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Supplementary Method 1: Price equation and speed-limit inequality
Purely from the conservation of the total proportion,

∑!
8=1 %8 = 1, we can derive the Price equation [1, 2],

mC 〈�〉 = cov(�, mC%/%) + 〈mC �〉 . (1)

Here, � := {�8}!8=1 is a generally time-dependent quantity depending on each type, e.g., the growth rate, 〈�〉 :=
∑!
8=1 %8�8 ,

cov(�, �) := 〈(� − 〈�〉)(� − 〈�〉)〉, and mC%/% := {mC%8/%8}!8=1.
We define the speed of � as E� := |mC 〈�〉 − 〈mC �〉 |/Δ� [3, 4] with Δ� :=

√
〈(� − 〈�〉)2〉. The inverse of the speed, E�−1,

represents the time required for � to change to a statistically distinguishable value [4], and thus E� characterizes the speed of the
temporal change in � [Fig. 1(a)]. From Supplementary Eq. (1), we obtain the speed-limit inequality [Eq. (3)] as

E� =
|cov(�, mC%/%) |

Δ�

≤ 1
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=

√
〈(mC%/%)2〉,

where 〈mC%/%〉 = mC
∑!
8=1 %8 = 0 and the Cauchy-Schwarz inequality are used in the second line.

The equal sign in Eq. (3) is achieved when � − 〈�〉 is parallel or anti-parallel to mC%/% in the !-dimensional vector space,
where mC%8/%8 is regarded as the 8th component of mC%/%, for instance. This means that the speed of � is faster as the correlation
between � and the instantaneous growth rate is stronger. When there are only two types (! = 2), we can explicitly obtain
(�1− 〈�〉 , �2− 〈�〉) = (�1− �2) (%2,−%1) and (mC%1/%1, mC%2/%2) = [mC%1/(%1%2)] (%2,−%1), leading to (�− 〈�〉) ‖ mC%/%,
and the equal sign in Eq. (3) is achieved regardless of the details of dynamics.

Supplementary Method 2: Fisher’s fundamental theorem of natural selection
We first take �8 = B8#8 in Eq. (1), where B8 > 0 is the type-dependent growth rate. Since mC%8 = (B8 − 〈B〉)%8 from Eq. (2),

Supplementary Eq. (1) leads to

mC 〈B〉 = cov(B, B − 〈B〉) = (ΔB)2, (2)

which means that the rate of increase in the average growth rate is equal to the variance of the growth rate, known as Fisher’s
fundamental theorem of natural selection [5–11]. On the other hand, the equation mC%8 = (B8 − 〈B〉)%8 also leads to Elim =

[〈(B − 〈B〉)2〉]1/2 = ΔB. Since EB = |mC 〈B〉 |/ΔB by definition, Supplementary Eq. (2) is equivalent to EB = Elim, suggesting that
Fisher’s fundamental theorem is nothing but a special case of Eq. (3).

If we explicitly solve the equation mC%8 = (B8 − 〈B〉)%8 , the solution is given by the following softmax function:

%8 (C) =
%8 (0) exp(B8C)∑!
9=1 % 9 (0) exp(B 9 C)

. (3)

Conversely, if the time-dependent proportion is the same type of softmax function as Supplementary Eq. (3), we can obtain the
saturation of the speed (EB = Elim).
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We next take �8 = 58 ({#8}!8=1, C)#8 in Eq. (1) with an arbitrary function 58 , which is the so-called fitness [12] and represents
the growth rate that can depend on the effects of interactions among types. From Eq. (2) and Supplementary Eq. (1), we obtain
mC 〈 5 〉 − 〈mC 5 〉 = (Δ 5 )2, which is known as an extended version of Fisher’s fundamental theorem [12, 13]. Since we can obtain
Elim = Δ 5 and E 5 = |mC 〈 5 〉 − 〈mC 5 〉 |/Δ 5 in the same way as explained above, the extended version of the fundamental theorem
is equivalent to a special case of Eq. (3), E 5 = Elim.

