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Reviewers' comments:
Reviewer #1 (Remarks to the Author):

see attached document

Reviewer #2 (Remarks to the Author):

In their manuscript "Universal constraint on nonlinear population dynamics", the authors derive and
discuss an upper bound on the evolution speed of general population dynamics. Their main result is
the inequality (3), which relates the rate of change and standard deviation of a type-dependent
guantity to the Fisher information associated with the population vector. This relation is then
applied to three specific types of population dynamics and used to derive bounds on the scaling
exponents near bifurcations.

The paper is very well written; the main results, their derivation and their consequences are
explained clearly. The authors also provide concise summaries of the investigated models and their
main features, as well as the consequences of their bound in each case.

The presented results are scientifically sound and novel, and well supported by the presented
examples. As mentioned by the authors, population dynamics encompasses a very wide range of
systems with wildly different phenomenology, so obtaining general bounds that are universally valid
is certainly a valuable contribution to the field. The authors' conjecture that the bound should lead
to universal constraints on the scaling exponents near bifurcations is very interesting and has the
potential to inspire follow-up research.

In summary, | find this paper to be well-suited to Communications Physics and recommend
publication as-is.

Reviewer #3 (Remarks to the Author):

This is an excellent paper, providing a very general theorem for the rate of change in a quantity in
population dynamics. This can be thought of as a generalization of Fisher's Fundamental Theorem of
Natural Selection; the more aligned a quantity is with the reproduction rates of the subpopulations,
the closer the rate of change of the quantity can be to the limiting quantity.

The paper illustrates how generally this can be applied with an excellent variety of population
models, and shows how this limiting rate is relevant to each situation, showing for example how
extinction of a subpopulation relates to this limiting rate and a transcritical bifurcation.

My only recommendation is that there is some research using the quasispecies-type models for
Fishers FTNS that should be discussed, particularly because these address Fisher's FTNS in the
presence of mutations in a model similar to that used in this paper. This work should be discussed
(there are a few statements that are out of date in the paper - see comments in the attached pdf -
which need to be updated). It would be very interesting to see if the limiting rate of this paper
relates to the more general Fisher's Fund. Thm with Mutations, but | do not consider that a
requirement for publication. | also had some comments where terminology or definitions could be
modified to make this paper more generally accessible to readers in related fields - there should be



at least a comment added to mention that the definitions in the paper differ than what is common in
some fields.

Overall | recommend this paper highly for publication with the minor changes addressing some of
the recent work in incorporating mutations in Fisher's Thm in the context of quasispecies-type
models used in this paper.



The authors derive a time-information uncertainty relation for evolutionary processes which they show places an
upper bound on the speed in which observables for various ecological models can evolve. They purport that their
bound is universal.

My only main concern has to do with wording. Eq. (3) is not new, in the sense that it is an application of the time
information uncertainty relation, (Nicholson et.al. [17] in their work) where the distribution for type populations is
playing the role of information rate. As they note, the fact the time information uncertainty relation is related to
the price equation is also not new, as is noted in their citation Frank and Bruggeman Entropy 2020. It is my opin-
ion that the wording around Eq. (3) could be modified in order to avoid confusion by readers coming from other fields.

That said, in general I found this paper very exciting and interesting. The authors find scaling limits at the critical
points for a set of ecological models. These rates come directly from the Fisher information and thus place speed
limits on the rate that an observable can change around the critical point. Due to the Price equation being seen
as placing limits on evolutionary Biology, these seems very novel and potentially impactful. Though scaling of the
Fisher information has also been found before, see R. Hollerbach, D. Dimarche and E. Kim, Entropy, 20, (8) 2018
as one example, to my knowledge this has never been shown for evolutionary models and never in the context of
non-equilibrium speed limits of the form shown here. I have several comments below, but otherwise I recommend for
publication.

1. While I found the results novel, perhaps the authors could expand on the consequences of limiting the speed for
say, the growth of types? Or other physically relevant variables. These results are after all placing a constraint
on the Price equation itself.

2. The authors note that the velocity of the type dependent growth rate s; saturates the speed limit. While they
show this is true for their specific example of type growth rate. Could their be a more general explanation?
With the rate F; = s;N;, this makes s; be explicitly independent of time, i.e. the time dependence for the
moments of s; are in P;. Since s; is time independent, this is the special case of the Cramer-Rao bound, which
is known to saturate when the distribution for the random variable in this case type number is Gaussian, see
A. Cianchi, E. Lutwak, D Yang and G. Zhang et.al IEEE Transactions on Information Theory, 60, (1) 2014.

3. Line 328/329 switch the order of we and here.

4. Line 299 is there a missing ||?
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Universal constraint on nonlinear population dynamics
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(Dated: January 24, 2022)

Ecological and evolutionary processes show various population dynamics depending on internal interactions
and environmental changes. While crucial in predicting biological processes, discovering general relations
for such nonlinear dynamics has remained a challenge. Here, we derive a universal information-theoretical
constraint on a broad class of nonlinear dynamical systems represented as population dynamics. The constraint
isinterpreted as a generalization of Fisher’s fundamental theorem of natural selection. Furthermore, the constraint
indicates nontrivial bounds for the speed of critical relaxation around bifurcation points, which we argue are
universally determined only by the type of bifurcation. Our theory is verified for an evolutionary model and
an epidemiological model, which exhibit the transcritical bifurcation, as well as for an ecological model, which
undergoes limit-cycle oscillation. This work paves a way to predict biological dynamics in light of information
theory, by providing fundamental relations in nonequilibrium statistical mechanics of nonlinear systems.

