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Supplementary Note 1 : Powder X-ray diffraction of Li;CuTeOg

The Rietveld refinement of XRD data (Supplementary Figure 1) was performed to check
sample purity and determine the lattice parameters. The obtained lattice parameters of
LCTO are consistent with the estimated lattice parameters from neutron diffraction data as

summarized in Supplementary Table I.

Supplementary Note 2 : Neutron diffraction of Li;CuTeOg

Due to light mass of Li and O atoms, the analysis of X-ray powder diffraction data
is not sufficient to determine the structural disorder and mixed site occupancy. Therefore,
neutron diffraction measurements were performed on crg-D1B two-axis diffractometer at the
ILL at room temperature at 1.28 A. The refined crystallographic structure is tabulated in
Supplementary Table 1.

Supplementary Table I: Refined atomic parameters for LCTO determined by neutron
diffraction at 300 K with a space group C2/m (No. 12) for the incident wavelength 1.28 A.
The obtained monoclinic lattice constants are a = 5.2752(5) A, b = 8.8163(8) A , ¢ =
5.2457(5) A and B = 113.172(8) A, a = v = 90.0°, Vol = 224.28(4) A% and Rp,ag, = 1.74.

Atom Wyckoff position x Yy z Occ.
Tey 2a 0.00000  0.00000  0.00000 1
Lip 4h 0.00000 0.1676(6) 0.50000 1
Lis 2d 0.50000  0.00000  0.50000 0.161(3)
Cug 2d 0.50000  0.00000  0.50000 0.839(3)
Lis 4q 0.00000 0.3421(9) 0.00000 0.934(2)
Cus 4g 0.00000 0.3421(9) 0.00000 0.066(2)
O, 44 0.2196(4) 0.00000 0.7861(4) 1
O2 87 0.2406(3) 0.15131(9) 0.2464(3) 1
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Supplementary Note 3 : Magnetization and ac susceptibility

Supplementary Figure 2 shows the magnetization isotherms at several temperatures that
were used to demonstrate data collapse behaviour in the main manuscript (Fig. 2 (d)).
In addition to ac susceptibility measurement in the temperature range 0.045 K <T7'<4 K
(Fig. 2 (c) in main text), we also performed ac susceptibility measurement in the temperature
range 2 K < T < 50 K at different frequencies as shown in Supplementary Figure 3. The
absence of frequency dependence of the the real part of ac susceptibility suggests the absence

of spin glass transition in Li;CuTeOg.
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Supplementary Figure 1: Rietveld refinement of X-ray diffraction data of LCTO at room
temperature. The solid circles represent the observed intensity (Obs.) whereas the black
solid line is the calculated intensity (cal.). The olive vertical bars represent the Bragg re-
flection positions and the residual data are denoted by the blue solid line that is shifted

vertically for clarity.
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Supplementary Figure 2: Magnetization isotherm at multiple temperatures.
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Supplementary Figure 3: Temperature dependence of real part of ac susceptibility at dif-

ferent frequencies in the temperature range 2 K < 7' < 50 K.
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Supplementary Figure 4: Normalized isotherm magnetization as a function of time in dif-

ferent fields where M, is a magnetization at 2 K and corresponding magnetic field of 8 or

1000 Oe just before it is turned off.

Supplementary Note 4 : Thermoremnant magnetization

In order to confirm the absence of spin-glass behaviour, the sample was cooled down from
100 to 2 K in either 1000 or 8 Oe. After 1h, the field was turned down and the signal was
measured again (at t = 0). The signal is practically zero (in 1 kOe a small signal is still
observed which is due to the remnant field of the superconducting magnet) and does not

decay with time (Supplementary Figure 4). This indicates there is no sign of a spin-glass

transition in LiyCuTeOg.