Supplementary Method 3: Evolutionary model with natural selection and mutation
We take �8 = B8#8 +

∑!
9=1 <8 9# 9 in Eq. (1) [14, 15], where B8 > 0 is the growth rate, <8 9 ≥ 0 (8 ≠ 9) is the mutation rate

from type 9 to 8, and
∑!
8=1 <8 9 = 0 for all 9 . Note that <8 9 is related to the mutation probability &8 9 from 9 to 8 [16, 17], which

satisfies
∑!
8=1&8 9 = 1, as <8 9 = &8 9 B 9 (for 8 ≠ 9) and < 9 9 = (& 9 9 − 1)B 9 . Also note that here we consider a large and well-mixed

population which can be approximated by assuming that the size is infinite and that noise [18] and spatial effects are zero [16].
In the following, we further assume B8 = B̄ + AX81 (B̄, A > 0), <1 9 = 0 for 9 ≠ 1, and <8 9 > 0 for 8 ≠ 1 and 8 ≠ 9 , where X8 9 is the
Kronecker delta. From Eq. (2), we can obtain the equation for %1 as mC%1 = (A + <11 − A%1)%1. Thus, Ac (:= −<11 =

∑!
8=2 <81)

is a transcritical bifurcation point [19]: %s
1 = 0 for A ≤ Ac, while %s

1 = (A − Ac)/A > 0 for A > Ac, provided %1 (C = 0) > 0, where
%s
8

:= %8 (C →∞) is the steady-state proportion of type 8. The qualitative change in %s
1 at A = Ac represents the transition between

survival and extinction of type 1.
At the bifurcation point (A = Ac), %1 satisfies

mC%1 = −Ac%1
2, (4)

which leads to %1 ∼ C−1 after a long time. If a quantity � is independent of time, e.g., � = B (growth rate) or � = 1 (type
index), we can obtain mC 〈�〉 ∼ C−2 according to %1 ∼ C−1. Then, assuming that Δ� shows a power-law decay as Δ� ∼ C−X� with
a certain exponent X�, we obtain E� = |mC 〈�〉 |/Δ� ∼ C−2+X� . On the other hand, if � is time-dependent, e.g., � = � = − ln %
(diversity), the asymptotic time dependence of mC 〈�〉 − 〈mC �〉, Δ�, and E� = |mC 〈�〉 − 〈mC �〉 |/Δ� generally depends on the
time dependence of �. Thus, the asymptotic forms of the speeds follow EB ∼ C−3/2 since ΔB = [%1 (1 − %1)]1/2Ac ∼ C−1/2 (i.e.,
XB = 1/2), E1 ∼ C−2 since Δ1(C →∞) ≠ 0 (i.e., X1 = 0), and E� ∼ C−2 ln C since |mC 〈�〉 − 〈mC �〉 | ∼ C−2 ln C and Δ� (C →∞) ≠ 0.
Near but off the bifurcation point (A ' Ac), we can linearize the equation of %1 after a long time as

mC (%1 − %s
1) ' −|A − Ac | (%1 − %s

1), (5)

both for A > Ac and A < Ac. Thus, %1 shows an exponential relaxation with the relaxation time proportional to |A − Ac |−1, which
diverges at the bifurcation point. Such divergence suggests that the relaxation times g� (for E�) and glim (for Elim) should also
diverge at the bifurcation point as g� ∼ |A − Ac |−V� and glim ∼ |A − Ac |−V

TC
lim with certain exponents V� and VTC

lim. This motivates
us to consider the dynamical scaling laws [Eq. (6) and Eq. (7)] since similar dynamical scaling is applied to order parameters
with diverging relaxation time in critical phenomena [20, 21]. Since the inequality [Eq. (3)] indicates that E� should show an
exponential decay earlier than Elim, we obtain an inequality between the relaxation timescales as g� ≤ glim near the bifurcation
point, which leads to V� ≤ VTC

lim.
For Figs. 2, 3(a)-(c), Supplementary Figs. 1, and 2, we used the mutation rates

(<8 9 ) =
©­«
−2.1 0 0

1 −1.2 0.8
1.1 1.2 −0.8

ª®¬
with Ac = −<11 = 2.1 and the initial state (%1, %2, %3) |C=0 = (0.2, 0.5, 0.3).

