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SUPPLEMENTARY NOTE 1: THE WIGNER-MOYAL CALDEIRA-LEGGETT MODEL

Wigner introduced a quantum-mechanical distribution function in phase space by considering the integral transform
of the wave function [1]

W(g,p,t) /w g+ q)(q — q)e*P /Mg, (1)

or, for a mixed quantum state, using a density matrix,

L —ipq' [k
-4 2
2rh € Q+ 2 A 2 dq'. (2)

The Wigner transformation is the Fourier transform of the antidiagonals of the density matrix when that matrix is
expressed in the position basis. Taking the partial time derivative and employing the time-dependent Schrodinger
equation, we obtain the Wigner-Moyal (WM) equation describing the time evolution of the Wigner function. Explic-
itly:

Wi(q,p,t) =

0
5V (@.p,t) = —L{a,p) W(g, p, ). 3)
The WM equation is a deterministic dynamical equation that encapsulates the uncertainty in position ¢ and momen-
tum p into a quasi-probability density W (¢, p,t) [1, 2]. The quantum Liouvillian (£) for the Wigner function is given
by the kinetic (K) and potential (V) terms

L(q,p) = K(q,p) + V(q,p). (4)
with terms,
p 0
K@MWMM—E%W@M (5)
and
V(an)W(@0) = 1 (V@) * Wip,0) ~ W(p,0) ¥ V(a)). ()

Here, we use the star operator, %, corresponding to the Moyal product [3, 4],

=e[3(29-22)] g
The directional differentiation operators from the left and right appearing here are defined as

9 7) = ) 0 = 21D, 0

For brevity we drop the dependence and expand the potential terms,

W paWw VW WPV W
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Here the potential terms have been expanded as the Taylor series truncated to just the first two terms, which is
frequently done in literature [2]. The series expansion contains powers of /i and introduces quantum effects into the
dynamics. The equivalent phase-space formulation of Caldeira-Leggett’s model, also known as the Wigner-Moyal
Caldeira-Leggett (WM-CL) equation, is written as [1, 5]

ow p OW OVOW Rh2OV OPW 4 opW 0*wW
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o " mog T ag oy mag gy T O ) Hg, tmkeT (10)
H/—/
Schrédinger dynamics Dissipation Decoherence

The WM-CL equation has a similar form to the WM equation [6]; however, it now contains two additional terms
describing dissipation and decoherence arising from the coupling to the quantum bath.



A. Properties
In general, the expectation value of an observable, O, can be defined as
0= [ | warnodd (1)
For example, the expectation values of the position and momentum are
oy = [ [ waptadady (12)
and
w0y = [ [ wapipdady (13)
The total energy expectation value is then
o0 oo 2
E0) = [ [ Wapo (4 V@) daa 14)

If an OQS starts in a pure state, the bath’s interactions will cause it to decohere, driving it to a mixed state [7]. The
purity of a quantum system can be measured using [8]

P(t) = 271'h/_C>c /_00 W?2(q,p,t) dqdp. (15)

B. The Low-Temperature Correction

To extend the temperature limit, one can adopt an effective harmonic approach by keeping the coth term in the
influence functional intact. The thermal energy can be replaced with the average thermal energy of the oscillator

[9713] )

hew hw
kgT — E, = — coth ~ 7L 16

B 9 <2kBT) b (16)
Here, w corresponds to the spring constant that best approximates the system’s zero-point energy. The above holds in
the high-temperature limit where the leading order term of the Taylor series of coth can be safely adopted. The high-

temperature limit can be relaxed by undoing the leading order coth approximation taken in the influence functional
[5, 9-13]. Substituting this back in, the WM-CL now reads,

M coth [ ) <12 17
tymegy o\ 5T ) o2 (17)
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The modified master equation above implies no restriction on the ratio kg7 /Ey while still being limited to the weak-
coupling regime. This method is more straightforward to apply and allows application into the low-temperature
regime; however, it does not fix the positivity issues of the Caldeira-Leggett model.

C. The Thermal Solution

A system coupled to a bath will eventually reach a state of thermal equilibrium in which its eigenstates are
populated according to a Maxwell-Boltzmann distribution, W(q,p) = W(q,p,t — o0). In the high-temperature
limit, the distribution reads [14, 15]

W p,q) = 3 exp 5] (18)

= e [—kBlT (gn + V(q)ﬂ , (19)
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where A is a normalisation constant, 3 = 1/ (kgT), and H is the total energy of the system, the sum of kinetic
and potential energy, corresponding to the Hamiltonian p?/(2m) + V(q). Thus, the thermal solution provides an
easy measure of the thermal properties of the distribution and a straightforward check of numerical models over long
integration times.

