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Supplementary Note 1. DISORDERED LIGHT-MATTER COUPLING STRENGTHS

In real experiments, due to the cavity mode profile and molecular orientations, typically the light-matter coupling
strength differs for different molecules. In this case, Eq. (2) needs to be replaced by
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Supplementary Figure 1 shows the influence of such disordered coupling strengths on the results. While we find
that uniform disorder in the local coupling strengths leads to minor modifications, most notably to increased variance,
the general conclusion of entanglement enhanced by local energetic disorder remains true for both initial states.
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Supplementary Figure 1. Effect of local coupling strengths g,,. The time evolution of the vibrational entanglement entropy
Syib is shown for constant g, = g (red), as considered in the main manuscript, and uniformly randomly distributed ¢’ < g, < g
(blue), while g = />, g2 (and thus the Rabi splitting) is kept constant. The thin, transparent lines represent individual
disorder realizations (16 each), while the thick lines are the disorder average. The parameters are N = 100, A = 0.4, v = 0.3gc.
The different panels show results for no energetic disorder W = 0 (a,b) and large energetic disorder W = g. (c,d), each for the
initial states |¢g") (a,c) and |¢g) (b,d).
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Supplementary Note 2. DARK STATE CONTRIBUTION TO |¢§") WITHOUT DISORDER

The eigenstates of Hrg are given by two polaritons |+) = af/v/2+>" &, /v2N |0)exerpne and N —1 degenerate dark
states, for which any orthonormal basis of Hp, ® Hexc that does not contain the polaritons may be chosen. The most
straightforward way to compute the dark state contribution of a state |¢) is thus 3°, [(d]) | = 1—[(+])|* = [(—[¥)]*.
We find >, [(d|vg")|* =1 —1/N.

Supplementary Note 3. PERTURBATIVE PHOTO-CONTRIBUTION TO THE DARK STATES

In this section, we compute the photo-contribution to the dark states perturbatively in the regime g. > W, v, Av.
Starting from the analytically solvable Hamiltonian Hy = Hrc + Hyip given by Eqgs. (2) and (3) of the main text, we
compute the perturbative corrections to the photo-contribution of the polaritons. The perturbative photo-contribution
to the dark states can then be computed as Y-, [(d[1,n)]* = 1 — [{(+[1pn)[* = [(=|1pn)[?, analogous to the previous
section. . . A

The eigenstates of Hy are product states of the eigenstates of Hrc and the eigenstates of Hyj,, because the two
sub-spaces remain uncoupled. The eigenstates of Hrc are the two polaritons |+) and the N — 1 degenerate dark

states, for which we choose a momentum basis |k) = [Zﬁ;l exp(—2mikn/N)é,f /V/N] 0)excrpn- The eigenstates of
H.i, are Fock states ([],, Eb;)i"/\/in!) |0),;, With ¢, vibrational excitations on the n-th molecule.

Disorder

We first compute the perturbative corrections due to disorder ﬁdis, only. In this case, the vibrations are not
entangled with the photo-electronic degrees of freedom, and we can restrict the perturbative analysis to the photo-
electronic degrees of freedom, only. The second order corrections to the states |+) are given by [1]
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with |1/J(0)> and El(bo) the eigenstates and eigenenergies for W = 0, and ‘w(")> the corrections to the eigenstates at
order (W/g.)™. We find
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with & = [2N_, exp(27ikn/N)e,]/N the Fourier transform of the random energies. Using 1) = (|4+©@) +
|—(@))/v/2, we find further
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and finally for the photon weight of the dark states
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Until here, the results are independent of the specific disorder model. We now assume that the energies ¢; are
distributed according to a Gaussian with mean zero and standard deviation W. Then, we can further use that the
discrete Fourier transform of a set of N Gaussian random variables is a set of N complex Gaussian random variables
with real and imaginary part mean zero and standard deviation W/ V2N, as can be straightforwardly shown by
Fourier transforming the definition of P(éy). Taking the disorder average leaves us with
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Vibronic coupling

We now proceed to compute the corrections due to vibronic coupling Hy for W = 0. Hy couples states with
different numbers of vibrations, so that we need to take the vibrations into account explicitly. We write the states as
1) = [WYexctphs Mvibs V1s - -« s Vnusn ) = N [Wexcrpn) LIt So,, exp(2mivin/N)b], [0) i\, Where Yexciph = +,k is the state
in the electro-photonic sub-space, nip is the number of vibrations, and v; is the Fourier mode of the vibration and N’
is a normalization factor. We are specifically interested in the contribution of the initial state |¢§) = |1,n,0) to the
dark states. Plugging Hy instead of Hy;s into Egs. (S2) to (S4), we find
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Analogous to above, we can compute the dark state amplitude of the state |1,,,0) including an arbitrary number of
vibrations as