Supplementary Note 5 : Specific heat

Supplementary Figure 5 depicts the specific heat data in zero field down to 52 mK which
suggests the absence of magnetic ordering in LiyCuTeOg despite strong antiferromagnetic
interaction between Cu?" moments. In order to gain further insights into the magnetic

properties relevant to this frustrated magnet and understand the ground-state degeneracy, it
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Supplementary Figure 5: Temperature dependence of the specific heat (C}) in zero ma-
gnetic field down to 52 mK, where the red line is the lattice contribution to the specific

heat above 20 K taking into account Debye and Einstein models (Eq. 1).

is important to extract magnetic specific heat. We have considered the zero-field specific heat
data (C, ) as a sum of magnetic specific heat (Cynag) due to Cu®* ions and lattice specific heat
(Clattice) due to phonons. In the absence of a suitable iso-structural non-magnetic analogue
of Li;CuTeOg, we have considered the following function for the lattice heat capacity,

T\? (oo/T  ghe
C’Iattice(T):CD[ng <6D> /0 mdl‘} -+

iilcEﬁR (QT) : () (1)

exp() — 1)2
which includes one Debye term and three Einstein terms. In the first term of Eq. (1) fitting
parameter 6p is the Debye temperature and in the second term Einstein temperatures 6;
are the fitting parameter and R and kg are the molar gas constant and Boltzmann constant
respectively. As depicted in Supplementary Figure 5, the experimental data show good agree-

ment with the model lattice contribution (solid red line) with one Debye and three Einstein
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Supplementary Figure 6: The temperature dependence of the specific heat (C),) in zero
magnetic field in the temperature range 52 mK < 7" < 10 K, where the red line is the lat-
tice contribution to the specific heat above 20 K taking into account Debye and Einstein

models (Eq. 1).

terms in the temperature range 30 K < T' < 120 K. Here the coefficients of the Debye term
Cp and Einstein terms Cpg,, Cg, and Cg, terms are the relative weights of acoustic vibratio-
nal mode and optical vibrational modes. The best fit, shown in Supplementary Figure 5 is
obtained for 0p = 191 K, 0p, = 323 K, 0, = 586 K, and 0, = 960 K, while the coefficients
were fixed in the ratio Cy : Cg, : Cg, : Cg, = 1 : 2 : 4 : 5 to minimized the fit parameters.
Since there are twelve atoms in one formula unit of LCTO, the sum of these coefficient is
equivalent with the sum of the ratio of number of acoustic modes (3) to the number of
optical modes (33). It is observed that the Debye-Einstein model fit very well (red line in
Supplementary Figure 5) to the C, data above 30 K but it fails to account for data below
30 K (Supplementary Figure 6)) [1]. Therefore, specific heat data below 30 K were fitted
with 8T to extract magnetic specific heat in different fields.



Supplementary Note 6 : Ab initio DFT4+U exchange calculations

Exchange couplings in Li,CuTeOg were calculated using the CASTEP plane-wave ab
initio density functional theory (DFT) code [2] with ultrasoft pseudopotentials under the
local (spin) density approximation (LSDA) exchange-correlation functional with additio-
nal Hubbard repulsion in an LSDA+U scheme [3]. An effective on-site Hubbard repulsion of
Ug = U—Jyg = 9meV, where U = 10meV is the bare Hubbard repulsion and Jy = 1 meV is
Hund’s coupling, was chosen throughout, consistently with previous LSDA+U results on the
related CuzTeOg compound [4]. Calculations were carried out on a DFT geometry-optimized
2x1x2 supercell to capture exchange interactions between further-away Cu", with a 2000 eV
plane-wave energy cutoff and a 2 x 3 x 2 Monkhorst-Pack grid reciprocal-space sampling [5]
to achieve numerical convergence. Isotropic (Heisenberg) exchange couplings were extracted
within the total-energy (broken-symmetry) DFT framework [6] by calculating total DFT
energies of >120 random collinear spin configurations with spins pointing along the crys-
tallographic ¢ axis. We note that the LSDA+U scheme systematically yielded ~35 % larger
exchange strengths than the PBE+U scheme [7]. However, as the latter might in general be
less appropriate for this type of exchange coupling calculations [8], the LSDA+U scheme was
chosen for the final calculations. Exchange couplings between Cu®' were first calculated by
assuming a pristine Li;CuTeOg crystallographic structure with fully occupied Cu, (2d) and
Liy (4g) sites [i.e., no minority Li™ defects on Li, (2d) sites and no minority Cu®" defects on
Cus (4g) sites|. The chosen, charge-neutral 2 x 1 x 2 supercell thus contained 8 magnetic Cu,
ions and 16 non-magnetic Lis ions. Out of 5 possible symmetry-distinct exchange interac-
tions only the antiferromagnetic (AFM) exchange interaction Jppr = 177.40(6) K between
Cus sites displaced by the [101] Bravais lattice vector (i.e., in different unit cells) was found
to be significant [Fig. 1(c) of the main text], with all other exchange interactions weaker
than 1.5 K. The intuitive reasons for this, including nearly 90° bond angles around most O
ions (Supplementary Figure 7), are explained in the main text. The actual crystallographic
structure of Li,CuTeOyg differs from the pristine structure in two major ways. The first is par-
tial substitution of 1 — py = 7% of magnetic Cu®" by non-magnetic Li* on the Cuy/Li, site,
which breaks magnetic chains of Cu, sites into finite-length 1D spin chain fragments [Fig.
1(c) of the main text]. The probability of a randomly chosen Cu”*" on a Cu, site belonging