However, in the low-temperature case, the stationary thermal solution is modified. The thermal distribution now
takes the form [9-13]

W) = o |- (20)

which is valid at low temperatures [9]. The thermal solution now tends to the zero-point energy of the quantum
system at low temperature while maintaining the same form as Supplementary Equation 18 at high temperatures.

SUPPLEMENTARY NOTE 2: EXAMINING THE LOW-TEMPERATURE CORRECTION

Here we examine the low-temperature correction and validate our computational implementation used to solve the
CL equation in phase-space. We compare numerical results to the expected analytical solution for a particle in a
harmonic well, both with the temperature corrections and without.

D. The Harmonic Potential Well

We define the harmonic well as:

Vig) = gmee?, (21)
where, m denotes the particle’s mass, w is the angular frequency of the oscillator, and ¢ is the position coordinate in
phase-space.

We will consider a proton, m = 1836 a.u., in a harmonic potential well with w = 0.005 AUT™! = 1836 ps~?, see
Supplementary Figure 1. This spring constant is chosen such that the zero-point energy is greater than the thermal
energy at biological temperatures, ensuring that we encounter the temperature limit.

1. Analytical Solutions

Analytical solutions for the harmonic oscillator for both dissipative and non-dissipative systems are known and are
well studied (see ref. [16] and references therein). In the case of an initial displacement of gy, and no initial momentum,
the expectation value is given by,

_ _2 A
(Q(t)) = qoexp ( 2t) (cos (wit) + 2 sin (wlt)) . (22)
With subterm, w; which denotes the perturbed frequency,
2
wy =/w? — "yz (23)

Here, 7 is the damping constant (bath coupling constant). Likewise, the expectation value for the momentum reads,

(P(t)) = _m0 o (—%t) sin (wit) . (24)

w1
If we take v — 0, we recover the solutions of a harmonic oscillator in a closed system. Moreover, the vanishing of
the exponential terms implies that the position and momentum continue to exchange without loss, creating a circular
orbit in phase-space.
For the dissipative system, over time, the orbit never reaches its original starting position. Instead, it decays to the
bottom of the well. After several intervals of -y, the distribution fully decays to the bottom of the well, and we reach
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Supplementary Figure 1: A plot of the harmonic potential well with the first ten eigenstates plotted. The
potential well parameters are picked the energy of the lowest oscillator is greater than the thermal energy, Fy > kgT.
The lowest eigenstate has an energy of 0.0025 E}, compared to the thermal energy of 0.00095 E}, at 300 K.

a stationary state; we can also say that it is in thermal equilibrium with the bath. Here the variance is constant,
defining the width of the distribution in phase-space. At equilibrium, the position variance is defined as [9, 16]
h hw 1
(Q?*) = —— coth Bhw ~—.
2mw Bmw?

. (25)

By expanding the coth term and approximating with the leading order term, we arrive at the high-temperature limit
solution seen on the right-hand side of the equation. Likewise, the variance in momentum is defined as [13]

(P?) = h";m coth <BZ‘*’> ~ % (26)

Consequently, using these equations, we can validate our numerical solution at a given time using the expectation
values and at t — oo using the variances.

To compare analytical and numerical values, we use the Lo-norm, which measures the distance of the vector
coordinate z; from the origin of the vector space (or to some reference, r). It is defined as,

1/2
Ly—norm = (Z |x; — 7‘|2> . (27)

%

2. Validating the Low-Temperature Correction

Now, we compare the solutions of a particle in a harmonic well in both the low and high-temperature expansions.
At different temperatures, a Wigner distribution can be plotted using Supplementary Equation 20.

In order to verify the low-temperature method, we compare kg1 directly to E,, over a range of temperatures. If at
the temperature of interest, we see a deviation between kg7 and E,, then it is not safe to truncate the coth term to
the leading order. Hence, a low-temperature treatment is required for biological temperature.

Here, Supplementary Figure 2 describes a convincing narrative. At high temperatures, the thermal energy matches
the coth result. However, at low temperature, the coth function levels out, tending asymptotically to temperature
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Supplementary Figure 2: The breakdown of the high-temperature limit by taking the leading order in § in
comparison to the full coth solution, F,. It is clear that at biological temperatures, the treatments of the thermal
energy significantly deviate.

independence, while the thermal energy continues its downward linear trend. The levelling off implies that the
zero-point energy does not vanish, as one would expect for a quantum system.