Introduction 55

Nonlinear dynamics appears in a variety of fields, includ- *
ing classical mechanics, chemical reaction systems, and pop- *
ulation biology, to name a few [1]. Nonlinearity can trigger
complex temporal and spatial patterns and even chaotic behav- %
iors, making it challenging to find universal relations within
the properties of dynamics. In particular, slight perturbations ¢
in external parameters can result in qualitative changes in the ©
dynamical property through a bifurcation such as the Hopf &
bifurcation, where self-sustained oscillation emerges. It is of &
pivotal importance to explore universal relations shared by a

broad class of dynamical phenomena with nonlinearity. &

Ecological and evolutionary processes often exhibit non- 67
linear population dynamics [2} [3] such as temporal oscilla- ®
tion in population sizes and irreversible extinction of certain *
species [4]. Typical biological systems consist of identifiable
units such as genotypes and species (called “types” in this pa-
per), and intra-type and inter-type interactions cause nonlinear
dynamics [2,4]. Besides interactions, type-dependent growth
rates determined by natural selection lead to nonlinear dynam-
ics of the proportions of each type. In evolutionary theory,
Fisher’s fundamental theorem of natural selection [5, 6] estab-
lishes a simple relation between the variance of the growth rate
and the temporal increase in the average growth rate. Though
the theorem has been extended to ecological models [7], mu-

tation processes have been outside the scope of the theorem.
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Bifurcations and associated critical dynamics play signifi-
cant roles in biological processes [8]. In ecological [9,10] and
epidemiological [[11]] systems, critical slowing down around
bifurcation points has been discussed as an early warning sig-
nal for catastrophic shifts. In evolutionary systems, bifurca-
tion points can appear as critical mutation rates beyond which
heredity does not persist [[12} [13]], and the self-organized crit- s
icality has also been discussed as a possible mechanism of e
mass extinction of species [14]. Since such critical dynamics e

reflects instabilities behind nonlinear systems [[15]], fundamen-
tal relations near bifurcation points are crucial in predicting
dramatic changes in ecological and evolutionary processes.

We here derive a general constraint on nonlinear pop-
ulation dynamics by extending the formulation developed
for stochastic processes [16} to nonlinear dynamical
systems. In particular, Fisher’s fundamental theorem of
natural selection is a special case of the constraint. As a
unique consequence of the constraint, we show that the critical
scaling exponents of speeds near the bifurcation point should
have nontrivial bounds that are universally determined by the
type of bifurcation. We verify our theory for an evolutionary
model with mutation and the SIR model with birth and
death, which show the transcritical bifurcation, as well as
for the competitive Lotka-Volterra model, which undergoes
limit-cycle oscillation.

Results
Constraint on general population dynamics. We consider a
general population dynamics described by

O;N; = F;(Ny,...,NL), (1)
where i is the label for each type, L is the total number of
types, and N;(t) is the density of type i at time r. If there
are interactions between types, F;(Ni,..., Np) is generally a
nonlinear function. Defining the proportion P := {Pi}l.L: L=
{Ni/ N}, with the total population density Nyo := SE N,
we obtain equations for P; and Ny as

F; (NP1, ..., Niot P
atPi — l( totL"1 tot L) _
Ntot

L
PiZ Fj(NtOtPI’ ""NtOIPL)

= Niot

2
and 9, Ny = Z[L:1 F; (NP1, ..., Nt PL), respectively. Even
if F;(Ny, ..., Np) is a linear function for all i, Eq. can be a
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Highlight
Fisher's FTNS was derived incorporating mutations in:
"The fundamental theorem of natural selection with mutations"
https://link.springer.com/article/10.1007/s00285-017-1190-x

and the formula is simplified in:
Dynamical Systems and Fitness Maximization in Evolutionary Biology
https://link.springer.com/referenceworkentry/10.1007/978-3-319-70658-0_121-1

where it is shown that Fisher's thm becomes:
d_t<s> = (\delta s)^2 + \beta\mu\bar{s}
\beta = mean birth rate
\mu = mutation rate (per birth)
\bar{s} = mean affect of a single mutation on fitness

 (NOTE:  This is mixing notation between the two papers.  d_t<s> = (\delta s)^2 is from the current paper under review and  \beta\mu\bar{s} is using the notation from the paper referenced above.)

Fisher's Thm with mutations is counter to his origonal conclusion that mean fitness is always increasing because the mean affect of a mutation on fitness is in general negative (see "Fitness Is Strongly Influenced by Rare Mutations of Large Effect in a Microbial Mutation Accumulation Experiment" https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4096375/, although the distribution of the affects of mutations complex).  Also see: "Rate, molecular spectrum, and consequences of human mutation" (https://www.pnas.org/doi/abs/10.1073/pnas.0912629107) The first sentance of the abstract is: "Although mutation provides the fuel for phenotypic evolution, it also imposes a substantial burden on fitness through the production of predominantly deleterious alleles,..."
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Fig. 1. Speed-limit inequality in ecological and evolutionary dynamics. (a) Inverse of the speed, v 4!, represents the time required for the
instantaneous average (A) to change by the instantaneous standard deviation AA. In (a), we assume A| < Ay < A3 < A4 < A5 without loss of
generality. (b) For any quantity A and at any time, speeds faster than vy, are prohibited. (c) Around bifurcation points, the speed and speed
limit show power-law decays as v4 ~ t~ %A and vy, ~ ¢~ ®im with a constraint @4 > @i, for any A, where @y, is universally determined by
the bifurcation type. In this study, we mainly consider three models: (d) the evolutionary model with natural selection and mutation, (e) the

SIR model, and (f) the competitive Lotka-Volterra model.

nonlinear equation, and bifurcations can occur as we discusss
later. 114

Applying the Cauchy-Schwarz inequality to the Price equa-1s
tion [18} [19], which is derived from the conservation of thes
total proportion (ZiL:1 P; = 1), we obtain the speed-limit in-1
equality (Methods): 118

va < vim == VIr = V{((8, P/ P)?),

where we define the Fisher information 7r [20, 21] and
the speed v4 := |8, (A) — (0;A) |/AA, which characterizes'
the temporal change rate of a type-dependent quantity'™
A := {A;}, that can depend on time in general [Methods,™
Fig. [[(a)]. Here, the average and standard deviation are™
defined as (A) = XX, P;A; and AA = ((A%) — (A)H)1/2™
respectively. Inequality (3) provides a universal upper bound™
on the speed of population dynamics, independent of the
choice of quantity A [Fig.[T(b)]. We stress that (3) applies to™
nonlinear dynamics though the expression is equivalent to that™
for Markov processes [16] [17], where the probability distribu-"'
tion follows linear dynamics. For example, vy, in (3) can be'™
a non-monotonic function of time, in contrast to Markovian'
relaxation processes, where vy, decays monotonically [16]."
Note that is different from the previously obtained™
speed-limit inequalities in nonlinear systems [22} [23]], whichias
have been discussed mainly for chemical reaction networks. sz
Following Ref. [17]], we can interpret as the uncertainty s
relation between the timescale of dynamical quantities (v 4~ )
and the information of dynamics (VIr). 140

141

119

(3)120

121

128

Relation to Fisher’s fundamental theorem. Notably, our
general constraint includes Fisher’s fundamental theorem
as a special case when applied to an evolutionary model
with natural selection. We take F; = s;V; in Eq. , where
s; > 0 is the type-dependent growth rate. In such systems,
Fisher’s fundamental theorem of natural selection asserts
that the increase in the average growth rate is equal to the
variance of the growth rate [3], i.e., d; (s) = (As)>. As
shown in Methods, we find that Fisher’s fundamental theorem
is a special case of (3), vy = viim. Note that vy in is
equivalent to Crow’s index of opportunity for selection, which
provides an empirical estimate of the maximum strength
of natural selection acting on a given population [24, [25].
Furthermore, even when the growth rate depends on time
and densities, we show that an extended version of the
fundamental theorem [6, 7] is a special case of (3)) (Methods).
Our result therefore covers a variety of previous results
established in population biology in light of information
theory and statistical physics. For more general dynamics
with mutation, Fisher’s fundamental theorem does not hold.
Nevertheless, the speed-limit inequality is satisfied and
thus regarded as a generalization of the fundamental theorem.

