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Reviewers' comments:  

Reviewer #1 (Remarks to the Author):  

see attached document  

Reviewer #2 (Remarks to the Author):  

In their manuscript "Universal constraint on nonlinear population dynamics", the authors derive and 

discuss an upper bound on the evolution speed of general population dynamics. Their main result is 

the inequality (3), which relates the rate of change and standard deviation of a type-dependent 

quantity to the Fisher information associated with the population vector. This relation is then 

applied to three specific types of population dynamics and used to derive bounds on the scaling 

exponents near bifurcations.  

The paper is very well written; the main results, their derivation and their consequences are 

explained clearly. The authors also provide concise summaries of the investigated models and their 

main features, as well as the consequences of their bound in each case.  

The presented results are scientifically sound and novel, and well supported by the presented 

examples. As mentioned by the authors, population dynamics encompasses a very wide range of 

systems with wildly different phenomenology, so obtaining general bounds that are universally valid 

is certainly a valuable contribution to the field. The authors' conjecture that the bound should lead 

to universal constraints on the scaling exponents near bifurcations is very interesting and has the 

potential to inspire follow-up research.  

In summary, I find this paper to be well-suited to Communications Physics and recommend 

publication as-is.  

Reviewer #3 (Remarks to the Author):  

This is an excellent paper, providing a very general theorem for the rate of change in a quantity in 

population dynamics. This can be thought of as a generalization of Fisher's Fundamental Theorem of 

Natural Selection; the more aligned a quantity is with the reproduction rates of the subpopulations, 

the closer the rate of change of the quantity can be to the limiting quantity.  

The paper illustrates how generally this can be applied with an excellent variety of population 

models, and shows how this limiting rate is relevant to each situation, showing for example how 

extinction of a subpopulation relates to this limiting rate and a transcritical bifurcation.  

My only recommendation is that there is some research using the quasispecies-type models for 

Fishers FTNS that should be discussed, particularly because these address Fisher's FTNS in the 

presence of mutations in a model similar to that used in this paper. This work should be discussed 

(there are a few statements that are out of date in the paper - see comments in the attached pdf - 

which need to be updated). It would be very interesting to see if the limiting rate of this paper 

relates to the more general Fisher's Fund. Thm with Mutations, but I do not consider that a 

requirement for publication. I also had some comments where terminology or definitions could be 

modified to make this paper more generally accessible to readers in related fields - there should be 



at least a comment added to mention that the definitions in the paper differ than what is common in 

some fields.  

Overall I recommend this paper highly for publication with the minor changes addressing some of 

the recent work in incorporating mutations in Fisher's Thm in the context of quasispecies-type 

models used in this paper. 
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The authors derive a time-information uncertainty relation for evolutionary processes which they show places an
upper bound on the speed in which observables for various ecological models can evolve. They purport that their
bound is universal.

My only main concern has to do with wording. Eq. (3) is not new, in the sense that it is an application of the time
information uncertainty relation, (Nicholson et.al. [17] in their work) where the distribution for type populations is
playing the role of information rate. As they note, the fact the time information uncertainty relation is related to
the price equation is also not new, as is noted in their citation Frank and Bruggeman Entropy 2020. It is my opin-
ion that the wording around Eq. (3) could be modified in order to avoid confusion by readers coming from other fields.

That said, in general I found this paper very exciting and interesting. The authors find scaling limits at the critical
points for a set of ecological models. These rates come directly from the Fisher information and thus place speed
limits on the rate that an observable can change around the critical point. Due to the Price equation being seen
as placing limits on evolutionary Biology, these seems very novel and potentially impactful. Though scaling of the
Fisher information has also been found before, see R. Hollerbach, D. Dimarche and E. Kim, Entropy, 20, (8) 2018
as one example, to my knowledge this has never been shown for evolutionary models and never in the context of
non-equilibrium speed limits of the form shown here. I have several comments below, but otherwise I recommend for
publication.

1. While I found the results novel, perhaps the authors could expand on the consequences of limiting the speed for
say, the growth of types? Or other physically relevant variables. These results are after all placing a constraint
on the Price equation itself.

2. The authors note that the velocity of the type dependent growth rate si saturates the speed limit. While they
show this is true for their specific example of type growth rate. Could their be a more general explanation?
With the rate Fi = siNi, this makes si be explicitly independent of time, i.e. the time dependence for the
moments of si are in Pi. Since si is time independent, this is the special case of the Cramer-Rao bound, which
is known to saturate when the distribution for the random variable in this case type number is Gaussian, see
A. Cianchi, E. Lutwak, D Yang and G. Zhang et.al IEEE Transactions on Information Theory, 60, (1) 2014.

3. Line 328/329 switch the order of we and here.

4. Line 299 is there a missing ∥?
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Ecological and evolutionary processes show various population dynamics depending on internal interactions10

and environmental changes. While crucial in predicting biological processes, discovering general relations11

for such nonlinear dynamics has remained a challenge. Here, we derive a universal information-theoretical12

constraint on a broad class of nonlinear dynamical systems represented as population dynamics. The constraint13

is interpreted as a generalization of Fisher’s fundamental theorem of natural selection. Furthermore, the constraint14

indicates nontrivial bounds for the speed of critical relaxation around bifurcation points, which we argue are15

universally determined only by the type of bifurcation. Our theory is verified for an evolutionary model and16

an epidemiological model, which exhibit the transcritical bifurcation, as well as for an ecological model, which17

undergoes limit-cycle oscillation. This work paves a way to predict biological dynamics in light of information18

theory, by providing fundamental relations in nonequilibrium statistical mechanics of nonlinear systems.19