Supplementary Method 4: SIR model with birth and death
We take ! = 3, �1 = 1 − _#1#2/#tot − #1, �2 = _#1#2/#tot − W#2 − #2, and �3 = W#2 − #3 in Eq. (1), where #1, #2, and

#3 are the densities of susceptible, infected, and recovered individuals, respectively [22]. Here, _ is the infection rate, W is the
recovery rate, and we take both the birth and death rates as unity by rescaling time C and #tot, where the death rate is assumed to
be the same for all three types. Assuming a nonzero proportion of the infected individuals at the initial time [%2 (C = 0) > 0], we
can obtain the steady-state proportions as

(%s
1, %

s
2, %

s
3) =

{
(1, 0, 0) (_ ≤ _c)(
_c
_
,
_−_c
_c_

,
(_c−1) (_−_c)

_c_

)
(_ > _c)

,

where the extinction transition for the infected and recovered individuals occurs through the transcritical bifurcation at _ = _c
(:= W + 1).
We consider the long-time dynamics of #8 at the bifurcation point (_ = _c). First, since #tot shows an exponential relaxation

according to mC#tot = 1 − #tot, #tot ' 1 after a long time. Defining the deviation from the steady state as Δ#8 := #8 − #s
8
with
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(#s
1, #

s
2, #

s
3) := (1, 0, 0), we can linearize Eq. (1) as mCΔ#1 = −Δ#1 − _cΔ#2, mCΔ#2 = 0, and mCΔ#3 = −Δ#3 + (_c − 1)Δ#2.

These linearized equations suggest that #1 and #3 should adiabatically follow the dynamics of #2, which is expected to
show a power-law decay if nonlinearity is taken into account. Thus, we apply the adiabatic approximation (mC#1 ' 0)
to the equation for #1 and obtain #1 ' (1 + _c#2/#tot)−1 ' (1 + _c#2)−1 on the timescale where #2 changes. Then,
mC#2 = _c (#1/#tot − 1)#2 ' −_c

2#2
2 + $ (#3

3), leading to a power-law decay of #2 as expected: #2 ' (_c
2C)−1. Lastly,

applying the adiabatic approximation (mC#3 ' 0) to the equation for #3, we obtain #3 ' (_c − 1)#2 ' (_c − 1) (_c
2C)−1. In terms

of the proportion, %2 ∼ %3 ∼ C−1 is followed. Regarding the power-law decay of the speed of change in diversity, we obtain
E� ∼ C−3/2 since |mC 〈�〉 − 〈mC �〉 | = |

∑
8 (mC%8) ln %8 | ∼ C−2 ln C and Δ� = [∑8 %8 (ln %8)2 − (

∑
8 %8 ln %8)2]1/2 ∼ C−1/2 ln C.

For Fig. 3(d) and Supplementary Fig. 3, we used the recovery rate W = 15, the infection rate _ = _c = 16, and the initial state
(#1, #2, #3) |C=0 = (1.1, 0.1, 0).

Supplementary Method 5: Power-law decay at the supercritical Hopf bifurcation
The normal form of the supercritical Hopf bifurcation is given as mC I = (` + il)I − |I |2I, where I is a complex variable and

l > 0 [19]. The only fixed point is I = 0 for ` ≤ 0, while the limit cycle appears with the amplitude |I | = √` and the period
2c/l for ` > 0. At the bifurcation point (` = 0), the amplitude follows mC |I | = −|I |3, which leads to a power-law decay of the
amplitude as |I | ∼ C−1/2 and correspondingly an oscillatory decay of Re I or Im I as ∼ C−1/2 coslC.