Speed limit for evolutionary dynamics. We next consider an-
other evolutionary model with natural selection and mutation
[Fig.d)] by taking F; = s,-NﬁZle m;;NjinEq. (1) [12,26].
Here, s; > 0 is the growth rate and m;; > 0 (i # j) is the mu-
tation rate from type j to i. To demonstrate inequality (3)), we
take L = 3 with s, = 53 = § and examine a situation where type
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As mentioned in line 45, Fisher's thm with mutations (with the usual assumptions of infinite population, no noise, no spatial effects, etc.) is
d_t<s> = (\delta s)^2 + \beta\mu\bar{s}

although the Right-hand-side isn't always positive, so Fisher's concept of increasing fitness is false.
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The referenced paper here Li expresses Fisher's FTNS in terms of gene frequencies, which is different to the subpopulation-(quasispecies-like) model you use here.  The paper (https://link.springer.com/article/10.1007/s00285-017-1190-x) presents Fisher's FTNS with the same model you are using, so you should add that as a ref here.  
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Fig. 2. Speed limit for the evolutionary dynamics with natural selection and mutation. (a) Typical time dependence of the proportion

P; forr/rc

= 0.8. (b) Inequality (3) holds, regardless of the parameters (r/r.) and quantities (growth rate s or diversity I). The speed of the

growth rate v and that of change in diversity vy are compared with the speed limit vy;,, for r/rc = 0.8 (left), r/rc = 1 (center), and r/re = 1.2

(right). See Methods for the other parameters used.

1 will survive (become extinct) after a long time if the growthizo
rate s; = § + r is larger (smaller) than a critical value § + r¢n
(Methods). The extinction transition at r = r. corresponds to:7
the transcritical bifurcation [[1]. 173

Figure[2J(a) shows typical time dependence of the proportion.,
P;. As shown in Fig. b), regardless of the value of r/r¢,s
the speed of the growth rate v, (black solid lines) is bounded,
by the speed limit v, (red dashed lines), which verifies .177
To confirm the generality of (3), we introduce the Shannon,
entropy Is := (I) with [ := {I; }L ={-InP; }L1 [21]] as
the (logarithm of) diversity of populatlon (see Supplementary
Fig. [T for typical time dependence of Is). We show that the o
speed of change in diversity, v; (gray solid lines), is also’
bounded by viip.

79

182

183

Universal constraint around transcritical bifurcation™
point. A notable consequence of the speed limit follows at"”
the transcritical bifurcation point (r = r.), where an observ-""
able A typically exhibits critical slowing down [8, [11] with a”
power-law decay of the speed, v4 ~ t~%A. While a4 can vary188
for different A, inequality (3) indicates that @4 is bounded by189
a universal factor aji, determined by the Fisher information '

[Fig. [[{c)]. In the evolutionary model with natural selection'

and mutation, we find P; ~ t~! (Methods) and thus 192
__TC

Viim ~ V(9 P1)?/Py ~ "~ %im (4)re

195

with aEﬁ = 3/2. Then, we have 196

ap > a'hm 3/2 (5) 105

199
for arbitrary A in this process.

Additionally, if the parameter is slightly off the b1furcat10n “
point, the system can exhibit dynamical scaling, in a man- “
ner similar to critical phenomena [27-29]]. Assuming that the**
relaxation times of the speed and speed limit diverge at the bi->*
furcation point as ~ |r —r¢| 4 and ~ | —r¢| Pim respectlvely,204

we obtain the dynamical scaling laws as e

(6)207

208

(7)209

va(r = re,t) = A fE(PA — 1),

_,TC TC
Viim(F — e, 1) = ¢ a]imfiiim(t]/ﬁlimlr —rel),

where f} ", and fllm (f, and f ) are scaling functions for
r —re > 0 (< 0). Combining inequality and the scaling
laws (6)) and (7)), we derive another constraint on the exponents
as B4 < ,Bhr(rjl (Methods). In the numerical simulations, we
have only found the case with 84 = BIC (see below), which
suggests that the diverging relaxation time of any speed should
be proportional to the relaxation time of a single quantity
(i.e., P in the present model) in a similar way to critical
phenomena [27, [28]].

To confirm the above argument, we demonstrate the long-
time relaxation of viim, vs, vy, and a speed v, for the type
index b := {bi}il‘=1 = {i}[.L:1 at the bifurcation point (r = r¢)
[Fig. a)]. We find vy ~ 173/? [red dotted line in Fig. a)],
which is consistent with {@). We also obtain v, ~ ¢=3/2
vi ~ t721Int, and v, ~ 172 (see Methods for the derivation),
and the corresponding exponents are oy = 3/2, @y = 2 (ne-
glecting the logarithmic dependence), and @;, = 2, which in-
deed satisfy inequality (5). Moreover, slightly off the bifur-
cation point, we find the expected scaling laws [(6) and (7))
of vy, vp (Supplementary Fig. 2), and v, [Fig. [B(b)] with
Bs = Pb =:8;1;,?1 =L

Beyond specific dynamics, we conjecture that the exponents
for the power-law decay of the speeds at the bifurcation point
in population dynamics are bounded by a universal constant
ajim that only depends on the type of bifurcation. Similarly, the
exponent SBiin, is also conjectured to be determined by the bifur-
cation type. These conjectures are plausible because critical
properties associated with the bifurcation can be essentially
described by the normal form for each bifurcation type [1,[29].
This universal constraint on the exponents is a unique property
of nonlinear dynamics, in contrast to the previous works on
speed limits for linear dynamics [[16} [17].