Introduction20

Nonlinear dynamics appears in a variety of fields, includ-21

ing classical mechanics, chemical reaction systems, and pop-22

ulation biology, to name a few [1]. Nonlinearity can trigger23

complex temporal and spatial patterns and even chaotic behav-24

iors, making it challenging to find universal relations within25

the properties of dynamics. In particular, slight perturbations26

in external parameters can result in qualitative changes in the27

dynamical property through a bifurcation such as the Hopf28

bifurcation, where self-sustained oscillation emerges. It is of29

pivotal importance to explore universal relations shared by a30

broad class of dynamical phenomena with nonlinearity.31

Ecological and evolutionary processes often exhibit non-32

linear population dynamics [2, 3] such as temporal oscilla-33

tion in population sizes and irreversible extinction of certain34

species [4]. Typical biological systems consist of identifiable35

units such as genotypes and species (called “types” in this pa-36

per), and intra-type and inter-type interactions cause nonlinear37

dynamics [2, 4]. Besides interactions, type-dependent growth38

rates determined by natural selection lead to nonlinear dynam-39

ics of the proportions of each type. In evolutionary theory,40

Fisher’s fundamental theorem of natural selection [5, 6] estab-41

lishes a simple relation between the variance of the growth rate42

and the temporal increase in the average growth rate. Though43

the theorem has been extended to ecological models [7], mu-44

tation processes have been outside the scope of the theorem.45

Bifurcations and associated critical dynamics play signifi-46

cant roles in biological processes [8]. In ecological [9, 10] and47

epidemiological [11] systems, critical slowing down around48

bifurcation points has been discussed as an early warning sig-49

nal for catastrophic shifts. In evolutionary systems, bifurca-50

tion points can appear as critical mutation rates beyond which51

heredity does not persist [12, 13], and the self-organized crit-52

icality has also been discussed as a possible mechanism of53

mass extinction of species [14]. Since such critical dynamics54

reflects instabilities behind nonlinear systems [15], fundamen-55

tal relations near bifurcation points are crucial in predicting56

dramatic changes in ecological and evolutionary processes.57

We here derive a general constraint on nonlinear pop-58

ulation dynamics by extending the formulation developed59

for stochastic processes [16, 17] to nonlinear dynamical60

systems. In particular, Fisher’s fundamental theorem of61

natural selection is a special case of the constraint. As a62

unique consequence of the constraint, we show that the critical63

scaling exponents of speeds near the bifurcation point should64

have nontrivial bounds that are universally determined by the65

type of bifurcation. We verify our theory for an evolutionary66

model with mutation and the SIR model with birth and67

death, which show the transcritical bifurcation, as well as68

for the competitive Lotka-Volterra model, which undergoes69

limit-cycle oscillation.70

71

Results72

Constraint on general population dynamics. We consider a73

general population dynamics described by74

mC#8 = �8 (#1, ..., #!), (1)75

where 8 is the label for each type, ! is the total number of76

types, and #8 (C) is the density of type 8 at time C. If there77

are interactions between types, �8 (#1, ..., #!) is generally a78

nonlinear function. Defining the proportion % := {%8}!8=1 :=79

{#8/#tot}!8=1 with the total population density #tot :=
Õ!

8=1 #8 ,80

we obtain equations for %8 and #tot as81

mC%8 =
�8 (#tot%1, ..., #tot%!)

#tot
�%8

!’
9=1

�9 (#tot%1, ..., #tot%!)
#tot

(2)82

and mC#tot =
Õ!

8=1 �8 (#tot%1, ..., #tot%!), respectively. Even83

if �8 (#1, ..., #!) is a linear function for all 8, Eq. (2) can be a84

redacted
Highlight
Fisher's FTNS was derived incorporating mutations in:
"The fundamental theorem of natural selection with mutations"
https://link.springer.com/article/10.1007/s00285-017-1190-x

and the formula is simplified in:
Dynamical Systems and Fitness Maximization in Evolutionary Biology
https://link.springer.com/referenceworkentry/10.1007/978-3-319-70658-0_121-1

where it is shown that Fisher's thm becomes:
d_t<s> = (\delta s)^2 + \beta\mu\bar{s}
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Fig. 1. Speed-limit inequality in ecological and evolutionary dynamics. (a) Inverse of the speed, E��1, represents the time required for the
instantaneous average h�i to change by the instantaneous standard deviation ��. In (a), we assume �1 < �2 < �3 < �4 < �5 without loss of
generality. (b) For any quantity � and at any time, speeds faster than Elim are prohibited. (c) Around bifurcation points, the speed and speed
limit show power-law decays as E� ⇠ C�U� and Elim ⇠ C�Ulim with a constraint U� � Ulim for any �, where Ulim is universally determined by
the bifurcation type. In this study, we mainly consider three models: (d) the evolutionary model with natural selection and mutation, (e) the
SIR model, and (f) the competitive Lotka-Volterra model.

nonlinear equation, and bifurcations can occur as we discuss85

later.86

Applying the Cauchy-Schwarz inequality to the Price equa-87

tion [18, 19], which is derived from the conservation of the88

total proportion (
Õ!

8=1 %8 = 1), we obtain the speed-limit in-89

equality (Methods):90

E�  Elim :=
p
�F :=

p
h(mC%/%)2i, (3)91

where we define the Fisher information �F [20, 21] and92

the speed E� := |mC h�i � hmC �i |/��, which characterizes93

the temporal change rate of a type-dependent quantity94

� := {�8}!8=1 that can depend on time in general [Methods,95

Fig. 1(a)]. Here, the average and standard deviation are96

defined as h�i :=
Õ!

8=1 %8�8 and �� := (h�2i � h�i2)1/2,97

respectively. Inequality (3) provides a universal upper bound98

on the speed of population dynamics, independent of the99

choice of quantity � [Fig. 1(b)]. We stress that (3) applies to100

nonlinear dynamics though the expression is equivalent to that101

for Markov processes [16, 17], where the probability distribu-102

tion follows linear dynamics. For example, Elim in (3) can be103

a non-monotonic function of time, in contrast to Markovian104

relaxation processes, where Elim decays monotonically [16].105

Note that (3) is di�erent from the previously obtained106

speed-limit inequalities in nonlinear systems [22, 23], which107

have been discussed mainly for chemical reaction networks.108

Following Ref. [17], we can interpret (3) as the uncertainty109

relation between the timescale of dynamical quantities (E��1)110

and the information of dynamics (
p
�F).111

112

Relation to Fisher’s fundamental theorem. Notably, our113

general constraint includes Fisher’s fundamental theorem114

as a special case when applied to an evolutionary model115

with natural selection. We take �8 = B8#8 in Eq. (1), where116

B8 > 0 is the type-dependent growth rate. In such systems,117

Fisher’s fundamental theorem of natural selection asserts118

that the increase in the average growth rate is equal to the119

variance of the growth rate [5], i.e., mC hBi = (�B)2. As120

shown in Methods, we find that Fisher’s fundamental theorem121

is a special case of (3), EB = Elim. Note that Elim in (3) is122

equivalent to Crow’s index of opportunity for selection, which123

provides an empirical estimate of the maximum strength124

of natural selection acting on a given population [24, 25].125

Furthermore, even when the growth rate depends on time126

and densities, we show that an extended version of the127

fundamental theorem [6, 7] is a special case of (3) (Methods).128

Our result therefore covers a variety of previous results129

established in population biology in light of information130

theory and statistical physics. For more general dynamics131

with mutation, Fisher’s fundamental theorem does not hold.132

Nevertheless, the speed-limit inequality (3) is satisfied and133

thus regarded as a generalization of the fundamental theorem.134

135

Speed limit for evolutionary dynamics. We next consider an-136

other evolutionary model with natural selection and mutation137

[Fig. 1(d)] by taking �8 = B8#8+
Õ!

9=1 <8 9# 9 in Eq. (1) [12, 26].138

Here, B8 > 0 is the growth rate and <8 9 � 0 (8 < 9) is the mu-139

tation rate from type 9 to 8. To demonstrate inequality (3), we140

take ! = 3 with B2 = B3 = B̄ and examine a situation where type141

redacted
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(a) (b)

Fig. 2. Speed limit for the evolutionary dynamics with natural selection and mutation. (a) Typical time dependence of the proportion
%8 for A/Ac = 0.8. (b) Inequality (3) holds, regardless of the parameters (A/Ac) and quantities (growth rate B or diversity �). The speed of the
growth rate EB and that of change in diversity E� are compared with the speed limit Elim for A/Ac = 0.8 (left), A/Ac = 1 (center), and A/Ac = 1.2
(right). See Methods for the other parameters used.