The top panel in Supplementary Figure 3 demonstrates purity values greater than unity for the high-temperature
approximation. The upper bound of this metric should saturate at unity since for a correctly normalised state,
Tr (ﬁ2) = Tr(p) = 1. A purity value greater than unity indicates the breakdown of decoherence using the high-
temperature approximation, which diverges at low temperatures in an exponential fashion.

At the same time, the modified thermal energy approach suggests that deviation from a pure state (purity of unity)
should tend to zero. The observed trend suggests that the bath has little impact on the system’s coherence at low
temperatures. Conversely, the two approaches tend to have a similar result at high temperatures: a low final coherence
at thermal equilibrium.

The lower panel confirms that the two approaches compare at high temperatures as expected. While at low
temperatures, the high-temperature approximation suggests that the thermal energy tends to zero, implying that the
thermal equilibrium energy disappears. Nevertheless, traditional quantum mechanics suggests that at 0 K the system
would still retain some energy - the zero-point energy. Therefore, as predicted in the low-temperature approximation,
the non-zero minimum energy should tend to zero-point energy.

Supplementary Figure 4 demonstrates that the high-temperature limit fails to capture the minimal spread of the
distribution. At low temperatures, both the @ and P variance tend to zero-indicating that the distribution becomes
increasingly localised. Using atomic units A is unity, so the minimum uncertainty corresponds to 0.5 before the
uncertainty principle is violated. Supplementary Figure 4 confirms that the low-temperature extension does not
violate the uncertainty principle at low temperatures, whereas the high-temperature approximation does.

E. Numerical Calculations

Now let us consider a concrete numerical example in the harmonic well. As previously mentioned, at room
temperature, the system’s zero-point energy is much less than the thermal energy, Ey = 0.0025 F}, compared to
kT = 0.00095 E},. Consequently, the temperature correction terms are required to model the system appropriately.
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Supplementary Figure 3: The purity and total energy expectation value at varying temperatures, calculated

using Supplementary Equation 15 and Supplementary Equation 14. The high-temperature (dashed red line)
approximation is compared to the low-temperature (solid blue line) approach.

We will consider an initial distribution given by a displaced thermal state (Supplementary Equation 28), [9]

Wiapit =0) = op (-5 (mla— P+ 0= m)?) ) (29)

h? mw?

Here, qg, po locate the position of the distribution maximum in phase space. While solving the WM-CL equation, we
use a numerical grid of N, = N,, = 2% elements, and with a solver tolerance (relative and absolute error) of 1 x 10714
which corresponds to the machine precision of a 64-bit number.
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Supplementary Figure 5: Heatmap plots of the Wigner distribution at different times. Initially, the distribution
is offset from the potential well minimum. Then, the distribution completes just over one orbit while oscillating
around in a harmonic potential well.

For a closed quantum system, v = 0, the exponential factors in Supplementary Equation 22 and 24 become unity
and the sin term in Supplementary Equation 22 becomes zero. The distribution orbits around the origin in phase
space, see Supplementary Figure 5. In Supplementary Figure 5 four heatmap plots are displayed, the timestamp of
each plot is shown above. Initially, the distribution is centred at qo = 1.0 and py = 0.0. However, as the system
evolves, the distribution moves in a clockwise orbit in phase space. Consequently, (Q(t)) and (P(t)) are expected to
loop around in phase-space as their values are conserved indefinitely. The result is a circle in phase-space, as shown in
Supplementary Figure 6. Any deviation will be due to numerical dissipation only. Here, the numerical results directly
overlay the analytical result. The deviation from the expectation values is shown in Supplementary Figure 7. For
both cases, the ls-norm errors are near machine precision.

We now turn our attention to the system when it is in contact with a bath. Like a classical oscillator, the
dissipative case of a quantum harmonic oscillator has three regimes depending on the strength of the coupling to the
environment: under-, critically, and over-damped. The underdamped case is demonstrated in Supplementary Figure 8
as the distribution slowly spirals in towards the bottom of the well. The deviation from the expectation values is
shown in Supplementary Figure 8. While the thermal limit is breached, the distribution can maintain the position
and momentum expectation values. However, as indicated by the top panel, the distribution’s width is not correctly
conserved; instead, the distribution tightens to a point-like state.