to a chain fragment of length s > 1 is explicitly given by wa(s3) = s9p52 1 (1 —po)? [9], which



Supplementary Figure 7: Side view of a bilayer of two adjacent [101]-b planes in

Li,CuTeOg showing near 90° bond angles around most O ions.

yields a mean spin chain fragment length of Sy = >°57_; sows(s2) = (1 4+ p2)/(1 —p2) = 11
sites with a standard deviation of /S, — 1 = 3.

The second major difference of the Li,CuTeOgq crystallographic structure from the pristine
structure is the partial substitution of ps = 7% of non-magnetic Li* ions by magnetic
Cu** ions on the Cugy/Lis site. To assess the impact of this type of substitution, exchange
coupling were calculated on a geometry-optimized 2 x 1 x 2 supercell of pristine LiyCuTeOyg
modified by the substitution of a single Li* ion by a Cu®" ion on the Cugy/Lis site. The
electrostatic charge of the supercell was set to +1 to account for the higher oxidation number
of Cu*" compared to Li". The fitted spin model consisted of all 4 symmetry-distinct Cus—
Cu, exchange couplings, as well as a single (average) Cu,—Cuy exchange coupling J, as in the
pristine structure. The latter simplification was needed to ensure good numerical convergence
(numerical stabilization of metastable spin configurations needed to distinguish between J
couplings near and far away from the Cus defect was difficult), and was justified by the fact
that even a free fit with all distinct J exchanges yielded at most a £5 K variance between
J near and far away from the Cus defect. Out of the 4 possible Cus3—Cu, couplings only the
one proceeding through a nearly-linear Cu-O-Cu superexchange bridge through the 4i 0>
site yielded a huge AFM exchange coupling strength of Jjpr = 824(4) K [Fig. 1(c) of the
main text|, with all other Cuz—Cu, couplings being smaller than 6 K. The reasons for this

are explained in the main text. We note that direct Cus—Cus superexchange via a Cu—O—-Cu
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bridge (length 2.93 A), which could potentially introduce 2D inter-chain couplings along the
b axis direction (i.e., limited to a single 2D [101]-b layer; see Fig. 1(c) of the main text)
and which would require more challenging LSDA+U calculations, are expected to be both
very weak due to their &~ 90° bond angle (Supplementary Figure 7) [10, 11], and also very
rarely present due to the low probability p? = 2.3% of two neighboring defect Cus sites
being occupied at the same time. Namely, for a spin chain of length s the probability of
it being isolated from all other spin chains even if strong direct Cus-Cus exchanges were
possible (and they are likely not), can be calculated to be (1 —p3)?2 ; which, for a spin chain
of average length S, = 11, yields a high probability of 61 % for a complete lack of this type

of inter-chain coupling.