1 will survive (become extinct) after a long time if the growth142

rate B1 = B̄ + A is larger (smaller) than a critical value B̄ + Ac143

(Methods). The extinction transition at A = Ac corresponds to144

the transcritical bifurcation [1].145

Figure 2(a) shows typical time dependence of the proportion146

%8 . As shown in Fig. 2(b), regardless of the value of A/Ac,147

the speed of the growth rate EB (black solid lines) is bounded148

by the speed limit Elim (red dashed lines), which verifies (3).149

To confirm the generality of (3), we introduce the Shannon150

entropy �S := h�i with � := {�8}!8=1 := {� ln %8}!8=1 [21] as151

the (logarithm of) diversity of population (see Supplementary152

Fig. 1 for typical time dependence of �S). We show that the153

speed of change in diversity, E� (gray solid lines), is also154

bounded by Elim.155

156

Universal constraint around transcritical bifurcation157

point. A notable consequence of the speed limit follows at158

the transcritical bifurcation point (A = Ac), where an observ-159

able � typically exhibits critical slowing down [8, 11] with a160

power-law decay of the speed, E� ⇠ C�U� . While U� can vary161

for di�erent �, inequality (3) indicates that U� is bounded by162

a universal factor Ulim determined by the Fisher information163

[Fig. 1(c)]. In the evolutionary model with natural selection164

and mutation, we find %1 ⇠ C�1 (Methods) and thus165

Elim ⇠
p
(mC%1)2/%1 ⇠ C�U

TC
lim (4)166

with UTC
lim = 3/2. Then, we have167

U� � UTC
lim = 3/2 (5)168

for arbitrary � in this process.169

Additionally, if the parameter is slightly o� the bifurcation
point, the system can exhibit dynamical scaling, in a man-
ner similar to critical phenomena [27–29]. Assuming that the
relaxation times of the speed and speed limit diverge at the bi-
furcation point as ⇠ |A�Ac |�V� and ⇠ |A�Ac |�V

TC
lim , respectively,

we obtain the dynamical scaling laws as

E�(A � Ac, C) ' C�U� 5 ±� (C1/V� |A � Ac |), (6)

Elim (A � Ac, C) ' C�U
TC
lim 5 ±lim (C1/V

TC
lim |A � Ac |), (7)

where 5 +� and 5 +lim ( 5 �� and 5 �lim) are scaling functions for170

A � Ac > 0 (< 0). Combining inequality (3) and the scaling171

laws (6) and (7), we derive another constraint on the exponents172

as V�  VTC
lim (Methods). In the numerical simulations, we173

have only found the case with V� = VTC
lim (see below), which174

suggests that the diverging relaxation time of any speed should175

be proportional to the relaxation time of a single quantity176

(i.e., %1 in the present model) in a similar way to critical177

phenomena [27, 28].178

To confirm the above argument, we demonstrate the long-179

time relaxation of Elim, EB , E� , and a speed E1 for the type180

index 1 := {18}!8=1 := {8}!8=1 at the bifurcation point (A = Ac)181

[Fig. 3(a)]. We find Elim ⇠ C�3/2 [red dotted line in Fig. 3(a)],182

which is consistent with (4). We also obtain EB ⇠ C�3/2,183

E� ⇠ C�2 ln C, and E1 ⇠ C�2 (see Methods for the derivation),184

and the corresponding exponents are UB = 3/2, U� = 2 (ne-185

glecting the logarithmic dependence), and U1 = 2, which in-186

deed satisfy inequality (5). Moreover, slightly o� the bifur-187

cation point, we find the expected scaling laws [(6) and (7)]188

of EB , E1 (Supplementary Fig. 2), and Elim [Fig. 3(b)] with189

VB = V1 = VTC
lim = 1.190

Beyond specific dynamics, we conjecture that the exponents191

for the power-law decay of the speeds at the bifurcation point192

in population dynamics are bounded by a universal constant193

Ulim that only depends on the type of bifurcation. Similarly, the194

exponent Vlim is also conjectured to be determined by the bifur-195

cation type. These conjectures are plausible because critical196

properties associated with the bifurcation can be essentially197

described by the normal form for each bifurcation type [1, 29].198

This universal constraint on the exponents is a unique property199

of nonlinear dynamics, in contrast to the previous works on200

speed limits for linear dynamics [16, 17].201

As a primary example, inequality (5) can be generally202

applied to nonlinear dynamics that undergoes an extinction203

transition through the transcritical bifurcation. We consider204

the SIR model with birth and death [Fig. 1(e)], where #1,205

#2, and #3 are the densities of susceptible, infected, and206

recovered individuals, respectively [30] (Methods). This207

model is genuinely nonlinear in that �8 (#1, #2, #3) in Eq. (1)208

is a nonlinear function. In this model, the transcritical209
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(a)

(c)
SIR

Selection & mutation
(b)

0.999 1.001

Fig. 3. Universal bounds for the critical scaling exponents at the

transcritical bifurcation. (a) Power-law decay of the speeds EB ,
E� , E1 , and Elim at the transcritical bifurcation point (A = Ac) of the
evolutionary model with selection and mutation. The asymptotic
forms (Elim ⇠ C�3/2 and E1 ⇠ C�2) are shown with dotted lines.
(b) Time and parameter dependence of Elim (upper panel) and the
corresponding scaling plot (lower panel) near the bifurcation point
(0.999  A/Ac  1.001). The exponents are given as UTC

lim = 3/2
and VTC

lim = 1. (c) Power-law decay of E� and Elim at the transcritical
bifurcation point of the SIR model. The asymptotic form (Elim ⇠
C�3/2) is shown with a dotted line. For (a) and (b), we use the same
parameters as those for Fig. 2. See Methods for the parameters used
for (c).

bifurcation occurs as an extinction transition of the infected210

and recovered individuals, i.e., a transition between the211

disease-free and endemic states, and the critical slowing down212

occurs (%2 ⇠ %3 ⇠ C�1) at the bifurcation point (Methods).213

In Supplementary Fig. 3, we show typical time dependence214

of the proportion at the bifurcation point. We find that the215

speed of change in diversity E� and the speed limit Elim follow216

the same power-law decay as E� ⇠ Elim ⇠ C�3/2 [Fig. 3(c)],217

satisfying the formulae (4) and (5).218

219

Universal constraint around Hopf bifurcation point. To220

verify our conjecture for other types of bifurcations, we fo-221

cus on the Hopf bifurcation, at which a limit cycle starts222

to appear [1]. According to the normal form of the super-223

critical Hopf bifurcation, the deviation from the steady state224

decays with oscillation as ⇠ C�1/2 coslC at the bifurcation225

point (Methods). Thus, for population dynamics undergo-226

ing the supercritical Hopf bifurcation, the proportion follows227

%8 ⇠ const. + C�1/2 coslC, and the speed limit decays as228

Elim =

vut !’
8=1

(mC%8)2/%8 ⇠ C�U
Hopf
lim , (8)229

with UHopf
lim = 1/2, where we only consider the amplitude relax-230

(a) (b)

(c) (d)

0.999 1.001

Fig. 4. Universal bounds for the critical scaling exponents at the

supercritical Hopf bifurcation. Limit-cycle oscillation of (a) the
proportion %8 and (b) the speeds EB , E� , and Elim in the competitive
Lotka-Volterra model. (c) Power-law decay of Elim, compared with EB
at the Hopf bifurcation point. The asymptotic form of the amplitude
relaxation (Elim ⇠ C�1/2) is shown with a dotted line. The curves
are rattling since the number of plotted points is finite; similarly to
(b), EB oscillates between zero and nonzero values, while Elim stays
nonzero. (d) Scaling plot of the time and interaction dependence of
Elim near the bifurcation point (0.999  221/2c  1.001). The limit
cycle appears for 221 < 2c, while the steady-state coexistence of three
types appears for 221 � 2c, where 2c is the Hopf bifurcation point
(Methods). The exponents are given as UHopf

lim = 1/2 and VHopf
lim = 1.

