7 t4, then fmin > finin, and R} (fmin) = Rx(fmin), but this is impossible because by construc-
tion 4L (7) > 2 (¢) for all t € (t4,tmin), and therefore Ry (fin) < Rx(fmin)-

If tmin = g, then fyin = fin. Also, Ry(7) > Ry(t) for all ¢ € (t;,t;¢). But that is impossible

because dRc'Jgfd) = b(tg)sl;fly;ﬂ vl <yl = ngEtd), and trivially R; (7z) = R«(ta). O

Lemma 5: Wait, maintain, suppress. Let by be any intervention, and I"™ = max{l(t)}.

There exists an intervention by with same beginning and duration as by of the form

1 retti+gT)
byt) = g5, tEliterti+fr) ©)
0 teti+fT,t;i+1]

For some g < f and g, f € (0, 1], such that []** < [["*.

Proof. Define IT = max{I(t) | t € [t;,27]}. Following Lemma 4, take g such that 7; + g7 =
I7'(IF). Now take f such that (1 — f)T = llogl( ok From Lemma 4 it is clear that ,,(r) >
I(t) for t € [t;T,t; + g7). By construction I,(t) = IT fort € [t;+ g7,t;+ f7), and therefore the



inequality remains true. Finally, for 7 € [t; + f7,t; + 7], because I,(¢) decays faster than I.(z),
then if I,(r) < I,(¢) at any time, then I,(ty) < I:(tr), but by construction I,(ts) = I:(t;). By
Lemma 3, Sy(#f) < Sx(?f), and by Lemma 2, I;™* < I},

It is possible however that this proposed by is not a viable intervention if Sy(t;:rit) = St for
some tycrit € [ti+gT,t;+ f7), as this would require by to assume values larger than 1. If that is
the case we can define by, by taking f such that ¢; 4 f7 = tycrit. Note that because by the end
of the intervention by the infectious class will monotonically decrease because Sy < S, this

implies that /" = I = If < II™*. [

X — X

Theorem 1: Maintain, then suppress. An intervention bop(t) such that Iy < IV'* for any

intervention by (t) must take the form

Tooteliti+fT
(1) = P51 LT (10
0, refti+fr,ti+1]

for some value of t; € R and f € (0,1].

Proof. 1If b,(t) is an optimal intervention, then Lemma 5 ensures that b, (¢) is of the form given

by equation 9. Now consider the strategy bop(t) of the form given by equation 10 (main text
equation 2) with tlf’ Pt— F+ gt and f°P' = f* — g. This new intervention functions exactly like by
for the entire duration of b, but then by 1s held at O for a little longer further reducing Iop;. This

means that Sopt(t;pt) = Sx(t}) and Iopt(t;pt) < I(t}) and therefore by Lemma 1, [git* < I7"*. [J

Remark 2: The strategy is set at the start. Because during an intervention b,y the suscepti-

ble class is depleted at a constant rate for all t € [t;,t;+ fT) , bop: can be written as

——r ~ reti+ f7)
bopa(1) = { B(Si—livti=1) 11

0, tEti+ fr,t;+7]

For S; = S(t;) and I, = 1(1;).



1.4 Results of an optimal intervention

It follows that, given an optimal intervention b of duration 7 and depletion fraction f begun at

time #; and ending atty = 1; + T:

S(tp) = S(ti) — yorfI(t:) (12)

I(ty) =1(t;) exp[—yT(1— f)] (13)

In an SIR system without intervention that begins with a wholly susceptible population, we

have the relation:

I(S) :l—S-l—g%Olog(S) (14)
And so: |
I(t;) =1-8(t;) + %log(S(ti)) (15)

And we can likewise write S(z¢) and I(z7) in terms of S(z;):

S(ty) = S(6) ~ e (1= 5(0) + - lox(S(1)) (16)
1) = (1= 5(6) + 55 Tos(S(1) ) exp (1~ ) (a7)

This in turn allows us to express /™ (¢7) purely in terms of S(#;) and the parameters, though the

expression is long:



X(17) = (1-(0)+ 5 1og(S(0)) ) exple(1 ~ £)]

1
(1) = yef (1= 5() +——log(S(1)))

0

1 | (18)
— 5 lo (8() e (1-(6) + - loa(s(0))))
1 n 1 o ( 1 )
Zo | Ry S\ %

Remark 3: Continuity of /(t;),/™**(t;). Notice that both I(t;) and I"*(ts) are continuous
functions of S(t;), since they are both linear combinations of continuous functions of S(t;) and

since S(t;) is continuous in t;, they are continuous functions of t;.

Lemma 6: Don’t be late. Let 1, be the infimum of times such that I(t) = I'"*, and let t; be the

Imax

start of an optimal intervention. Then t,, > t;. That is, cannot occur before the intervention

begins for an optimal intervention.

Proof. Since b(t) = 1fort <t;t, <t; necessarily implies that S(t;) < S, that is, the epidemic
is already declining when the intervention begins and will never grow again, regardless of the
intervention approach (since b(t) < 1, we cannot force a declining epidemic to grow). That in
turn implies /™ = JP°3 which we can with certainty improve upon. So /™ must occur during

or after the intervention. OJ

Corollary 1: Start with fuel. I is immediate that S(t;) > Seir-

Corollary 2: Peak early. Since I(t) < I(t;) fort € [t;,t; + T| during an optimal intervention, if

1" occurs during the intervention, I = [(t;)

Theorem 2: Twin Peaks. Let b,(t) be an optimal intervention. Then L.(t) < I for all t €
(—oo,t7], with equality for t € [t;,t; + Tf], and furthermore I(t,) = I'* for some t, € [ty,)
witht, =tronly if f = 1.

That is, if 0 < f < 1, there will be a plateau during the intervention followed by a peak of equal
height that occurs strictly after the intervention finishes. If f = 0, there will be two peaks of
equal height, one at the start of the intervention and one strictly after it finishes, and if f =1

there will be a plateau during the intervention with no subsequent peak.



Proof. Let by be an optimal intervention of the form given by equation 10. By Lemma 6, I;"**
must occur during or after the intervention. First let us assume that the ™" occurs during
the intervention and is never again attained after the intervention. If f = 1, this implies that
the whole intervention is a plateau and no further peaks occur. For f < 1 we can build a new
intervention by, of the same form as b, but that starts at #; — € rather than at #;. From the continuity
of /™™ in ¢; for any intervention, it follows that for some & small enough, I (t) (the post-
intervention maximum of /(#)) must still be smaller than I = I(t; — €) (the maximum during
the intervention), but because (f; — €) < I(t;), corollary 2 implies that our new by, outperforms
by, which contradicts the optimality of b.

Now let us assume that I"** occurs after the intervention and is larger than any value of I,

during the intervention. If f > 0, we can once again build a new intervention function b,

1 tE€[titi+€)
by(t) = ﬁlsw tefti+eti+ fy7) (19)
0, relti+fit,ti+1]

With f, chosen such that (1 — f;)7 = %/log IXIE:E:;). For sufficiently small €, I,(f; + €) < ™.
Also, following Lemma 5, I;na" < I and therefore by outperforms b,, which once again

contradicts the optimality of b,.

Finally, if f = 0, we build yet another b, of the same form as b, but that starts at #; + € rather
than at 7;. Because intervention by starts out with a smaller susceptible fraction than intervention
by, and an increase in the infected fraction that is smaller than the susceptible fraction decrease,
it follows from equation 5 that [;™* < I;** and therefore b, outperforms b, which once again
contradicts the optimality of b,. O]

Corollary 3: The longer the intervention, the earlier it starts. If tl.o P t(’c) is the starting time
of the optimal intervention with duration t, let S{” (t) = S(t7¥'(t)). Then S{¥'(t) is a non-

decreasing function of T.