Supplementary Note 7 : Exact diagonalization calculations
A. Calculation details

Exact diagonalization (ED) calculations on the obtained J—J' spin model from DFT+U
(see Fig. 1(c) of the main text) with random occupancy were performed using a custom-
written parallelized sparse-matrix code for calculating thermodynamic properties (magnetic
susceptibility, specific heat and entropy) of an arbitrary Heisenberg spin model with spins of
arbitrary magnitude S (in the case of LiyCuTeOq S = 1/2) in a magnetic field uoH applied
along the z direction, taking into account the spin-space uniaxial symmetry (conservation of
the S# total spin component) by block diagonalization of the spin Hamiltonian on distinct
total S* sectors, and time-reversal symmetry (equivalence of S* and —S* sectors) when
oH = 0. The general Hamiltonian contained a Heisenberg exchange term and a Zeeman

field-dependent term
H=> J;Si-S;+ > giusSinH, (2)

(i.3) i
where the first sum is only over distinct pairs of spins (i,7), J;; is the exchange coupling
between spins S; and S;, g; is the g-factor of spin ¢ (for simplicity assumed the same for

all spins, g; = g, in the case of Li;CuTeOg), and pp is the Bohr magneton. For a given

Hamiltonian the following definitions of the molar differential magnetic susceptibility ¥,
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molar specific heat Cy,ae, and molar entropy Spae were used

X = NapoB [{(1#7)) = ()?| /N,
Clnag = BB [(H?) — (H)*] /N, (3)
Smag = R[InZ + B (H)] /N,

where N4 is the Avogadro constant, po is the vacuum permeability, 8 = 1/(kgT) is the
inverse temperature, kp is the Boltzmann constant, (A) = 3", (n|A|n) e=#E» /Z is the ther-
mal expectation value of quantity A, Z = 3., e #F» is the partition function, F, are the
eigenenergies of the Hamiltonian H, R = N4kp is the gas constant, and p* = — 3, g;uS?
is the z component the total magnetic moment across all spins. The special (Schottky) case
of a single isolated spin (N = 1) is given explicitly by

T
_N0H2

(sisn) (i) |

S = R [m (h“”) ~ (ys coth(ys) — o coth<yo>>] ,

X1 Cmag,la

Cmag,l =R

sinh(yo)

where yo = BguppoH/2 and ys = (25 + 1)yo. For low applied fields H or high T" we have
x1 = C/T, where C = NoS(S + 1)uop%9?/(3kp) is the molar Curie constant.

To calculate averages of thermodynamic quantities in Eq. (3) over spin-chain fragments in
Li,CuTeOg we first have to enumerate different possible Cu®" configurations around a single
spin-chain fragment and calculate the probability, that a randomly-chosen Cu*" spin is part
of such a configuration. Different Cu®* configurations forming a single spin-chain fragment
in Li;CuTeOg can be succinctly indexed by specifying the vector s3 = (s3(0),...,s3(s2))
containing the number s3(i) € {0, 1,2} of occupied Cus sites around the i-th (if present) and
i + 1-th (if present) Cuy exchange bond J in a spin chain containing ss > 1 occupied Cu,
sites. The total number of occupied Cug sites is given by s3 = 372, s3(7) > 0, and the total
number of Cu*" ions by N = sy + s3 > 2. The probability that a randomly-chosen Cu*"

spin is part of a spin-chain fragment given by s3 can be exactly calculated to be

w(sg) = m(ss) (1 —p2)?*p52 (1 — p3)2(52+1)753’ (5)

D2 + 2ps

where the combinatorial multiplicity factor is given by m(s3) = [1:2, <532(i))' The case of a
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single N = 1 isolated Cu?" ion is treated separately, where the probability that a randomly-

chosen Cu®" ion is isolated is given by
Weingle = 2(1 — p2)*(1 — p3)* + as(1 — p2)?, (6)

where ay = po/(pa+2p3) is the probability that it is on a Cu, site and ag = 1—ag = 2p3/(pa+
2p3) is the probability that it is on a Cug site (note that in LiyCuTeOg there are twice as many
candidate Cuj sites than Cus sites). By normalization, wengie +> s, w(s3) = 1 where the sum
is over distinct sg vectors with N > 2 spins. The only remaining redundancy for N > 2 spins
is given by the fact that sz = (s3(0),...,s3(s2)) and the reversed T's3 = (s3(s2), ..., s3(0))
vectors describe the same physical situation connected by reflection symmetry across the
middle of the spin chain. Palindromic s3 vectors for which s3 = T'sg are thus assigned a
reflection multiplicity of m/(s3) = 1 and non-palindromic vectors, for which sz # T's3 are
assigned a reflection multiplicity of m/(s3) = 2, and only one of these is considered further.
Explicitly, we say that a s3z vector is canonical if it is either palindromic, or if the first
non-zero element in s3 — T'sg is positive. Different spin-chain fragments modulo reflection
symmetry with N > 2 spins are thus uniquely indexed by canonical sg vectors with N > 2,
where the probability that a randomly-chosen Cu*" is part of such a spin-chain fragment is
given by