See Methods for the parameters used.

ation by neglecting the oscillatory component. Correspond-231

ingly, if we assume a power-law decay of the speed amplitude232

as E� ⇠ C�U� , U� should satisfy233

U� � UHopf
lim = 1/2. (9)234

As an ecological model that undergoes the supercritical235

Hopf bifurcation, we consider the competitive Lotka-Volterra236

model [Fig. 1(f)] by taking �8 = B8#8 �
Õ!

9=1 28 9#8# 9 in237

Eq. (1) [4, 31]. Here, B8 is the growth rate, 28 9 > 0 represents238

the competitive interaction between type 8 and 9 , and these239

parameters are set around the Hopf bifurcation (Methods).240

We first show typical limit-cycle oscillation of the propor-241

tion [Fig. 4(a)]. Comparing EB , E� , and Elim within a single242

period [Fig. 4(b)], we confirm that inequality (3) holds even243

when the limit cycle appears. By tuning the parameters to the244

Hopf bifurcation point, we numerically find the power-law245

decay of the speed amplitudes [32] as EB ⇠ E� ⇠ Elim ⇠ C�1/2
246

[Fig. 4(c) and Supplementary Fig. 4], verifying (8) and (9).247

Then, changing the parameters slightly o� the bifurcation248

point, we find that the counterparts of the scaling laws249

(6) and (7) hold for the speed amplitudes [Fig. 4(d) and250
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Supplementary Fig. 5] with VB = V� = VHopf
lim = 1.251

252

Discussion253

We have illustrated the applications of the dynamical con-254

straint (3) to ecological and evolutionary models. Focusing255

on the bifurcation unique to nonlinear dynamics, we have ar-256

gued that the exponents of speeds at critical slowing down257

have the universal bounds that depend only on the bifurcation258

type. In particular, for the transcritical and supercritical Hopf259

bifurcations, we have confirmed the theoretically obtained for-260

mulae (4)-(9) using numerical simulations. Similar formulae261

are obtained for other bifurcations, e.g., U� � USN
lim = 2 for the262

saddle-node bifurcation (Methods), which appears in popula-263

tion dynamics [9, 10, 15].264

Considering the probability [16, 17] instead of the propor-265

tion, we may extend our argument to critical phenomena in266

many-body stochastic systems, which can express nonequilib-267

rium phenomena di�erent from ecological and evolutionary268

dynamics. For instance, lattice gas models [27], the contact269

process [28], and biological systems such as swarms [33] are270

potentially subject to constraints corresponding to (5) or (9)271

with possibly irrational lower bounds.272

The methodologies of ecology and evolution have been273

developed almost independently [34]. However, ecological274

and evolutionary dynamics may not be separable in some275

situations. For example, rapid evolution can occur on the276

same timescale as that of ecological processes when there are277

drastic environmental changes [34]. General relations such278

as (3) will be useful in quantitative understanding of even279

inseparable eco-evolutionary dynamics.280

281

Methods282

Price equation and speed-limit inequality. Purely from the283

conservation of the total proportion,
Õ!

8=1 %8 = 1, we can284

derive the Price equation [18, 19],285

mC h�i = cov(�, mC%/%) + hmC �i . (10)286

Here, � := {�8}!8=1 is a generally time-dependent quan-287

tity depending on each type, e.g., the growth rate,288

h�i :=
Õ!

8=1 %8�8 , cov(�, ⌫) := h(� � h�i) (⌫ � h⌫i)i, and289

mC%/% := {mC%8/%8}!8=1.290

We define the speed of � as E� := |mC h�i � hmC �i |/�� [16,
17] with �� :=

p
h(� � h�i)2i. The inverse of the speed,

E��1, represents the time required for � to change to a statisti-
cally distinguishable value [17], and thus E� characterizes the
speed of the temporal change in � [Fig. 1(a)]. From Eq. (10),
we obtain the speed-limit inequality (3) as

E� =
|cov(�, mC%/%) |

��

 1
��

vut !’
8=1

%8 (�8 � h�i)2

vut !’
8=1

%8

✓
mC%8

%8

◆2

=
q
h(mC%/%)2i,

where hmC%/%i = mC
Õ!

8=1 %8 = 0 and the Cauchy-Schwarz291

inequality are used in the second line.292

The equal sign in (3) is achieved when � � h�i is parallel293

or anti-parallel to mC%/% in the !-dimensional vector space,294

where mC%8/%8 is regarded as the 8th component of mC%/%,295

for instance. When there are only two types (! = 2), we can296

explicitly obtain (�1 � h�i , �2 � h�i) = (�1 � �2) (%2,�%1)297

and (mC%1/%1, mC%2/%2) = [mC%1/(%1%2)] (%2,�%1), leading298

to � � h�i k mC%/%, and the equal sign in (3) is achieved299

regardless of the details of dynamics.300

301

Fisher’s fundamental theorem of natural selection. We first302

take �8 = B8#8 in Eq. (1), where B8 > 0 is the type-dependent303

growth rate. Since mC%8 = (B8 � hBi)%8 from Eq. (2), Eq. (10)304

leads to305

mC hBi = cov(B, B � hBi) = (�B)2, (11)306

which means that the rate of increase in the average growth rate307

is equal to the variance of the growth rate, known as Fisher’s308

fundamental theorem of natural selection [5, 20, 35–39]. On309

the other hand, the equation mC%8 = (B8 � hBi)%8 also leads310

to Elim = [h(B � hBi)2i]1/2 = �B. Since EB = |mC hBi |/�B by311

definition, Eq. (11) is equivalent to EB = Elim, suggesting that312

Fisher’s fundamental theorem is nothing but a special case of313

(3).314

We next take �8 = 58 ({#8}!8=1, C)#8 in Eq. (1) with an315

arbitrary function 58 , which is the so-called fitness [7] and316

represents the growth rate that can depend on the e�ects of317

interactions among types. From Eqs. (2) and (10), we obtain318

mC h 5 i � hmC 5 i = (� 5 )2, which is known as an extended319

version of Fisher’s fundamental theorem [6, 7]. Since we can320

obtain Elim = � 5 and E 5 = |mC h 5 i � hmC 5 i |/� 5 in the same321

way as explained above, the extended version of the funda-322

mental theorem is equivalent to a special case of (3), E 5 = Elim.323

324

Evolutionary model with natural selection and mutation.325

We take �8 = B8#8 +
Õ!

9=1 <8 9# 9 in Eq. (1) [12, 26], where326

B8 > 0 is the growth rate, <8 9 � 0 (8 < 9) is the mutation rate327

from type 9 to 8, and
Õ!

8=1 <8 9 = 0 for all 9 . Note that we328

here consider a large and well-mixed population where noise329

and spatial e�ects [40, 41] are negligible. In the following, we330

further assume B8 = B̄ + AX81 (B̄, A > 0), <1 9 = 0 for 9 < 1,331

and <8 9 > 0 for 8 < 1 and 8 < 9 , where X8 9 is the Kronecker332

delta. From Eq. (2), we can obtain the equation for %1 as333

mC%1 = (A + <11 � A%1)%1. Thus, Ac (:= �<11 =
Õ!