Proof. Trivially a longer optimal intervention must outperform a shorter optimal intervention.
But by Theorem 2 I;) PU— J™M2X for any optimal intervention, which implies that Il.0 pt(r) is a non-

. . . t . . .
increasing function of 7 and S?p (7) is a non-decreasing function of 7. [

10



Corollary 4: If you don’t have much gunpowder, don’t shoot until you see the whites of
their eyes. Given the optimal intervention of duration T, bf,pt, denote the initial time of that
intervention by tf. As T — 0, tF — toris.

Proof. From equation 18 we can see that I{,}‘,%X is a continuous function of 7, and that as 7 — 0,

the effect of intervention defined as I{"** — I(‘)‘E,?X — 0. We know from Theorem 2 that Iop(#;) =

5%, and therefore, as © — 0, fopu(1}) — I{"®", which implies f — g =

Corollary 5: No need to burn all the fuel. After an optimal intervention, S(tf) > Scyis, with
equality if and only if f = 1.

Proof. By Theorem 2, I(t;) = I™™(t;) = ™™, If f < 1, we must have I(t) < I(t;) = ™™, so
in order for the epidemic to reach I™™(t7) = I™*, we must have S(t¢) > Scri. If f =1, then
I(ty) = 1(t;) = I™, so then must have S(t;) = Scri, otherwise the epidemic would grow to a

peak above I(t;) = I(ty), which would be a contradiction of Theorem 2. O

Corollary 6: Putting out existing fire can only do so much. Consider a full suppression
intervention of duration T defined by by(t) = 0 for all t € [t;,t; + T]. For every T there is a t;
that minimizes I'™". Consider these optimized full suppression interventions. Then, as T —
oo, the maximum infectious prevalence I’ — % + 271}0 <log (%) — 1). In other words, full
suppression interventions have a limit in how much they can reduce I'"*.

Proof. From the proof of Theorem 2 for f = 0, it follows that full suppression interventions
have an optimal start time #;, and that Ip(t;) = Iy"**. Also, because no new infections occur

during a full suppression intervention, So(;) = So(t7) so substituting into equation 5

1 1 1 1
(1) = Tolty) + Solt) — -0 (Sola)) — -+ 1o () (20)

We the further use equation 14 to substitute So(#;) and take T — oo such that Iy(ts) — 0 which
finally yields

mx _ 1, 1 1y
i —2+2%0(10g 7 1) @1)

11



Corollary 7: But when in doubt, put out the fire. Let by be the optimized full suppression
intervention with duration T and starting time tlo. For a full suppression intervention by that
also has duration T but that has a starting time llQ € [tlo Jterit], the infected fraction peak is

I(i)"“x = I()(t?), moreover no intervention starting at that same time can attain a lower peak.

Proof. Tt suffices to show that delaying a full suppression intervention by an infinitesimal €

diminishes the secondary peak. From equation 25 with f = 0, it is clear that

J max _ S/(ti) —yty /

a_tll (lf)——%—Fe I(ll)+S(tz)

%Imax(lf) = ’)/],' + e_yf(ﬁIiSi — }/Ii) — ﬁIiSi (22)
0

o )= (7 - D(I'(5)

But ' (#;) > 0 for t; < f; and (e~ 7% — 1) < 0 which means that delaying the full suppression
decreases the post-intervention peak. Trivially, no intervention can attain a global /™** value

lower than its initial prevalence I(t;), which concludes the proof. []

Theorem 3: Twin peaks for fixed control interventions. Let b, be an optimized fixed control
intervention of duration T that starts at some time t; and has strictness ©. That is, b, outperforms
any other fixed control intervention of duration T regardless of their t; or ©. Then I, = I at
exactly two time points, one during the intervention (t € [t;,t;+ T|) and one after the intervention
(t € (ti+T,0)).

Proof. Because during the intervention and after the intervention, the time course is that of an
SIR (albeit with a modified % during the intervention), it is clear that there can be at most one

local I maximum during the intervention and at most one after the intervention.