Z ‘<1ph50|d>|2 =1- |<1Ph70‘+’0>|2 - ‘<1pha0|+a 170>|2 - |<1phv0|+’2’070>|2 - Z |<1Ph70|+72’k7 _k>‘2
d k

2 2 2 2
_|<1ph’0‘_’0>| - ‘<1ph50|_5170>| _|<1ph’0|_’2’070>| _Z|<1Ph70|_72’k’_k>‘ : (323)
k



Using |1,n,0) = (|+(0),0> + ’—(O),O>)/\/§, the only non-vanishing term for large N reads
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As a result, the photo-contribution to the dark states is approximately
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where we used v < g, in the last step.

Supplementary Note 4. EXCITATION TRANSFER ESTIMATES

In the following, we derive analytical estimates for excitation transfer away from the initially excited molecule for
the initial state [¢)5) = & |0) (see main text). We consider disorder induced transfer only, i.e. we set A = 0. We
further restrict the analysis to the perturbative case by assuming W < g.

W =0

We start by analyzing the disorder-free scenario. For W = A = 0, the electro-photonic state evolves with the Tavis-
Cummings Hamiltonian Hrc, only. By diagonalizing Hrc = (ge |[+) (+] — gc |—) (—]), we compute the time-dependent
excitation probability of the initially excited molecule

(61 7)(t) = (0] o7 exp(ifirct) o 67 exp(~iflrot) o7 [0)

_ (V=12 2N -1 L
=Nz T TN cos(get) + oz T a2 cos(2gct) (526)
2 1
=1+ N[cos(gct) — 1]+ (9(N2> : (527)
W >0

In the following we compute the excitation probability of the initially excited molecule for finite disorder. Here, we
choose a box disorder model, because the finite probability for a single molecule to have extreme energies (i.e. ¢; > +ge
or ¢; < —g.) adds significant complexity to the analytical treatment. In particular, we assume a uniform probability
P(e;) =1/(2W) for =W < ¢; < W, and P(e;) = 0 otherwise. We do not expect this choice for P(e;) to modify the
overall scaling of our results with respect to the Gaussian choice in the rest of the paper.

In order to compute the time-dependent excitation probability of the first molecule, we treat the cavity coupling of
the first molecule g(&l+ a+ 07 dT) as a perturbation. The unperturbed Hamiltonian is given by Hy = Hrc + Hgais —
g(6;a+ 67 at). In this case, the perturbation condition becomes that the single molecule coupling g is smaller than
the energy differences between different states, which is on the order of ~ W for most pairs of states. As g = g./VN
becomes very small for large N, this condition is fulfilled for most energy levels. However, a few resonant energy levels
do typically not fulfill this condition, with implications discussed below.

One eigenstate of Hy is the initial state |1(0)> = |¢f'). For W < g, the other eigenstates can be classified as
polaritons and dark states. Although we cannot compute these states exactly, we can make sufficient statements about
their statistics [2-4] to compute the time evolution of (5 4; ). In particular, we can perturbatively compute their
average photo contribution for W < g. and large N as in the previous section. We find |[(1,n|+)| = 1/2 — W?2/(24¢2)

and |(1pn|ds)|* ~ W2/(12Ng2), where the additional factor of 12 comes in due to the different disorder model. The
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where we took the disorder-average of the photon-contribution on the state level. This approximation may be valid
due to self-averaging for sufficiently large IV, and it is validated by the agreement of the final results with the numerical
simulations. The b¥ and ch ) are constants that determine the excitation probability of the specific molecules and are
not needed in the following. The corresponding eigenenergies are