8=2 <81) is334

a transcritical bifurcation point [1]: %s
1 = 0 for A  Ac, while335

%s
1 = (A � Ac)/A > 0 for A > Ac, provided %1 (C = 0) > 0, where336

%s
8 := %8 (C ! 1) is the steady-state proportion of type 8. The337

qualitative change in %s
1 at A = Ac represents the transition338

between survival and extinction of type 1.339

At the bifurcation point (A = Ac), %1 satisfies340

mC%1 = �Ac%1
2, (12)341

which leads to %1 ⇠ C�1 after a long time. If a quantity � is in-342

dependent of time, e.g., � = B (growth rate) or � = 1 (type in-343

dex), we can obtain mC h�i ⇠ C�2 according to %1 ⇠ C�1. Then,344

redacted
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assuming that�� shows a power-law decay as�� ⇠ C�X� with345

a certain exponent X�, we obtain E� = |mC h�i |/�� ⇠ C�2+X� .346

On the other hand, if � is time-dependent, e.g., � = � = � ln %347

(diversity), the asymptotic time dependence of mC h�i � hmC �i,348

��, and E� = |mC h�i � hmC �i |/�� generally depends on the349

time dependence of �. Thus, the asymptotic forms of the350

speeds follow EB ⇠ C�3/2 since �B = [%1 (1� %1)]1/2Ac ⇠ C�1/2
351

(i.e., XB = 1/2), E1 ⇠ C�2 since �1(C ! 1) < 0 (i.e.,352

X1 = 0), and E� ⇠ C�2 ln C since |mC h�i � hmC �i | ⇠ C�2 ln C353

and �� (C ! 1) < 0.354

Near but o� the bifurcation point (A ' Ac), we can linearize355

the equation of %1 after a long time as356

mC (%1 � %s
1) ' �|A � Ac | (%1 � %s

1), (13)357

both for A > Ac and A < Ac. Thus, %1 shows an exponential358

relaxation with the relaxation time proportional to |A � Ac |�1,359

which diverges at the bifurcation point. Such divergence sug-360

gests that the relaxation times g� (for E�) and glim (for Elim)361

should also diverge at the bifurcation point as g� ⇠ |A � Ac |�V�362

and glim ⇠ |A�Ac |�V
TC
lim with certain exponents V� and VTC

lim. This363

motivates us to consider the dynamical scaling laws (6) and (7)364

since similar dynamical scaling is applied to order parameters365

with diverging relaxation time in critical phenomena [27, 28].366

Since inequality (3) indicates that E� should show an exponen-367

tial decay earlier than Elim, we obtain an inequality between the368

relaxation timescales as g�  glim near the bifurcation point,369

which leads to V�  VTC
lim.370

For Figs. 2, 3(a), 3(b), Supplementary Figs. 1, and 2, we371

used the mutation rates372

(<8 9 ) = ©≠
´
�2.1 0 0

1 �1.2 0.8
1.1 1.2 �0.8

™Æ
¨

373

with Ac = �<11 = 2.1 and the initial state374

(%1, %2, %3) |C=0 = (0.2, 0.5, 0.3).375

376

SIR model with birth and death. We take ! = 3, �1 =377

1 � _#1#2/#tot � #1, �2 = _#1#2/#tot � W#2 � #2, and378

�3 = W#2 � #3 in Eq. (1), where #1, #2, and #3 are the379

densities of susceptible, infected, and recovered individuals,380

respectively [30]. Here, _ is the infection rate, W is the recovery381

rate, and we take both the birth and death rates as unity by382

rescaling time C and #tot, where the death rate is assumed to be383

the same for all three types. Assuming a nonzero proportion384

of the infected individuals at the initial time [%2 (C = 0) > 0],385

we can obtain the steady-state proportions as386

(%s
1, %

s
2, %

s
3) =

(
(1, 0, 0) (_  _c)⇣
_c
_ ,

_�_c
_c_

, (_c�1) (_�_c)
_c_

⌘
(_ > _c)

,387

where the extinction transition for the infected and recovered388

individuals occurs through the transcritical bifurcation at _ =389

_c (:= W + 1).390

We consider the long-time dynamics of #8 at the bifurca-391

tion point (_ = _c). First, since #tot shows an exponential392

relaxation according to mC#tot = 1 � #tot, #tot ' 1 after a393

long time. Defining the deviation from the steady state as394

�#8 := #8 � #s
8 with (#s

1, #
s
2, #

s
3) := (1, 0, 0), we can lin-395

earize Eq. (1) as mC�#1 = ��#1 � _c�#2, mC�#2 = 0, and396

mC�#3 = ��#3+(_c�1)�#2. These linearized equations sug-397

gest that #1 and #3 should adiabatically follow the dynamics398

of #2, which is expected to show a power-law decay if non-399

linearity is taken into account. Thus, we apply the adiabatic400

approximation (mC#1 ' 0) to the equation for #1 and obtain401

#1 ' (1 + _c#2/#tot)�1 ' (1 + _c#2)�1 on the timescale402

where #2 changes. Then, mC#2 = _c (#1/#tot � 1)#2 '403

�_c
2#2

2 + $ (#3
3), leading to a power-law decay of #2 as404

expected: #2 ' (_c
2C)�1. Lastly, applying the adiabatic ap-405

proximation (mC#3 ' 0) to the equation for #3, we obtain406

#3 ' (_c � 1)#2 ' (_c � 1) (_c
2C)�1. In terms of the pro-407

portion, %2 ⇠ %3 ⇠ C�1 is followed. Regarding the power-408

law decay of the speed of change in diversity, we obtain409

E� ⇠ C�3/2 since |mC h�i � hmC �i | = |Õ8 (mC%8) ln %8 | ⇠ C�2 ln C410

and �� = [Õ8 %8 (ln %8)2 � (Õ8 %8 ln %8)2]1/2 ⇠ C�1/2 ln C.411

For Fig. 3(c) and Supplementary Fig. 3, we used the412

recovery rate W = 15, the infection rate _ = _c = 16, and the413

initial state (#1, #2, #3) |C=0 = (1.1, 0.1, 0).414

415

Power-law decay at the supercritical Hopf bifurcation.416

The normal form of the supercritical Hopf bifurcation is given417

as mC I = (` + il)I � |I |2I, where I is a complex variable and418

l > 0 [1]. The only fixed point is I = 0 for `  0, while419

the limit cycle appears with the amplitude |I | = p
` and the420

period 2c/l for ` > 0. At the bifurcation point (` = 0), the421

amplitude follows mC |I | = �|I |3, which leads to a power-law422

decay of the amplitude as |I | ⇠ C�1/2 and correspondingly an423

oscillatory decay of Re I or Im I as ⇠ C�1/2 coslC.424

425

Competitive Lotka-Volterra model. We take �8 = B8#8 �426 Õ!
9=1 28 9#8# 9 in Eq. (1), where B8 is the growth rate, and 28 9 >427