As a primary example, inequality can be generally
applied to nonlinear dynamics that undergoes an extinction
transition through the transcritical bifurcation. We consider
the SIR model with birth and death [Fig. e)], where Nj,
N>, and N3 are the densities of susceptible, infected, and
recovered individuals, respectively [30] (Methods). This
model is genuinely nonlinear in that F; (N, N, N3) in Eq.
is a nonlinear function. In this model, the transcritical
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Fig. 3. Universal bounds for the critical scaling exponents at the
transcritical bifurcation. (a) Power-law decay of the speeds vy,
VI, Vp, and vijy, at the transcritical bifurcation point (» = r¢) of the
evolutionary model with selection and mutation. The asymptotic
forms (vijy, ~ t73/2 and vp ~ t72) are shown with dotted lines.
(b) Time and parameter dependence of vy, (upper panel) and the
corresponding scaling plot (lower panel) near the bifurcation point
(0.999 < r/re < 1.001). The exponents are given as alTigl =3/2
and ,BES = 1. (c) Power-law decay of v; and vy, at the transcritical
bifurcation point of the SIR model. The asymptotic form (vjjy, ~
3/ 2) is shown with a dotted line. For (a) and (b), we use the same
parameters as those for Fig. 2] See Methods for the parameters used
for (¢).

bifurcation occurs as an extinction transition of the infected
and recovered individuals, i.e., a transition between the
disease-free and endemic states, and the critical slowing down
occurs (Py ~ P3 ~ t71) at the bifurcation point (Methods).zs:
In Supplementary Fig. 3] we show typical time dependencess
of the proportion at the bifurcation point. We find that thezs
speed of change in diversity v; and the speed limit vj;y, follow
the same power-law decay as v; ~ Vim ~ 173/2 [Fig. c)],234
satisfying the formulae (@) and (3).

235

Universal constraint around Hopf bifurcation point. To™*

verify our conjecture for other types of bifurcations, we fo-*"
cus on the Hopf bifurcation, at which a limit cycle starts™
to appear [1]. According to the normal form of the super-**
critical Hopf bifurcation, the deviation from the steady state™”
decays with oscillation as ~ r~'/2coswt at the bifurcation®'
point (Methods). Thus, for population dynamics undergo-**
ing the supercritical Hopf bifurcation, the proportion follows™
P; ~ const. + 1172 cos wt, and the speed limit decays as 2

3

245
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(8)247
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Fig. 4. Universal bounds for the critical scaling exponents at the
supercritical Hopf bifurcation. Limit-cycle oscillation of (a) the
proportion P; and (b) the speeds vy, vy, and vy, in the competitive
Lotka-Volterra model. (c) Power-law decay of vij,,, compared with v
at the Hopf bifurcation point. The asymptotic form of the amplitude
relaxation (Vijy, ~ 1~1/2) is shown with a dotted line. The curves
are rattling since the number of plotted points is finite; similarly to
(b), vs oscillates between zero and nonzero values, while vy;,, stays
nonzero. (d) Scaling plot of the time and interaction dependence of
Viim Dear the bifurcation point (0.999 < ¢, /cc < 1.001). The limit
cycle appears for cp1 < cc, while the steady-state coexistence of three
types appears for ¢p; > c¢, where c. is the Hopf bifurcation point
(Methods). The exponents are given as aﬁlrip f 1 /2 and ﬁfi{;pt =1
See Methods for the parameters used.

ation by neglecting the oscillatory component. Correspond-
ingly, if we assume a power-law decay of the speed amplitude
as v ~ 1%, a4 should satisfy

Hopf _
ap > a5 =1/2.

)

As an ecological model that undergoes the supercritical
Hopf bifurcation, we consider the competitive Lotka-Volterra
model [Fig. E_kf)] by taking F; = s;N; - % ¢;jNiN; in
Eq. [4,31]. Here, s; is the growth rate, c;; > O represents
the competitive interaction between type i and j, and these
parameters are set around the Hopf bifurcation (Methods).

We first show typical limit-cycle oscillation of the propor-
tion [Fig. Eka)]. Comparing vg, vy, and vjjn within a single
period [Fig. f(b)], we confirm that inequality (3) holds even
when the limit cycle appears. By tuning the parameters to the
Hopf bifurcation point, we numerically find the power-law
decay of the speed amplitudes [32] as vy ~ v; ~ viim ~ 1~ 1/2
[Fig. c) and Supplementary Fig. [}, verifying (8) and (9).
Then, changing the parameters slightly off the bifurcation
point, we find that the counterparts of the scaling laws
(6) and hold for the speed amplitudes [Fig. @{d) and
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Discussion 293
We have illustrated the applications of the dynamical con-zss
straint to ecological and evolutionary models. Focusingzss
on the bifurcation unique to nonlinear dynamics, we have ar-zs
gued that the exponents of speeds at critical slowing downzs
have the universal bounds that depend only on the bifurcationzss
type. In particular, for the transcritical and supercritical Hopfaes
bifurcations, we have confirmed the theoretically obtained for-sw
mulae @)-(©) using numerical simulations. Similar formulaeso:
are obtained for other bifurcations, e.g., ¥g > aﬁg = 2 for theso
saddle-node bifurcation (Methods), which appears in popula-sos
tion dynamics [9, [10} [15]]. 304
Considering the probability [16, [17] instead of the propor-zos
tion, we may extend our argument to critical phenomena in308
many-body stochastic systems, which can express nonequilib-
rium phenomena different from ecological and evolutionaryso
dynamics. For instance, lattice gas models [27]], the contactses
process [28]], and biological systems such as swarms [33]] areas
potentially subject to constraints corresponding to or (9o
with possibly irrational lower bounds. 3t
The methodologies of ecology and evolution have beens:
developed almost independently [34]. However, ecologicalsis
and evolutionary dynamics may not be separable in somes
situations. For example, rapid evolution can occur on thess
same timescale as that of ecological processes when there aress
drastic environmental changes [34]]. General relations suchsi-
as will be useful in quantitative understanding of evenss
inseparable eco-evolutionary dynamics. 319

320

Methods 321
Price equation and speed-limit inequality. Purely from thesz
conservation of the total proportion, ZiL:1 P; = 1, we canszs
derive the Price equation [18 [19], 324

(10)a2s
327
Here, A := {Ai}[.l‘: | is a generally time-dependent quan-
tity depending on each type, e.g., the growth rate,y,
(A) = iLzl P;A;, cov(A,B) = {((A—-(A))(B—-(B))), andy,
O,P[P := {6tPl/PL}IL=1 331
We define the speed of A asv4 = |0y (A) —(0;A) |/AA [16ls,
17] with AA := \/{((A - (A))?). The inverse of the speed,ss
va~!, represents the time required for A to change to a statisti-ss
cally distinguishable value [17]], and thus v 4 characterizes theass
speed of the temporal change in A [Fig.[T(a)]. From Eq. (10), s
we obtain the speed-limit inequality (3) as a7

(9[ <A> = COV(A, (9;P/P) + <3¢A> .