w'(s3) = m'(s3)w(ss), (7)
where w(sg) is given by Eq. (5), and the unique, isolated spin case N = 1 has probability
given by Eq. (6). By normalization, wgnge + >.s, w'(s3) = 1 where the sum is now over
distinct canonical sg vectors with N > 2 spins. To calculate averages of thermodynamic
quantities in Eq. (3) over spin-chain fragments in Li;CuTeOg all canonical sz vectors with
up to N = 20 spins were enumerated, their probabilities calculated using Eq. (7), and the
time ¢(s3) needed to perform an ED calculation on this spin-chain fragment estimated by an
empirical function ¢t = ¢(/V). Since a permanent cache was used to avoid repeating the same
calculation twice (e.g., when sweeping py or p3 probabilities), the canonical vectors already
in the cache and having the same external parameters J, J', g, o H were removed from the
list. From the rest a list of K., canonical ss vectors {sék)} e with the highest estimated
probability-per-calculation-time contributions to the final result, t(s3)/w’(ss), were chosen,
to ensure efficient use of computation resources. Quantities in Eq. (3) were then calculated

on each chosen canonical sg vector, yielding temperature dependencies y*, Cr(fgg, and Slgfgg
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over the range 10 mK < 7" < 8000 K in 228 logarithmic 7" steps and saved to the permanent
cache. To then produce the final result for a quantity A = X, Ciag, Smag, the whole cache
containing K canonical vectors with the same external parameters J, J', g, uoH was queried
for the contributions A%, where k = 1, ..., K, with probabilities w'® updated to the current
po and ps using Eq. (7) and Eq. (6), and the final estimate calculated via

A SHS w40
Eszl w’(k)

(8)

where the denominator is the total probability w’ = S>& |, w/*) contained in the K samples
from the cache. In this way estimates for x, Chag, and Syae temperature dependencies were
calculated on K > 13,000 unique spin configurations with up to N = 18 spins and applied
magnetic fields from zero to pugH = 7T. Depending on the chosen external parameters and
pe and p3, total probabilities in excess of w’ > 98.8% could be reached in favorable, and
w’ > 60.2 % in unfavorable, cases.

Finally, we note that to convert between ED quantities calculated via Eq. (8), which are
given per mole of actual Cu*" in Lig 5,Cu,TeOg, and experimental measurements, which are
given per mole of ideal formula unit Li;CuTeOg, we have to multiply all raw ED data by a

factor = py + 2ps, i.e., by the average number of Cu®" ions per actual formula unit.

B. Results

Supplementary Figure 8 shows the ED calculated T-dependent molar susceptibility in
zero field for the (high-7") spin model of Li;CuTeOg from DFT at parameters extracted from
experiment (see ED fits in the main text), but allowing for Cuz occupancy probability ps
to vary. In the p3 = 0 case, which corresponds to pure random-length Cu, spin chains with
exchange J with no Cus spins around them, we see a broad shoulder starting to develop
around 7' ~ J = 244 K and persisting down to 17" ~ 0.14J = 35 K where the susceptibility
becomes almost T-independent due to gradual freezing out of internal spin-chain fragment
spin degrees of freedom. Below T ~ 0.1J = 24K we enter the regime of seemingly quasi-
free spins a Curie-like behavior, which arises mainly from spin-chain fragments with an odd
number of spins N > 3, whose total spin cannot be lower than 1/2 by the rules for quantum
addition of spin and thus behave as discrete units with finite effective spin, in addition to

the fraction wgnge of isolated (N = 1) truly free spins. As the occupancy ps of Cus sites is

14
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Supplementary Figure 8: ED calculated susceptibility of the high-7T" spin model of
Li,CuTeOg at the experimental Cu, occupancy probability po» = 84 %, spin-chain ex-
changes J = 244K and J' = 1140K, and Cu®" g = 2.28 (see main text) for a range of
Cug occupancy probabilities ps. This raw ED data was not multiplied by the conversion

factor x = py + 2p3 for comparison with experiment.