0 represents the competitive interaction between type 8 and428

9 [4]. Using the previously obtained bifurcation diagram [42]429

as a reference, we take ! = 3, (B1, B2, B3) = (19, 3/2, 12), and430

(28 9 ) = ©≠
´

1 2 4
221 1/6 1/3
1 1 3

™Æ
¨
.431

Within a certain range of 221 and initial states, the limit cycle432

appears for 221 < 2c, while the steady-state coexistence of433

three types appears for 221 � 2c, where 2c is the supercritical434

Hopf bifurcation point, and the numerically found value is435

2c = 0.064163908.436

We used 221 = 0.063833 for Figs. 4(a) and (b),437

221 = 2c for Fig. 4(c) and Supplementary Fig. 4, and438

0.9992c  2  1.0012c for Fig. 4(d) and Supplementary439

Fig. 5, with the initial state (#1, #2, #3) |C=0 = (20, 5, 2). To440

solve the di�erential equations (1), we used a Julia package441

Di�erentialEquations.jl [43].442

443

Power-law decay at the saddle-node bifurcation. The nor-444

mal form of the saddle-node bifurcation is given as mCG =445
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` � G2, where the stable fixed point (G =
p
`) appears only for446

` > 0 [1]. At the bifurcation point (` = 0), we can obtain a447

power-law decay as G ⇠ C�1.448

Considering a population dynamics that undergoes the449

saddle-node bifurcation as an abrupt change in the density and450

proportion of type 1, we should obtain %1 ⇠ const. + C�1 at451

the bifurcation point for a certain range of initial states. Then,452

the speed limit will follow Elim = [Õ8 (m8%8)2/%8]1/2 ⇠ C�U
SN
lim453

with USN
lim = 2.454
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 Repl\ Wo ReYieZer #1 

 The aXWhRUV deUiYe a WiPe-iQfRUPaWiRQ XQceUWaiQW\ UeOaWiRQ fRU eYROXWiRQaU\ SURceVVeV Zhich Whe\ VhRZ 
 SOaceV aQ XSSeU bRXQd RQ Whe VSeed iQ Zhich RbVeUYabOeV fRU YaUiRXV ecRORgicaO PRdeOV caQ eYROYe. The\ 
 SXUSRUW WhaW WheiU bRXQd iV XQiYeUVaO. 

 We appreciaWe Whe referee for Whe Wime and efforW VpenW in reYieZing oXr Zork. 

 M\ RQO\ PaiQ cRQceUQ haV WR dR ZiWh ZRUdiQg. ET. (3) iV QRW QeZ, iQ Whe VeQVe WhaW iW iV aQ aSSOicaWiRQ Rf Whe 
 WiPe iQfRUPaWiRQ XQceUWaiQW\ UeOaWiRQ, (NichROVRQ eW.aO. [17] iQ WheiU ZRUN) ZheUe Whe diVWUibXWiRQ fRU W\Se 
 SRSXOaWiRQV iV SOa\iQg Whe UROe Rf iQfRUPaWiRQ UaWe. AV Whe\ QRWe, Whe facW Whe WiPe iQfRUPaWiRQ XQceUWaiQW\ 
 UeOaWiRQ iV UeOaWed WR Whe SUice eTXaWiRQ iV aOVR QRW QeZ, aV iV QRWed iQ WheiU ciWaWiRQ FUaQN aQd BUXggePaQ 
 EQWURS\ 2020. IW iV P\ RSiQiRQ WhaW Whe ZRUdiQg aURXQd ET. (3) cRXOd be PRdified iQ RUdeU WR aYRid cRQfXViRQ 
 b\ UeadeUV cRPiQg fURP RWheU fieOdV. 

 AV Whe referee poinWV oXW, Whe Vame W\pe of ineqXaliW\ aV Eq. (3) haV been deriYed in [17] (NicholVon eW al.), and 
 Whe eqXiYalence beWZeen Whe d\namical eqXaWion XVed in [17] and Whe Price eqXaWion haV been poinWed oXW in 
 [19] (Frank and BrXggeman). AV VXggeVWed b\ Whe referee, Ze added an e[planaWion on WhiV poinW jXVW afWer Eq. 
 (3) in Whe ³ConVWrainW on general popXlaWion d\namicV´ VecWion. NeYerWheleVV, Ze ZoXld like Wo VWreVV WhaW Ze 
 applied Eq. (3) Wo nonlinear popXlaWion d\namicV for Whe firVW Wime, aV far aV Ze knoZ. 

 ThaW Vaid, iQ geQeUaO I fRXQd WhiV SaSeU YeU\ e[ciWiQg aQd iQWeUeVWiQg. The aXWhRUV fiQd VcaOiQg OiPiWV aW Whe 
 cUiWicaO SRiQWV fRU a VeW Rf ecRORgicaO PRdeOV. TheVe UaWeV cRPe diUecWO\ fURP Whe FiVheU iQfRUPaWiRQ aQd WhXV 
 SOace VSeed OiPiWV RQ Whe UaWe WhaW aQ RbVeUYabOe caQ chaQge aURXQd Whe cUiWicaO SRiQW. DXe WR Whe PUice 
 eTXaWiRQ beiQg VeeQ aV SOaciQg OiPiWV RQ eYROXWiRQaU\ BiRORg\, WheVe VeePV YeU\ QRYeO aQd SRWeQWiaOO\ 
 iPSacWfXO. ThRXgh VcaOiQg Rf Whe FiVheU iQfRUPaWiRQ haV aOVR beeQ fRXQd befRUe, Vee R. HROOeUbach, D. 
 DiPaUche aQd E. KiP, EQWURS\, 20, (8) 2018 aV RQe e[aPSOe, WR P\ NQRZOedge WhiV haV QeYeU beeQ VhRZQ 
 fRU eYROXWiRQaU\ PRdeOV aQd QeYeU iQ Whe cRQWe[W Rf QRQ-eTXiOibUiXP VSeed OiPiWV Rf Whe fRUP VhRZQ heUe. I 
 haYe VeYeUaO cRPPeQWV beORZ, bXW RWheUZiVe I UecRPPeQd fRU SXbOicaWiRQ. 

 Thank \oX for appreciaWing WhiV Zork and VXggeVWing an inWereVWing paper. 

 We noZ menWion Whe VXggeVWed paper (  R. HROOeUbach eW aO.  ) in Whe firVW paragraph of Whe ³UniYerVal conVWrainW 
 aroXnd WranVcriWical bifXrcaWion poinW´ VecWion. 

 1. WhiOe I fRXQd Whe UeVXOWV QRYeO, SeUhaSV Whe aXWhRUV cRXOd e[SaQd RQ Whe cRQVeTXeQceV Rf OiPiWiQg Whe 
 VSeed fRU Va\, Whe gURZWh Rf W\SeV? OU RWheU Sh\VicaOO\ UeOeYaQW YaUiabOeV. TheVe UeVXOWV aUe afWeU aOO SOaciQg 
 a cRQVWUaiQW RQ Whe PUice eTXaWiRQ iWVeOf. 

 According Wo Whe Vpeed-limiW ineqXaliW\, if Ze aVVXme WhaW a qXanWiW\ Ai iWVelf iV independenW of Wime, Whe VqXare 
 of Whe Wemporal change raWe of Whe aYerage qXanWiW\ iV Xpper boXnded b\ Whe prodXcW of Whe FiVher informaWion 
 and Whe Yariance of Whe qXanWiW\. ThXV, aV Whe Yariance of Whe qXanWiW\ iV larger, Whe aYerage qXanWiW\ can 
 poWenWiall\ change more qXickl\. For inVWance, if Ze Wake Whe W\pical lengWh of W\pe i aV Ai (e.g., lengWh of 
 bacWeria for VeYeral W\peV of mXWanWV), Whe aYerage lengWh can qXickl\ change Zhen Whe Yariance of Whe lengWh 
 iV large. 