Supplementary Method 6: Competitive Lotka-Volterra model
We take �8 = B8#8 −

∑!
9=1 28 9#8# 9 in Eq. (1), where B8 is the growth rate, and 28 9 > 0 represents the competitive interaction

between type 8 and 9 [23]. Using the previously obtained bifurcation diagram [24] as a reference, we take ! = 3, (B1, B2, B3) =
(19, 3/2, 12), and

(28 9 ) =
©­«

1 2 4
221 1/6 1/3
1 1 3

ª®¬ .
Within a certain range of 221 and initial states, the limit cycle appears for 221 < 2c, while the steady-state coexistence of three types
appears for 221 ≥ 2c, where 2c is the supercritical Hopf bifurcation point, and the numerically found value is 2c = 0.064163908.
We used 221 = 0.063833 for Figs. 4(a) and (b), 221 = 2c for Fig. 4(c) and Supplementary Fig. 4, and 0.9992c ≤ 2 ≤ 1.0012c

for Fig. 4(d) and Supplementary Fig. 5, with the initial state (#1, #2, #3) |C=0 = (20, 5, 2). To solve the differential equations
[Eq. (1)], we used a Julia package DifferentialEquations.jl [25].

Supplementary Method 7: Power-law decay at the saddle-node bifurcation
The normal form of the saddle-node bifurcation is given as mCG = ` − G2, where the stable fixed point (G = √`) appears only

for ` > 0 [19]. At the bifurcation point (` = 0), we can obtain a power-law decay as G ∼ C−1.
Considering a population dynamics that undergoes the saddle-node bifurcation as an abrupt change in the density and propor-

tion of type 1, we should obtain %1 ∼ const. + C−1 at the bifurcation point for a certain range of initial states. Then, the speed
limit will follow Elim = [

∑
8 (m8%8)2/%8]1/2 ∼ C−U

SN
lim with USN

lim = 2.
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(b)(a)

Supplementary Figure 1. Typical time dependence of averaged quantities in the evolutionary model with natural selection and mutation.
Time dependence of (a) the average growth rate 〈B〉 and (b) the Shannon entropy �S for the same parameters used in Figs. 2(a) and (b).

(a) (c)(b)

0.999 1.001

(d) (e) (f)

Supplementary Figure 2. Dynamical scaling for the speeds of different quantities at the transcritical bifurcation. Time and parameter
dependence of the speeds (a) EB , (b) E1 , and (c) E� around the transcritical bifurcation point (0.999 ≤ A/Ac ≤ 1.001) of the evolutionary model
with selection and mutation. (d-f) The corresponding scaling plots are shown with UB = 3/2, U1 = U� = 2, and VB = V1 = V� = 1. Note that
E1 (A − Ac, C) seems to be almost independent of the sign of A − Ac in the shown parameter regime. Also, E� (A − Ac, C) does not satisfy the scaling
law due to the logarithmic time dependence at A = Ac (i.e., E� ∼ C−2 ln C). For all figures, we used the same parameters as those for Fig. 3(b).
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(a) (c)(b)

Supplementary Figure 3. Typical time dependence of the proportion at the transcritical bifurcation point of the SIR model. (a) Time
dependence of the proportion in a short timescale. Long-time decay of the proportions of (b) the infected individuals and (c) the recovered
individuals. In (b) and (c), the asymptotic forms [%2 ' (_c2C)−1 and %3 ' (_c − 1) (_c2C)−1] are shown with dotted lines (see Supplementary
Method 4 for the derivation). For all figures, we used the same parameters as those for Fig. 3(d).

Supplementary Figure 4. Power-law decay of the speed of change in diversity at the supercritical Hopf bifurcation. We plot the time
dependence of E� (black line) and Elim (red line) at the Hopf bifurcation point of the competitive Lotka-Volterra model. The asymptotic form
(Elim ∼ C−1/2) is shown with a dotted line. We used the same parameters as those for Fig. 4(c).
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(a) (c)(b)

0.999 1.001

(d) (e) (f)

Supplementary Figure 5. Dynamical scaling for speeds of different quantities at the supercritical Hopf bifurcation. Time and interaction
dependence of (a) the speed limit Elim and the speeds (b) EB and (c) E� around the Hopf bifurcation point of the competitive Lotka-Volterra
model. (d-f) The corresponding scaling plots are shown with UHopf

lim = UB = U� = 1/2 and VHopf
lim = VB = V� = 1. In (d), the same data as

plotted in Fig. 4(d) are reproduced for completeness. The amplitudes of oscillating Elim, EB , and E� follow the scaling laws. See Supplementary
Method 6 for the parameters used.
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