338

339

|cov(A, 6,P/P)|
VA= ——————

AA 340
L L 2
1 a,P, 341
< — Y PiA - a2 Y P
< Z;l<l A1 2, (Pi)

V(@ P/P?), N

5

where (9;P/P) = 0, iL=1 P; = 0 and the Cauchy-Schwarz
inequality are used in the second line.

The equal sign in (3] is achieved when A — (A) is parallel
or anti-parallel to 9; P/P in the L-dimensional vector space,
where 0, P;/P; is regarded as the ith component of 9;P/P,
for instance. When there are only two types (L = 2), we can
explicitly obtain (A} — (A), Ay — (A)) = (A| — A2) (P2, —P))
and (0;P1/P1,0;P2/P2) = [0, P1/(P1P2)](P2,—P1), leading
to A — (A) || ;P/P, and the equal sign in (3] is achieved
regardless of the details of dynamics.

Fisher’s fundamental theorem of natural selection. We first
take F; = s;N; in Eq. (I), where s; > 0 is the type-dependent
growth rate. Since d,P; = (s; — (s))P; from Eq. (2), Eq.
leads to

3 (s) = cov(s, s — (s)) = (As)?, (1D

which means that the rate of increase in the average growth rate
is equal to the variance of the growth rate, known as Fisher’s
fundamental theorem of natural selection [5, 20}, 35539]. On
the other hand, the equation 0,P; = (s; — {s))P; also leads
0 viim = [((s = (s)")]'/? = As. Since vy = |8; (s)|/As by
definition, Eq. is equivalent to vy = vy, suggesting that
Fisher’s fundamental theorem is nothing but a special case of
(3).

We next take F; = f;({N;}=,,1)N; in Eq. with an
arbitrary function f;, which is the so-called fitness [7] and
represents the growth rate that can depend on the effects of
interactions among types. From Eqgs. and (10), we obtain
0 {f) = (8;f) = (Af)?, which is known as an extended
version of Fisher’s fundamental theorem [} [7]. Since we can
obtain viim = Af and vy = |0; (f) — (3 f) |/Af in the same
way as explained above, the extended version of the funda-
mental theorem is equivalent to a special case of (3), v £ = Viim.

Evolutionary model with natural selection and mutation.
We take F; = s;N; + 31, mi;N; in Eq. (1) [12 26], where
s; > 0 is the growth rate, m;; > 0 (i # j) is the mutation rate
from type j to i, and 3=, m;; = 0 for all j. Note that we
here consider a large and well-mixed population where noise
and spatial effec 0L 141] are negligible. In the following, we
further assume s; = §+r6;1 (5,r > 0), my; = O0for j # 1,
and m;; > Ofori # 1 and i # j, where ¢;; is the Kronecker
delta. From Eq. (2), we can obtain the equation for P; as
0Py = (r+my; —rPy)Py. Thus, r. (= —my; = Zlez m;1) 1S
a transcritical bifurcation point [1]]: P? =0 for r < r¢, while
P} = (r—rc)/r > 0forr > re, provided Py (z = 0) > 0, where
P? := P;(t — o0) is the steady-state proportion of type i. The
qualitative change in P} at r = r. represents the transition
between survival and extinction of type 1.
At the bifurcation point (r = r.), P; satisfies

8Py = —rcP%, (12)

which leads to Py ~ t~! after a long time. If a quantity A is in-
dependent of time, e.g., A = s (growth rate) or A = b (type in-
dex), we can obtain 9, (A) ~ t2 according to P; ~ t~!. Then,
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If you are referencing biological popuatlions, its normal to refer to ODE models like the quasispecies as infinite models; the first sentence from Wilke "Quasispecies theory in the context of population genetics" is:
"Quasispecies theory describes the evolution of an infinite population of asexual replicators at high mutation rate [1,2]"
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assuming that AA shows a power-law decay as AA ~ ¢t~ %4 withss
a certain exponent 6 4, we obtain v4 = |0; (A) |/AA ~ 173494 4,
On the other hand, if A is time-dependent, e.g., A = I = —In Pass
(diversity), the asymptotic time dependence of 0; (A) — (3; A),s6
AA, and v4 = |0, (A) — (0;A) |/AA generally depends on thess
time dependence of A. Thus, the asymptotic forms of thesss
speeds follow vg ~ 173/2 since As = [P1(1 = P1)]?re ~ 171250
(i.e., 6 = 1/2), vp ~ 72 since Ab(t — ) # 0 (i.e.,s0
6, = 0), and v; ~ 21Int since |8, (I) — (0, 1) | ~ t7%1In tao
and AI(t — o0) # 0. 402
Near but off the bifurcation point (r =~ r.), we can linearizeaos
the equation of P; after a long time as 404
405

(13).0s

407
both for » > r. and r < r.. Thus, P; shows an exponentlal "

relaxation with the relaxation time proportional to |r — r¢|™!,
which diverges at the bifurcation point. Such divergence sug- "
gests that the relaxation times 74 (for v4) and 7, (for vhm)
should also diverge at the bifurcation point as 74 ~ |r —r. |‘ﬁf‘

and Ty ~ |r—rc| Pim with certain exponents 54 and BiC. ThlS
motivates us to consider the dynamical scaling laws (6] and (7] .414
since similar dynamical scaling is applied to order parameters,
with diverging relaxation time in critical phenomena [27,28]. .
Since inequality (3)) indicates that v 4 should show an exponen-,
tial decay earlier than vyip, we obtain an inequality between the,
relaxation timescales as T4 < T, near the bifurcation point
which leads to 84 < B[:C. 120

For Figs. 2} Bfa), B{b), Supplementary Figs. [I and 2} we,,,
used the mutation rates

8,(P1 —Pi) = —|r _rcl(Pl —PS),

2419

422

-2.1 0 0 42

(m,-j) = 1 -1.2 0.8 2

1.1 12 -0.8 s

426

with r. = -—-my;; = 2.1 and the initial statesr
(P],Pz,Pj,)lt:() = (02, 05,03) 428