 We noZ add WhiV e[ample in Whe Vecond paragraph of Whe ³RelaWion Wo FiVher¶V fXndamenWal Wheorem´ VecWion. 

 2. The aXWhRUV QRWe WhaW Whe YeORciW\ Rf Whe W\Se deSeQdeQW gURZWh UaWe Vi VaWXUaWeV Whe VSeed OiPiW. WhiOe 
 Whe\ VhRZ WhiV iV WUXe fRU WheiU VSecific e[aPSOe Rf W\Se gURZWh UaWe. CRXOd WheiU be a PRUe geQeUaO 
 e[SOaQaWiRQ? WiWh Whe UaWe Fi = ViNi, WhiV PaNeV Vi be e[SOiciWO\ iQdeSeQdeQW Rf WiPe, i.e. Whe WiPe 
 deSeQdeQce fRU Whe PRPeQWV Rf Vi aUe iQ Pi. SiQce Vi iV WiPe iQdeSeQdeQW, WhiV iV Whe VSeciaO caVe Rf Whe 
 CUaPeU-RaR bRXQd, Zhich iV NQRZQ WR VaWXUaWe ZheQ Whe diVWUibXWiRQ fRU Whe UaQdRP YaUiabOe iQ WhiV caVe 
 W\Se QXPbeU iV GaXVViaQ, Vee A. CiaQchi, E. LXWZaN, D YaQg aQd G. ZhaQg eW.aO IEEE TUaQVacWiRQV RQ 
 IQfRUPaWiRQ TheRU\, 60, (1) 2014. 

 The referee kindl\ recommendV a more general e[planaWion aboXW Whe VaWXraWion of Whe Vpeed in Whe caVe of 
 .  𝐹 
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 In Whe inWrodXcWion parW of Whe VXggeVWed reference (  A. CiaQchi eW aO.  ), Whe aXWhorV diVcXVV Whe condiWion for Whe 
 diVWribXWion fXncWion  Wo VaWXraWe Whe Cramer-Rao boXnd, Zhere boWh of Whe Yariable  and Whe parameWer  𝑓 

θ
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 are conWinXoXV. The aXWhorV (  A. CiaQchi eW aO.  ) VhoZ WhaW, if Ze aVVXme  , a GaXVVian  𝑓 
θ
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 oXr VWXd\, reVpecWiYel\, Ze do noW fXrWher aVVXme  , and WhXV Whe GaXVVian diVWribXWion doeV noW  𝑃 
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 appear for Whe VaWXraWion condiWion of Whe Vpeed-limiW ineqXaliW\. 

 In Whe ³MeWhodV / Price eqXaWion and Vpeed-limiW ineqXaliW\´ VecWion, Ze haYe generall\ VhoZn WhaW  𝐴 −<  𝐴 >
 VhoXld be parallel or anWi-parallel Wo  Wo VaWXraWe Whe Vpeed-limiW ineqXaliW\. Specificall\ for Whe caVe of ∂

 𝑡 
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 , b\ e[pliciWl\ VolYing Whe eqXaWion for Whe proporWion [Eq. (2) in Whe manXVcripW], Ze find WhaW Whe  𝐹 
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 ConYerVel\, if  iV giYen b\ Whe VofWma[ fXncWion aboYe, Whe VaWXraWion of Whe Vpeed folloZV.  𝑃 

 𝑖 
( 𝑡 ഉ

 To e[plain Whe laVW poinWV, Zhich Zere inVpired b\ Whe referee¶V commenW, Ze noZ add Whe Vecond paragraph of 
 Whe ³MeWhodV / FiVher¶V fXndamenWal Wheorem of naWXral VelecWion´ VecWion. 

 3. LiQe 328/329 VZiWch Whe RUdeU Rf Ze aQd heUe. 

 We haYe fi[ed Whe order of ³Ze´ and ³here´ aV Whe referee VXggeVWV. 

 4. LiQe 299 iV WheUe a PiVViQg ? 

 We haYe confirmed WhaW Whe place of __ iV correcW. To aYoid confXVion, Ze haYe added parenWheVeV before __. 



 Repl\ Wo ReYieZer #2 

 IQ WheiU PaQXVcUiSW "UQiYeUVaO cRQVWUaiQW RQ QRQOiQeaU SRSXOaWiRQ d\QaPicV", Whe aXWhRUV deUiYe aQd diVcXVV 
 aQ XSSeU bRXQd RQ Whe eYROXWiRQ VSeed Rf geQeUaO SRSXOaWiRQ d\QaPicV. TheiU PaiQ UeVXOW iV Whe iQeTXaOiW\ 
 (3), Zhich UeOaWeV Whe UaWe Rf chaQge aQd VWaQdaUd deYiaWiRQ Rf a W\Se-deSeQdeQW TXaQWiW\ WR Whe FiVheU 
 iQfRUPaWiRQ aVVRciaWed ZiWh Whe SRSXOaWiRQ YecWRU. ThiV UeOaWiRQ iV WheQ aSSOied WR WhUee VSecific W\SeV Rf 
 SRSXOaWiRQ d\QaPicV aQd XVed WR deUiYe bRXQdV RQ Whe VcaOiQg e[SRQeQWV QeaU bifXUcaWiRQV. 

 The SaSeU iV YeU\ ZeOO ZUiWWeQ; Whe PaiQ UeVXOWV, WheiU deUiYaWiRQ aQd WheiU cRQVeTXeQceV aUe e[SOaiQed 
 cOeaUO\. The aXWhRUV aOVR SURYide cRQciVe VXPPaUieV Rf Whe iQYeVWigaWed PRdeOV aQd WheiU PaiQ feaWXUeV, aV 
 ZeOO aV Whe cRQVeTXeQceV Rf WheiU bRXQd iQ each caVe. 
 The SUeVeQWed UeVXOWV aUe VcieQWificaOO\ VRXQd aQd QRYeO, aQd ZeOO VXSSRUWed b\ Whe SUeVeQWed e[aPSOeV. AV 
 PeQWiRQed b\ Whe aXWhRUV, SRSXOaWiRQ d\QaPicV eQcRPSaVVeV a YeU\ Zide UaQge Rf V\VWePV ZiWh ZiOdO\ 
 diffeUeQW SheQRPeQRORg\, VR RbWaiQiQg geQeUaO bRXQdV WhaW aUe XQiYeUVaOO\ YaOid iV ceUWaiQO\ a YaOXabOe 
 cRQWUibXWiRQ WR Whe fieOd. The aXWhRUV' cRQjecWXUe WhaW Whe bRXQd VhRXOd Oead WR XQiYeUVaO cRQVWUaiQWV RQ Whe 
 VcaOiQg e[SRQeQWV QeaU bifXUcaWiRQV iV YeU\ iQWeUeVWiQg aQd haV Whe SRWeQWiaO WR iQVSiUe fROORZ-XS UeVeaUch. 
 IQ VXPPaU\, I fiQd WhiV SaSeU WR be ZeOO-VXiWed WR CRPPXQicaWiRQV Ph\VicV aQd UecRPPeQd SXbOicaWiRQ 
 aV-iV. 