B = ¢, (S31)
EY) = 4g., (S32)
E) = E;, (S33)

where the dark state energies E; follow the same distribution as the random molecular excitation energies [2].
Importantly, all states ’i(0)> and ’d£0)> have no excitation probability for the first molecule. As a result, there are
no corrections to the eigenenergies at first order. The perturbative corrections to the states are
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Here, unphysical divergences appear for the resonance condition €; — E;. These are related to the perturbation
assumption g < |e; — F;|. We will deal with these divergences below.
The time evolution is computed as
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We expand exp(iHt) = >y [¥) (¥l exp(iEyt) and keep terms only up to second order in W. We furthermore ignore
second order corrections to the energies, which would lead to higher order corrections of the final result. We find
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These terms lead to oscillations of the energy between the initially excited molecule and the other states at frequencies
gc €1 for the polaritons, and E; — ¢, for the dark states, respectively. The combined effect of the slightly out-of-phase
oscillations of the large number of dark states leads to an effective dephasing and a resulting unidirectional transfer of
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Supplementary Figure 2. Convergence with the maximum number of vibrations ny,,,. a,b Time evolution of the
vibrational entropy Syib for an initial molecular (left, red) or cavity (right, blue) excitation. Darkness indicates ny ... (nmax €
{6,8,10,12}). Overlapping of the trajectories indicates convergence for ny,., > 6. In a,b, the lines are a guide to the eye,
whereas in c-f the lines represent additional data points. c,d Phase-space evolution of a single molecule. Same color-code as
in a,b. e,f Time evolution of the right tail weight n* (see paper for definition). Same color-code as in a,b. Parameters for all

plots: N =100, A = 0.5, v = 0.3gc, W = gc/2, x = 128, dt = 0.01. Results for a single disorder realization.

energy away from the initially excited molecule on timescales analyzed in the paper. This behavior can be computed
as
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where we subbtituted (E — e1)t — A. Note that again an unphysical divergence arises due to the perturbation

assumption g2 < (E; — €1)?, which we ignore here as we are only interested in the overall scaling behavior. As the
integrand scales like 1/A2, the integral becomes time independent for diverging boundaries, i.e. sufficiently large .
In this case, the population of the first state evolves like 1 — (6776, ) ~ Wt/N in addition to Rabi-oscillations. By
straightforwardly evaluating all other terms we find that this term is indeed the largest contribution to the energy

transfer. Botzung et al. [3] derived similar results in the long time limit for N — oco.

Supplementary Note 5. CONVERGENCE OF MPS SIMULATIONS

Supplementary Figure 2 shows the time evolution of Sy, the phase space evolution, and 1" computed with different
cutoffs for the number of vibrational excitations per molecule nY .. for a single disorder realization. We find again
that all lines overlap, indicating convergence for ny ... > 6.

Supplementary Figure 3 shows the time evolution of the same observables computed with increasing bond dimension
x- We find that the vibrational entanglement S,;, generally reaches larger values for larger xy < 128, and for
x = 128,256,512 the data points overlap perfectly. This indicates convergence for y = 128. For both the phase space
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Supplementary Figure 3. Convergence with the bond dimension y. a,b Time evolution of the vibrational en-
tropy Svib for an initial molecular (left, red) or cavity (right, blue) excitation. Darkness indicates x on a log-scale
(x € {2,4,8,16,32,64,128,256,512}). Trajectories already fully overlap for for x > 128 indicating convergence. In a,b,
the lines are a guide to the eye, whereas in c-f the lines represent additional data points. ¢,d Phase-space evolution of a single
molecule. Same color-code as in a,b. e,f Time evolution of the right tail weight n* (see paper for definition). Same color-code
as in a,b. Parameters for all plots: N =100, A = 0.5, v = 0.3gc, W = g./2, dt = 0.01, n},.. = 10. Results for a single disorder
realization.

evolution and the right tail the trajectories overlap for xy > 16 (x > 8 for a molecular excitation), indicating much
faster convergence for these observables. We attribute the slow convergence of Sy;, with x to the large number of
swap operations ~ N2 and the unfavorable MPS structure when computing Syip.

Supplementary Figure 4 shows the time evolution of the same observables computed using different time steps dt
used in the second order sweep. All lines overlap, indicating that convergence is already reached for dt = 0.2. The
small differences in the final data points are rounding errors ~ dt for the choice of final time.
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Supplementary Figure 4. Convergence with the time step dt of the simulation. a,b Time evolution of the vibrational
entropy Svib for an initial molecular (left, red) or cavity (right, blue) excitation. Darkness indicates dt on a log-scale (dt X g. €
{0.2,0.1,0.04,0.02,0.01,0.005,0.0025}). Fully overlapping trajectories indicate convergence for d¢ < 0.2. In a,b, the lines are
a guide to the eye, whereas in c-f the lines represent additional data points. c,d Phase-space evolution of a single molecule.
Same color-code as in a,b. e,f Time evolution of the right tail weight n* (see paper for definition). Same color-code as in a,b.
Parameters for all plots: N =100, A = 0.5, v = 0.3gc, W = ¢c/2, x = 128, n},.. = 10. Results for a single disorder realization.
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