increased, the T' ~ J shoulder is smoothed out and gradually shifted to higher 7" while a
new shoulder starts emerging at 7" ~ J', where above the shoulder, T" > J' = 1140 K, all
Cu®" spins are in the paramagnetic Curie-Weiss regime, while below it, T < J’, spins on
Cug sites start forming strongly-bound singlets (if bound to a single Cu, spin) or triplets
(if bound to two Cu, spins) due to strong Cuz-Cuy bonds J'. When p3 > 0 the high-T
Curie—Weiss limit would thus only be reached at extremely high 7' > J'. In Supplementary
Figure 9 the ED calculated molar specific heat is compared with experimental total specific

heat data in a range of applied magnetic fields poH . Like in experiment, a specific heat peak
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Supplementary Figure 9: Comparison of experimental total specific heat (symbols) with
the ED-calculated specific heat (lines) of the high-T" spin model of Li;CuTeOg at the ex-
perimental Cu, occupancy probability po = 84 %, spin-chain exchanges J = 244K and
J' = 1140 K, Cu®" g = 2.28, and susceptibility-fitted p; = 20% (see main text) in a range
of applied fields poH. A simplified Debye contribution oc 7% was added to the ED calcula-
tion to describe the lattice contribution to the experimentally observed specific heat, and
the raw ED data was multiplied by the conversion factor z = p, + 2p3 for comparison
with experiment. Also shown are very-low-T power-law fits of the experimental specific

heat data in 0 and 37T.

appears at low-7T in non-zero applied fields in the ED calculations and at a position that
scales with H due to the opening of a Zeeman energy gap of both isolated (N = 1) spins and
spin-chain fragments with an odd number of spins N > 3 with a ground state spin > 1/2.
However, in contrast to ED calculations, a lot of experimental low-T" specific heat intensity in

Li,CuTeOy is shifted to much lower 7" in non-zero applied fields due to additional frustrated
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inter-chain couplings Jiyer (see main text), which results in a suppression of the specific heat
peak height and the appearance of a long power-law tail at the lowest T" instead of gapped
behavior expected from the high-7" model high-7" spin model of Li,CuTeOg4 from DFT where
Jinter = 0 is implicitly assumed. This is another robust indication of strong antiferromagnetic
frustration and a nearly-degenerate ground state in this compound. Furthermore, the effect
is even stronger in zero applied field, where ED calculated specific heat quickly tends to zero
below ~10K, while the experimental specific heat exhibits a very broad response with a
local peak around 0.4 K, and power-law behavior at the lowest T'. This indicates the gradual
release of Spe(0) = 13.5 %R In 2 residual entropy predicted ED calculations on the high-T
model without inter-chain couplings in zero field at T" < J, J'. This residual entropy arises
almost exclusively (to within ~1 %) due to ground-state degeneracy of both isolated (N = 1)
spins (double ground state degeneracy accounting for 10.8 % R1In2 of residual entropy per
mole of actual Cu®*), as well as finite- (mostly odd-) length spin-chain fragments with N > 2
(accounting for 2.7 %R 1n 2 of residual entropy) in zero field due to time-reversal symmetry
(Kramers degeneracy), which cannot be lifted by two-spin interactions. An applied magnetic
field can lift this Kramers degeneracy by breaking time-reversal symmetry (leading to a
poH-dependent specific heat peak discussed above), while inter-chain couplings can cause
a release of this local excess entropy by coupling the spin-chain fragments together into
a larger random spin lattice (lifting the degeneracy of individual spin-chain fragments by
hybridization), as is the case in Li;CuTeOg. No other substantial ground-state degeneracy
of isolated spin-chain fragments is detected by ED (<1%ZRIn2 entropy), meaning that in
zero field the huge release of ~13 % R1n2 entropy around 0.4 K in Li;CuTeOg can only be
explained by the lifting of extensive Kramers degeneracy due to inter-chain couplings, and
not by any perturbations within individual, isolated spin-chain fragments (e.g., magnetic
anisotropy). Both non-zero and zero-applied field specific heat data when compared with
ED calculations thus clearly show the crucial impact of frustrated inter-chain couplings on

the thermodynamics behavior of Li;CuTeOg at low-T.
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