First let us assume that the infectious peak during the intervention is higher than any peak after
the intervention. By continuity it is possible to construct a new fixed control intervention that
starts a little earlier and is slightly stricter such that the peak during the intervention is reduced
but the peak after the intervention is still below the intervention peak. This new intervention

outperforms b, which contradicts the optimality of b,.

Now let us assume that the infectious peak during the intervention is lower than any peak after

the intervention. We will show that a small change in the ¢#; of the intervention will lower the

12



post-intervention peak. It suffices to show that %I max —£ 0. For a fixed control intervention we

have

8 max __ (1 - G) i
o = sy o) @3

Which when set to 0 implies %S «(tr) = 0. This in turn can be substituted into the equation that

relates / to S under a fixed control intervention

o) = —S(t0) +

og(S(t7)) + 1) + (1) - g%o log(S(1)) (24)

Which leads to a%lx(tf) = 0 and finally a%Rx(tf) = 0 but this is impossible because the frac-
tion of recovered individuals by the end of a fixed control intervention must decrease as the

intervention starts earlier. This completes the proof.

1.5 First-order conditions for 7;, f

Applying equations 12, 13, the partial derivatives of ™% (¢;) with respect to f and #; are given

by:
ilmax (lf> _ (yfli) + ,}/Tlie—(l—f)m' . ’}/TIl'
of Ho (Si - YTfIi)
(25)
I+ ! (4.
ailma)((tf) — _S (tl) f’}/TI (tl) +e—(l—f)yfll(ti) —f'}/'fll(li) +S/(ti)
fi Zo (Si - fYT1i>
Substituting the values of %, %:
ilmaX(t )= — (=BSili) — fyr (BSili — vI)
dt; Ro (Si— fryTl;)
(26)

+ ei(lif)yr (ﬁSiIl' — Y]l')
— fyT (BSili — yIi) — BSil;

13



Setting equal to zero and simplifying:

0 1

— 1" (tp) = +yre U= _1 =0

If ! Ko (Si —f?’fli) .
d max (—,BS,‘)—f'}’T(ﬁSi_'}/) —(1=f)yr
i — Si—
ETRCY Fo(Si—frih) ¢ BSe=7) (28)

—fyt(BSi—7)—BSi=0

While these first-order conditions do not yield a simple closed form for the optimal f and #;, we

use them in the proofs above and below to establish properties of the optimal strategy.

Lemma 7: If you have lots of gunpowder, shoot early. For an optimal intervention bopt

acting on a SIR with full susceptibility as its initial condition, as T — oo, St .(t;) — 1; that is,

opt
we intervene almost immediately, when almost all the population is initially susceptible and a

long intervention is possible.

Proof. Define an auxiliary intervention b} with T > Im;fjf such that

ﬁ—ys, ift>t,and S > S.is

bi(t) = (29)

1,  elsewhere

with ¢, = I;"! (%) It is clear that such an intervention has a duration of 7 or less, and that
by the end of such an intervention Sy < S¢. Therefore I"* = I,(t,) = 1= SC“‘ , but by definition
Iopt* < I™. Combining with Corollary 2, I5, (i) < = S —2 80 as T — o0 both I () — 0 and
Sf,pt( i) — L. O

Theorem 4: Sometimes maintain, always suppress. For an SIR with full susceptibility as its
initial condition, it is the case that any optimal intervention with positive duration as defined
by equation 10 has f < 1. In other words, the optimal intervention for an emerging pathogen
(S(0) — 1, 1(0) — 0) always has a total suppression phase. Also, for any %y € (1,00) there
is a T.p; such that the optimal intervention is always a full suppression intervention (f = 0) if

T < Terir. Moreover, limg, 1 Terip = o0 and limgg, o0 Terir = 0.

14



Proof. Suppose f = 1. From equation 27,

1

—% (S,- - '}’Tli> +yr1—1=0 (30)

But following corollary 5, S; — y7l; = Scit, which substituting in the previous equation implies
that yt = 0, which is impossible. Therefore f cannot be 1.