To further investigate the low-temperature corrections, we compare the energy expectation value, purity, and
uncertainty principle for the low- and high-temperature approximation. We compare the observables to the value
reported by the thermal solution given by Supplementary Equation 20. We repeat this for the WM-CL equation with
and without the corrections.

The left-hand columns of Supplementary Figure 9 displays the observables for the uncorrected WM-CL equation.
The top panel shows that the uncorrected WM-CL equation fails to match the low-temperature analytical solution.
The purity rises to a maximum value that is greater than unity, which is unphysical. Furthermore, the system becomes
point-like and violates the uncertainty principle. The values incorrectly equilibrate to the high-temperature limit of
Supplementary Equation 20.

By comparison, the right-hand columns of Supplementary Figure 9 displays the low-temperature corrected WM-CL
equation. The equation leads to the correct total energy - which corresponds to the low-temperature thermal solution.
The purity now drops from the initial value of unity to near the thermal solution. However, the discrepancy can be
removed by increasing the numerical grid size. Now the uncertainty principle tends to the correct value. The initial
value is below the allowed value of 0.5, but it is attributed to numerical noise propagated to the double integrals in
the width calculations. The discrepancy is controlled by the grid size and the solver tolerance.

Note that the initial y-axis values for all the panels are not the same; this is a consequence of taking Supplementary
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Supplementary Figure 6: (a-b) Initially, the distribution is centred at gy = 1.0 and py = 0.0, the expectation
values oscillate 90° out of phase of each other. On a parametric plot (¢) of the expectation, values will oscillate
indefinitely for a closed quantum system of a particle in a harmonic well. The numerical expectation values are
plotted in black, and the red dotted line shows the analytical values. The numerical and analytical lines overlap so
that the red line overlays the black.
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small that they are comparable to the machine precision (1 x 10716). Furthermore, both lines strongly correlate and
overlap such that only the red line is visible.

Equation 20 to the high and low-temperature limit, hence giving different values. In summary, the low-temperature
corrected WM-CL equation provides adequate coverage for biological temperatures and can accurately reproduce
analytical solutions of the finial thermal equilibrium.

SUPPLEMENTARY NOTE 3: TUNNELLING COMPARISON

First introduced by Topaler and Makri [17] the Double Well 1 potential is a benchmark that several authors have
used for a comparison of tunnelling corrections [17-22]. We will use it to compare our numerical solutions to published
results.

DWI1 serves as a symmetric potential of moderate barrier height and well width. It has been studied using path
integral methods [17] and polymer ring dynamics [18, 22]. In particular, we will compare our results to Craig et al.
[18] who use this potential to study a proton transfer reaction in model condensed-phase environments. The model
potential is given by

m2w4 me
vV — m 4 m 2 29
(9= GiE, ¢ TR (29)

with mass m = m,, a well barrier of E;, = 2085 ecm™! = 0.00950 E},, and a frequency at the well minimum w,, =
707cm ™! = 0.00322 h/E),. The DW1 potential with the first 6 eigenstates are shown in Supplementary Figure 10.

To achieve the quantum contributions to the chemical rate, we insert the DW1 potential into our system Hamilto-
nian. We then integrate the WM-CL equation to determine the quantum-to-classical ratio.

In Supplementary Figure 11 we compare the quantum-to-classical ratio of the rate for two cases of bath coupling,
v = 0.05wy and v = 0.95w;, where wy, is the barrier spring constant.

At low coupling strengths, the process of energy dissipation imposed on the system by the bath is slow. Consequently,
the system recrosses the transition state barrier several times before it stabilises, plateauing at a constant value. The
recrossing of the barrier leads to the oscillatory structure seen in plot (a) of Supplementary Figure 11. Our result for
k is shown in (b) and only reaches a maximum that is about 50% of the Craig value. However, we observe a similar
asymptotic value of x = 0.52, which is 86% close to Craig.

On the other hand, for the high-friction case shown in (c) and (d) of Supplementary Figure 11; there is no recrossing
after an initial spike. In this regime, the rate quickly rises over a range of 30fs before decaying to a plateau value
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of 0.62 which is less than half Craig’s value of 1.54. The spike observed in (d) Supplementary Figure 11 does not
appear in Craig’s work. We believe that this is due to the difference between the exact methods to determine the rate.
Regardless, the plateau value is similar to Craig, meaning that while we might have some large transient differences,
we tend to similar values asymptotically.

Summing up, we find good overall agreement between the WM-CL approach and Craig’s approach. Furthermore,
our model can be extended to lower temperatures.