429
SIR model with birth and death. We take L = 3, F| =40
1 — AN1N> /Nt = N1, Fo = AN{N2/Niot — YN2 — Na, and
F3 = yN, — N3 in Eq. (1), where Ny, Ny, and Nj are the
densities of susceptible, infected, and recovered individuals,431
respectively [30]. Here, A is the infection rate, y is the recovery
rate, and we take both the birth and death rates as unity by
rescaling time ¢ and Ny, where the death rate is assumed to beuss
the same for all three types. Assuming a nonzero proportion.s
of the infected individuals at the initial time [P (# = 0) > 0],4
we can obtain the steady-state proportions as 436

PS_PS. PS) = (1 0 O) (/l S/lc) 438
( 52 3) - (/}’/1/1/}1@, (/lc_l/l)(/{l A) ) (/l > /lc) 5 450

440
where the extinction transition for the infected and recoveredas
individuals occurs through the transcritical bifurcation at A =2
Ac (II‘}/+1). 443

We consider the long-time dynamics of N; at the bifurca-ss
tion point (4 = A.). First, since Ny shows an exponentialus

relaxation according to d;Nyot = 1 — Niot, Niot = 1 after a
long time. Defining the deviation from the steady state as
AN; := N; — N; with (N}, N3, N3) := (1,0,0), we can lin-
earize Eq. as 8;AN; = —AN; — A.AN», 6;AN, = 0, and
0;AN3 = —AN3+(A.—1)AN,. These linearized equations sug-
gest that N and N3 should adiabatically follow the dynamics
of N;, which is expected to show a power-law decay if non-
linearity is taken into account. Thus, we apply the adiabatic
approximation (0; N1 =~ 0) to the equation for N; and obtain
~ (1 + AcN2/Nio)™" = (1 + AcN2)™! on the timescale
where N, changes. Then, ;N = A.(Ni/Niot — 1)Ny =
—A32N,% + O(N33), leading to a power-law decay of N, as
expected: Ny =~ (1.21)~!. Lastly, applying the adiabatic ap-
proximation (d;N3 =~ 0) to the equation for N3, we obtain
N3 = (Ac = )Ny = (A — 1)(A21)~". In terms of the pro-
portion, P, ~ P3 ~ ! is followed. Regarding the power-
law decay of the speed of change in diversity, we obtain
vi ~ 1732 since |0, (I) = (0, 1) | = | X; (8, P;)InP;| ~ t > Int
and AI = [Y; Pi(InP;)*> = (X, P;InP;)*]'/? ~ 712 1nzt.
For Fig. [3[c) and Supplementary Fig. 3] we used the
recovery rate y = 15, the infection rate 4 = A, = 16, and the
initial state (N1, N2, N3)|;=0 = (1.1,0.1,0).

Power-law decay at the supercritical Hopf bifurcation.
The normal form of the supercritical Hopf bifurcation is given
as 0,z = (u +iw)z — |z|*z, where z is a complex variable and
w > 0 [1]. The only fixed point is z = 0 for 4 < 0, while
the limit cycle appears with the amplitude |z| = /i and the
period 27 /w for u > 0. At the bifurcation point (u = 0), the
amplitude follows d;|z| = —|z|?, which leads to a power-law
decay of the amplitude as |z| ~ t~!/2 and correspondingly an
oscillatory decay of Re z or Im z as ~ /2 cos wr.

Competitive Lotka-Volterra model. We take F; = s;N; —
ZJL-:l ¢ijNiNj in Eq. (1), where s; is the growth rate, and ¢;; >
0 represents the competitive interaction between type i and
Jj [4]. Using the previously obtained bifurcation diagram [42]
as a reference, we take L = 3, (s1, 52, 53) = (19,3/2,12), and

1 2 4
(cij) =|ca1 1/6 1/3].
1 1 3

Within a certain range of ¢ and initial states, the limit cycle
appears for ¢y < c., while the steady-state coexistence of
three types appears for c2; > c., where c. is the supercritical
Hopf bifurcation point, and the numerically found value is
c. = 0.064163908.

We used c¢y; = 0.063833 for Figs. Eka) and (b),
c21 = ¢ for Fig. f[c) and Supplementary Fig. 4 and
0.999¢. < ¢ < 1.001c for Fig. d(d) and Supplementary
Fig.[5] with the initial state (N1, N2, N3)|=0 = (20,5,2). To
solve the differential equations (IJ), we used a Julia package
DifferentialEquations.jl [43]].

Power-law decay at the saddle-node bifurcation. The nor-
mal form of the saddle-node bifurcation is given as d,x =
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i — x2, where the stable fixed point (x = /i) appears only forso
u > 0 [L]. At the bifurcation point (u = 0), we can obtain ase
power-law decay as x ~ 7! 508

Considering a population dynamics that undergoes thezzz
saddle-node bifurcation as an abrupt change in the density and,
proportion of type 1, we should obtain P; ~ const. + ¢~ atsy
the bifurcation point for a certain range of initial states. Then,sos
the speed limit will follow vy, = [X;(8;P;)%/Pi]"/? ~ £~ im *°

. 1
with a]sN =2. o
m 511
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Reply to Reviewer #1

The authors derive a time-information uncertainty relation for evolutionary processes which they show
places an upper bound on the speed in which observables for various ecological models can evolve. They
purport that their bound is universal.

We appreciate the referee for the time and effort spent in reviewing our work.

My only main concern has to do with wording. Eq. (3) is not new, in the sense that it is an application of the
time information uncertainty relation, (Nicholson et.al. [17] in their work) where the distribution for type
populations is playing the role of information rate. As they note, the fact the time information uncertainty
relation is related to the price equation is also not new, as is noted in their citation Frank and Bruggeman
Entropy 2020. It is my opinion that the wording around Eq. (3) could be modified in order to avoid confusion
by readers coming from other fields.

As the referee points out, the same type of inequality as Eq. (3) has been derived in [17] (Nicholson et al.), and
the equivalence between the dynamical equation used in [17] and the Price equation has been pointed out in
[19] (Frank and Bruggeman). As suggested by the referee, we added an explanation on this point just after Eq.
(3) in the “Constraint on general population dynamics” section. Nevertheless, we would like to stress that we
applied Eq. (3) to nonlinear population dynamics for the first time, as far as we know.