Now let us investigate if f = 0 can be a local minimum. Once again, from the first order

condition expressed in equation 27 we require that

1
 YHox (31)

x=1—¢T"

Si

The second order condition for an extremum to be a minimum is given by

0 ma 2 —yt(1-f) () “i)
X _T. YT 32
8f21 Il( ) ¢ %()(Si ) }‘Efli>2 - G2

Note that the condition is always satisfied, and therefore any extremum is always a minimum.
This also ensures that any minimum must be unique and that /™** grows monotonically as f

moves away from f°P,

From Theorem 2 we have I; = I™®*. Substituting this and equations 31 and 14 into equation 18,

we get an implicit function for x (and therefore for 7) such that f = 0 is a minimum:

0 = x(log(x) + xlog(Zox) — Zox) + 1 (33)
We now show that % € (1,e0) implies x € (0, 1) which in turn implies a 7 that satisfies the
relation.

From equation 33 it is easy to see that as Zy — 1, then x — 1, and as Zy — oo, then x — 0. So
showing that x(%)) is a continuous, decreasing function of %, on % € (1,0) will establish the

existence of Tgt.

By implicit differentiation we have that

15



Bo—
dx . X3(%) (34)
0%y  x+x%—xlog(x)—2

For positive x the numerator is positive and the denominator is always negative if x € (0,1).
Therefore, for Z € (1,o0) there exists x € (0, 1) that satisfies equation 33.

To complete the proof, it suffices to show that f°P' is an increasing function of T when f =0,
as this implies that f°P'(7.,;;) = 0 and cannot go above 0 for T < 7. We start by letting f°P",
S, and I;™ be functions of 7, applying equation 27, implicitly differentiating with respect to
7, and setting f = 0. After a bit of algebra we obtain

o™ J 1 0

9 ot _ T 9 opt
%(S?pt>2]*3ff © T o ;™) IR )

[Te_w +
Note that % f°Pt is being multiplied by a strictly positive quantity on the left-hand side of the
equation. On the right-hand side of the equation there is a positive quantity (e~ ??) added to
d copt
25

multiplied by another positive quantity ( opt ), but by corollary 3, aaTS?pt >0. It

follows that 2 $2/°P' > 0 when f°P' = 0 which completes the proof.

1.6 A general classification of interventions

From equation 5 it is clear that there are two fundamental methods of reducing the peak of an
epidemic: depleting the infected fraction and depleting the susceptible fraction. We have shown
that different interventions achieve peak reduction with different combinations of those meth-
ods. Our optimal intervention, for example, is characterized by a pure susceptible depletion
phase followed by a pure infected depletion phase. Full suppression interventions, in contrast,
operate solely by depleting the infected fraction. We observe that interventions can be classi-
fied in terms of how much they rely on depleting the susceptible fraction versus depleting the

infected fraction.

The effect of an intervention can be understood as the infectious peak if no intervention were
to take place minus the infectious peak given the intervention. In a more formal notation, an
intervention by has an effect I™* — I = ™ (I (;),S(t;)) — ™ (Ic(tr), Sx(tr)) = Ax(tr). By

16



applying equation 5 we obtain

Aulty) = = [1ty) = 1| = |G (81)) = G (842 |

G(S)=S— g%o log(S)

(36)

Then if — [lx(tf) - Ix(tl-)] > — [G (Sx(tf)> - G(Sx(t,-))} we can say that the intervention b,
overall relies more on infected depletion, whereas if the opposite is true we can say that it relies
more on susceptible depletion. Moreover, by applying the fundamental theorem of calculus, we

obtain

ir B i, p 1
[ a0 = - /t Ix(t)+Sx(t)(1——%Osxm)dt 37)

Which allows us to look at a certain time ¢ € [t;,7¢] and say that if

1 <5:0(1 - 57) 39

Then at that moment ¢, the intervention b, acts more by depleting the infected fraction than by

depleting the susceptible fraction. The condition can be simplified to

0 (2%05x(z) - 1) <1 (39)
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