SUPPLEMENTARY NOTE 4: SENSITIVITY TO THE MASS AND THE KINETIC ISOTOPE EFFECT

Here we explore the model’s sensitivity to the mass of the tunnelling particle. We vary the mass terms in the
WDM-CL equation and calculate how the rates and steady-state populations change. See the Methods section of the
main paper.

In Supplementary Figure 12 we investigated the KIE against temperature. At low temperatures, the KIE rapidly
increases, suggesting that the DPT becomes increasingly dependent on quantum contributions. Meanwhile, at high
temperatures, the KIE exponentially tails off. At biological temperatures the KIE ~ 30. The KIE dependency on
the temperature offers a somewhat different functional form than just the kqm. As T' — oo, the KIE tends to unity,
suggesting that the quantum rate becomes mass-independent, matching the expected classical behaviour.

Supplementary Figure 13 demonstrates a strong dependence on the tautomeric occupation probability. At lower
masses, the tautomeric occupation is high; however, as the mass increases, the occupation quickly drops off. Over
the range of explored masses, the occupation varies by two orders of magnitude and is a purely quantum mechanical
effect. This suggests that changing the mass significantly impacts quantum tunnelling.

SUPPLEMENTARY NOTE 5: SENSITIVITY TO THE REACTION BARRIER

More recent evidence has suggested that free energy interactions can provide a diverse range of energetic scenarios
[23], suggesting that an ensemble of possible potentials can explain the proton transfer process. Therefore, exploring
a sensitivity analysis of the potential energy surface on the proton transfer reaction would be of general interest.
However, this would require significant further work using ensemble multi-scale modelling combined with a correction
for tunnelling. We perform an isolated sensitivity analysis on the forward reaction barrier by introducing a simple
modifying function. In order to investigate how the potential barrier influences the quantum-to-classical rate, we
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Supplementary Figure 11: Comparing the numerical result of solving the WM-CL equation (right) with the DW1 model
potential to the result of Craig et al. [18] (left). Reprinted from Craig et al. [18], with the permission of AIP Publishing.

Supplementary Figure 12: Investigating the kinetic isotope effect for a range of temperatures.
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the tunnelling mass.

conduct a sensitivity analysis on the barrier height. We change the potential by introducing a simple, smoothly
varying Gaussian function,

£(q) = aexp <W> +d. (30)

2¢2

Where a is the strength of the applied modification, b is the position of the centre of the peak, c¢ is the standard
deviation, and d vertically shifts the distribution. Applying the change to the potential using

Vinoa(q) = f(q) - V(q). (31)

The modified potential Vi,oq(g) is then inserted into our system Hamiltonian. We take d = 1 so that the peak modifies
by strength a within the width interval ¢ and leaves the rest of the potential unchanged. We set b to the location of
the barrier so that only the barrier is modified. A width value of ¢ = 0.5 aq is sufficiently wide to modify as much of
the barrier as possible while leaving the reaction asymmetry unchanged.

In Supplementary Figure 14 we vary the barrier height by up to 50% of the original value and observe how the
dynamics and the steady-state populations change.

The classical rate demonstrates a linear dependence in logspace as a function of the reaction barrier height. As
the barrier increases, the classical reaction rate swiftly drops. Over the range of barrier heights explored, the rate
drops by over six orders of magnitudes. In contrast, the quantum rate is much higher than the classical rate over
the entire range of barrier heights. Furthermore, the quantum rate exhibits a much shallower decline with increasing
barrier height compared to the classical rate. Consequently, the quantum-to-classical rate shown in the middle panel is
dominated by the quantum term, and since the quantum rate drops off at a slower rate, the quantum rate increasingly
dominates at more considerable reaction barriers.

On the other hand, the tautomeric occupation probability changes by less than 10% of its value over the range of
barrier heights explored. Here, the change in tautomeric occupation probability is more likely due to the modifying
function amplifying the skew of the barrier. Since the canonical well is much more prominent in width, the barrier
tail is much shorter on the tautomeric side, leading to a widening of the canonical well as a function of increasing
barrier height, thus a decrease in tautomeric occupation probability.

In summary, we determine that increasing the barrier height significantly impacts the dynamics; namely, it causes a
striking reduction in classical rate and affects the tunnelling much less. As a result, if the proton transfer barrier were
to be much larger, we would see an increase in the quantum-to-classical contribution to the rate. Nevertheless, the
conclusion would still stand; the rates are so high that the equilibrium populations of the canonical and tautomeric
forms would quickly be reached.
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