That said, in general | found this paper very exciting and interesting. The authors find scaling limits at the
critical points for a set of ecological models. These rates come directly from the Fisher information and thus
place speed limits on the rate that an observable can change around the critical point. Due to the Price
equation being seen as placing limits on evolutionary Biology, these seems very novel and potentially
impactful. Though scaling of the Fisher information has also been found before, see R. Hollerbach, D.
Dimarche and E. Kim, Entropy, 20, (8) 2018 as one example, to my knowledge this has never been shown
for evolutionary models and never in the context of non-equilibrium speed limits of the form shown here. |
have several comments below, but otherwise | recommend for publication.

Thank you for appreciating this work and suggesting an interesting paper.

We now mention the suggested paper (R. Hollerbach et al.) in the first paragraph of the “Universal constraint
around transcritical bifurcation point” section.

1. While | found the results novel, perhaps the authors could expand on the consequences of limiting the
speed for say, the growth of types? Or other physically relevant variables. These results are after all placing
a constraint on the Price equation itself.

According to the speed-limit inequality, if we assume that a quantity Ai itself is independent of time, the square
of the temporal change rate of the average quantity is upper bounded by the product of the Fisher information
and the variance of the quantity. Thus, as the variance of the quantity is larger, the average quantity can
potentially change more quickly. For instance, if we take the typical length of type i as Ai (e.g., length of
bacteria for several types of mutants), the average length can quickly change when the variance of the length
is large.



We now add this example in the second paragraph of the “Relation to Fisher’s fundamental theorem” section.

2. The authors note that the velocity of the type dependent growth rate si saturates the speed limit. While
they show this is true for their specific example of type growth rate. Could their be a more general
explanation? With the rate Fi = siNi, this makes si be explicitly independent of time, i.e. the time
dependence for the moments of si are in Pi. Since si is time independent, this is the special case of the
Cramer-Rao bound, which is known to saturate when the distribution for the random variable in this case
type number is Gaussian, see A. Cianchi, E. Lutwak, D Yang and G. Zhang et.al IEEE Transactions on
Information Theory, 60, (1) 2014.

The referee kindly recommends a more general explanation about the saturation of the speed in the case of
F =s N.
L l l

In the introduction part of the suggested reference (A. Cianchi et al.), the authors discuss the condition for the
distribution function f,(x) to saturate the Cramer-Rao bound, where both of the variable x and the parameter 6

are continuous. The authors (A. Cianchi et al.) show that, if we assume fo) =fx—6),a Gaussian f(x)
saturates the Cramer-Rao bound. Though x, 6, and fe(x) correspond to i (label for types), t (time), and Pi(t) in
our study, respectively, we do not further assume Pi(t) = f(i — t), and thus the Gaussian distribution does not

appear for the saturation condition of the speed-limit inequality.

In the “Methods / Price equation and speed-limit inequality” section, we have generally shown that4 —< A >
should be parallel or anti-parallel to atP / P to saturate the speed-limit inequality. Specifically for the case of

F =sN, by explicitly solving the equation for the proportion [Eq. (2) in the manuscript], we find that the

proportion is given by the following softmax function:

L
Pi(t) = Pi(O) exp(sit) /lg:1 Pj(O) exp(sjt)].

Conversely, if Pi(t) is given by the softmax function above, the saturation of the speed follows.

To explain the last points, which were inspired by the referee’s comment, we now add the second paragraph of
the “Methods / Fisher’s fundamental theorem of natural selection” section.

3. Line 328/329 switch the order of we and here.

We have fixed the order of “we” and “here” as the referee suggests.

4. Line 299 is there a missing /?

We have confirmed that the place of || is correct. To avoid confusion, we have added parentheses before ||.



Reply to Reviewer #2

In their manuscript "Universal constraint on nonlinear population dynamics”, the authors derive and discuss
an upper bound on the evolution speed of general population dynamics. Their main result is the inequality
(3), which relates the rate of change and standard deviation of a type-dependent quantity to the Fisher
information associated with the population vector. This relation is then applied to three specific types of
population dynamics and used to derive bounds on the scaling exponents near bifurcations.

The paper is very well written; the main results, their derivation and their consequences are explained
clearly. The authors also provide concise summaries of the investigated models and their main features, as
well as the consequences of their bound in each case.

The presented results are scientifically sound and novel, and well supported by the presented examples. As
mentioned by the authors, population dynamics encompasses a very wide range of systems with wildly
different phenomenology, so obtaining general bounds that are universally valid is certainly a valuable
contribution to the field. The authors' conjecture that the bound should lead to universal constraints on the
scaling exponents near bifurcations is very interesting and has the potential to inspire follow-up research.

In summary, I find this paper to be well-suited to Communications Physics and recommend publication
as-is.

We appreciate the referee for the time and effort spent in reviewing our work. Thank you very much for
appreciating this work.



Reply to Reviewer #3

This is an excellent paper, providing a very general theorem for the rate of change in a quantity in
population dynamics. This can be thought of as a generalization of Fisher's Fundamental Theorem of
Natural Selection; the more aligned a quantity is with the reproduction rates of the subpopulations, the
closer the rate of change of the quantity can be to the limiting quantity.

The paper illustrates how generally this can be applied with an excellent variety of population models, and
shows how this limiting rate is relevant to each situation, showing for example how extinction of a
subpopulation relates to this limiting rate and a transcritical bifurcation.

We appreciate the referee for the time and effort spent in reviewing our work. Thank you very much for
appreciating this work.

My only recommendation is that there is some research using the quasispecies-type models for Fishers
FTNS that should be discussed, particularly because these address Fisher's FTNS in the presence of
mutations in a model similar to that used in this paper. This work should be discussed (there are a few
statements that are out of date in the paper - see comments in the attached pdf - which need to be
updated). It would be very interesting to see if the limiting rate of this paper relates to the more general
Fisher's Fund. Thm with Mutations, but | do not consider that a requirement for publication. | also had some
comments where terminology or definitions could be modified to make this paper more generally accessible
to readers in related fields - there should be at least a comment added to mention that the definitions in the
paper differ than what is common in some fields.

Thank you for the recommendation related to Fisher’s fundamental theorem with mutation. In the following, we
will reply to each comment written in the PDF file of the previous manuscript.

[Regarding I. 44 in the previous manuscript (“mutation processes have been outside the scope of the
theorem”)]

Fisher's FTNS was derived incorporating mutations in:
"The fundamental theorem of natural selection with mutations”
https://link.springer.com/article/10.1007/s00285-017-1190-x

and the formula is simplified in:
Dynamical Systems and Fitness Maximization in Evolutionary Biology
https://link.springer.com/referenceworkentry/10.1007/978-3-319-70658-0_121-1

where it is shown that Fisher's thm becomes:
d_t<s> = (\delta s)"2 + \beta\mu\bar{s}

\beta = mean birth rate

\mu = mutation rate (per birth)

\bar{s} = mean affect of a single mutation on fitness

(NOTE: This is mixing notation between the two papers. d_t<s> = (\delta s)*2 is from the current paper
under review and \beta\mu\bar{s} is using the notation from the paper referenced above.)



Fisher's Thm with mutations is counter to his origonal conclusion that mean fitness is always increasing
because the mean affect of a mutation on fitness is in general negative (see "Fitness Is Strongly Influenced
by Rare Mutations of Large Effect in a Microbial Mutation Accumulation Experiment”
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4096375/, although the distribution of the affects of
mutations complex). Also see: "Rate, molecular spectrum, and consequences of human mutation”
(https://www.pnas.org/doi/abs/10.1073/pnas.0912629107) The first sentance of the abstract is: "Although
mutation provides the fuel for phenotypic evolution, it also imposes a substantial burden on fitness through
the production of predominantly deleterious alleles,..."

As the referee points out, the suggested papers indeed extend Fisher’s fundamental theorem of natural
selection to the case with mutation.

We now corrected the misleading statements and added the references in the second paragraph of the
“Introduction” section.

[Regarding I. 116 in the previous manuscript (“We take Fi = si Niin Eq. (1), ...")]

The referenced paper here Li expresses Fisher's FTNS in terms of gene frequencies, which is different to
the subpopulation-(quasispecies-like) model you use here. The paper
(https:/link.springer.com/article/10.1007/s00285-017-1190-x) presents Fisher's FTNS with the same model
you are using, so you should add that as a ref here.

Following the referee’s suggestion, we added the reference in the first paragraph of the “Relation to Fisher’s
fundamental theorem” section.

[Regarding I. 131 in the previous manuscript (“For more general dynamics with mutation, Fisher’s
fundamental theorem does not hold.”)]

As mentioned in line 45, Fisher's thm with mutations (with the usual assumptions of infinite population, no
noise, no spatial effects, eftc.) is
d_t<s> = (\delta s)"2 + \beta\mu\bar{s}

although the Right-hand-side isn't always positive, so Fisher's concept of increasing fitness is false.

We corrected the misleading statement and added the relevant references in the second paragraph of the
“Relation to Fisher’s fundamental theorem” section.

[Regarding I. 293 in the previous manuscript (“The equal sign in (3) is achieved when ...”)]

This is a beautiful description. Does it mean that the more correlated a quantity A is to the sub-population
growth rate, the faster the increase in A?

Thank you for appreciating the description. Yes, as the correlation between A and the instantaneous growth
rate is stronger, the speed of A becomes faster.

We added an explanation of this point in the third paragraph of the “Methods / Price equation and speed-limit
inequality” section.



[Regarding I. 327 in the previous manuscript (“mutation rate from type j to i”)]

Often "mutation rate" means mutations per offspring/birth. | think mij here is the usual mutation rate times
the birth rate, which is constant per type i so this formula is good but the definition and units should be
clarified. Wilke uses Wij for your mij, and decomposes it as Wij = AjQij (see below). Recommendation: say
something like "mij is the rate at which offspring from type i have genotype j; that is mij=siQij, where Qij is
the probability that an offsping of genotype i has genotype j" This would be consistent with the quasispecies
literature (surveyed below) and not cause confusion with genetics literature where mutation rate is
mutations per offspring. [After further reading, maybe its fine to call this the 'mutation rate' but just mention
its relation to mij=siQij.]

Here is a survey of how that term is defined in three other relevant papers (the first one is your reference
12, and the other two should probably be added as references - The Wilke paper because it discussed
quasispecies in more of a population dynamics setting similar to your paper, and the Basener-Sanford
paper because it does this, and then proves a version of Fisher's Thm with mutations related to your
general goals.

On a more general note, the referenced paper "Quasispecies Made Simple" says:

"of those w1 offspring a fraction 1 — u1 retain the A1 genotype”

so in that paper u1 is the fraction of offspring from type 1 that have a mutation putting them in type 2. But
then the paper say:

"The product w1(1 — u1) is the number of A1 offspring of an A1 parent;"

so it seems fitness w1 in that paper is birth rate and no deaths are considered.

In the paper "Quasispecies theory in the context of population genetics"
https://pubmed.ncbi.nlm.nih.gov/16107214/, the author refers to the original equations from Eigen and
Schuster and says:

"Wij = AjQij is the product of the replication rate (fitness) Aj of sequence j and the mutation probability Qif
from sequence jto i,"

The paper "The fundamental theorem of natural selection with mutations"
https://link.springer.com/article/10.1007/s00285-017-1190-x

uses the same type of notation as in Wilke"

"Suppose now that Pi is the concentration of the ith genetic sequence, mi is the associated fitness, and that
Qi j is the mutation probability from jtoi."

Thank you very much for the survey on how the terms related to mutation are used.
Following the referee’s suggestion, we added comments on the relation to the mutation probability Qij and the

relevant references in the first paragraph of the “Methods / Evolutionary model with natural selection and
mutation” section.

[Regarding I. 330 in the previous manuscript (“negligible”)]

Affects of population size and noise are considered for this equation using numerical simulations in:
Dynamical Systems and Fitness Maximization in Evolutionary Biology
https://link.springer.com/referenceworkentry/10.1007/978-3-319-70658-0_121-1



I am not sure noise and spatial effects are ever negligible in a biological population. | would phrase this
more as "in a large and well-mixed population that can approximated by assuming the size is infinite and
noise and spatial effects are zero."

If you are referencing biological popuatlions, its normal to refer to ODE models like the quasispecies as
infinite models; the first sentence from Wilke "Quasispecies theory in the context of population genetics" is:
"Quasispecies theory describes the evolution of an infinite population of asexual replicators at high mutation
rate [1,2]"

As the referee suggests, we rephrased the expression and replaced the references in the first paragraph of the
“Methods / Evolutionary model with natural selection and mutation” section.

Overall | recommend this paper highly for publication with the minor changes addressing some of the recent
work in incorporating mutations in Fisher's Thm in the context of quasispecies-type models used in this

paper.

Thank you for recommending the paper for publication. We hope that we have addressed the points raised by
the referee.



REVIEWERS' COMMENTS:
Reviewer #1 (Remarks to the Author):

The author has addressed my concerns and improved the manuscript. | support publication.

Reviewer #3 (Remarks to the Author):

The paper is excellent. All my concerns have been addressed. The authors should be congratulated.
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