 We appreciaWe Whe referee for Whe Wime and efforW VpenW in reYieZing oXr Zork. Thank \oX Yer\ mXch for 
 appreciaWing WhiV Zork. 



 Repl\ Wo ReYieZer #3 

 ThiV iV aQ e[ceOOeQW SaSeU, SURYidiQg a YeU\ geQeUaO WheRUeP fRU Whe UaWe Rf chaQge iQ a TXaQWiW\ iQ 
 SRSXOaWiRQ d\QaPicV. ThiV caQ be WhRXghW Rf aV a geQeUaOi]aWiRQ Rf FiVheU'V FXQdaPeQWaO TheRUeP Rf 
 NaWXUaO SeOecWiRQ; Whe PRUe aOigQed a TXaQWiW\ iV ZiWh Whe UeSURdXcWiRQ UaWeV Rf Whe VXbSRSXOaWiRQV, Whe 
 cORVeU Whe UaWe Rf chaQge Rf Whe TXaQWiW\ caQ be WR Whe OiPiWiQg TXaQWiW\. 

 The SaSeU iOOXVWUaWeV hRZ geQeUaOO\ WhiV caQ be aSSOied ZiWh aQ e[ceOOeQW YaUieW\ Rf SRSXOaWiRQ PRdeOV, aQd 
 VhRZV hRZ WhiV OiPiWiQg UaWe iV UeOeYaQW WR each ViWXaWiRQ, VhRZiQg fRU e[aPSOe hRZ e[WiQcWiRQ Rf a 
 VXbSRSXOaWiRQ UeOaWeV WR WhiV OiPiWiQg UaWe aQd a WUaQVcUiWicaO bifXUcaWiRQ. 

 We appreciaWe Whe referee for Whe Wime and efforW VpenW in reYieZing oXr Zork. Thank \oX Yer\ mXch for 
 appreciaWing WhiV Zork. 

 M\ RQO\ UecRPPeQdaWiRQ iV WhaW WheUe iV VRPe UeVeaUch XViQg Whe TXaViVSecieV-W\Se PRdeOV fRU FiVheUV 
 FTNS WhaW VhRXOd be diVcXVVed, SaUWicXOaUO\ becaXVe WheVe addUeVV FiVheU'V FTNS iQ Whe SUeVeQce Rf 
 PXWaWiRQV iQ a PRdeO ViPiOaU WR WhaW XVed iQ WhiV SaSeU. ThiV ZRUN VhRXOd be diVcXVVed (WheUe aUe a feZ 
 VWaWePeQWV WhaW aUe RXW Rf daWe iQ Whe SaSeU - Vee cRPPeQWV iQ Whe aWWached Sdf - Zhich Qeed WR be 
 XSdaWed). IW ZRXOd be YeU\ iQWeUeVWiQg WR Vee if Whe OiPiWiQg UaWe Rf WhiV SaSeU UeOaWeV WR Whe PRUe geQeUaO 
 FiVheU'V FXQd. ThP ZiWh MXWaWiRQV, bXW I dR QRW cRQVideU WhaW a UeTXiUePeQW fRU SXbOicaWiRQ. I aOVR had VRPe 
 cRPPeQWV ZheUe WeUPiQRORg\ RU defiQiWiRQV cRXOd be PRdified WR PaNe WhiV SaSeU PRUe geQeUaOO\ acceVVibOe 
 WR UeadeUV iQ UeOaWed fieOdV - WheUe VhRXOd be aW OeaVW a cRPPeQW added WR PeQWiRQ WhaW Whe defiQiWiRQV iQ Whe 
 SaSeU diffeU WhaQ ZhaW iV cRPPRQ iQ VRPe fieOdV. 

 Thank \oX for Whe recommendaWion relaWed Wo FiVher¶V fXndamenWal Wheorem ZiWh mXWaWion. In Whe folloZing, Ze 
 Zill repl\ Wo each commenW ZriWWen in Whe PDF file of Whe preYioXV manXVcripW. 

 [Regarding l. 44 in Whe preYioXV manXVcripW (³mXWaWion proceVVeV haYe been oXWVide Whe Vcope of Whe 
 Wheorem´)] 

 FiVheU'V FTNS ZaV deUiYed iQcRUSRUaWiQg PXWaWiRQV iQ: 
 "The fXQdaPeQWaO WheRUeP Rf QaWXUaO VeOecWiRQ ZiWh PXWaWiRQV" 
 hWWSV://OiQN.VSUiQgeU.cRP/aUWicOe/10.1007/V00285-017-1190-[ 

 aQd Whe fRUPXOa iV ViPSOified iQ: 
 D\QaPicaO S\VWePV aQd FiWQeVV Ma[iPi]aWiRQ iQ EYROXWiRQaU\ BiRORg\ 
 hWWSV://OiQN.VSUiQgeU.cRP/UefeUeQceZRUNeQWU\/10.1007/978-3-319-70658-0_121-1 

 ZheUe iW iV VhRZQ WhaW FiVheU'V WhP becRPeV: 
 d_W<V> = (\deOWa V)^2 + \beWa\PX\baU^V` 
 \beWa = PeaQ biUWh UaWe 
 \PX = PXWaWiRQ UaWe (SeU biUWh) 
 \baU^V` = PeaQ affecW Rf a ViQgOe PXWaWiRQ RQ fiWQeVV 

 (NOTE:  ThiV iV Pi[iQg QRWaWiRQ beWZeeQ Whe WZR SaSeUV.  d_W<V> = (\deOWa V)^2 iV fURP Whe cXUUeQW SaSeU 
 XQdeU UeYieZ aQd  \beWa\PX\baU^V` iV XViQg Whe QRWaWiRQ fURP Whe SaSeU UefeUeQced abRYe.) 



 FiVheU'V ThP ZiWh PXWaWiRQV iV cRXQWeU WR hiV RUigRQaO cRQcOXViRQ WhaW PeaQ fiWQeVV iV aOZa\V iQcUeaViQg 
 becaXVe Whe PeaQ affecW Rf a PXWaWiRQ RQ fiWQeVV iV iQ geQeUaO QegaWiYe (Vee "FiWQeVV IV SWURQgO\ IQfOXeQced 
 b\ RaUe MXWaWiRQV Rf LaUge EffecW iQ a MicURbiaO MXWaWiRQ AccXPXOaWiRQ E[SeUiPeQW" 
 hWWSV://ZZZ.Qcbi.QOP.Qih.gRY/SPc/aUWicOeV/PMC4096375/, aOWhRXgh Whe diVWUibXWiRQ Rf Whe affecWV Rf 
 PXWaWiRQV cRPSOe[).  AOVR Vee: "RaWe, PROecXOaU VSecWUXP, aQd cRQVeTXeQceV Rf hXPaQ PXWaWiRQ" 
 (hWWSV://ZZZ.SQaV.RUg/dRi/abV/10.1073/SQaV.0912629107) The fiUVW VeQWaQce Rf Whe abVWUacW iV: "AOWhRXgh 
 PXWaWiRQ SURYideV Whe fXeO fRU SheQRW\Sic eYROXWiRQ, iW aOVR iPSRVeV a VXbVWaQWiaO bXUdeQ RQ fiWQeVV WhURXgh 
 Whe SURdXcWiRQ Rf SUedRPiQaQWO\ deOeWeUiRXV aOOeOeV,..." 

 AV Whe referee poinWV oXW, Whe VXggeVWed paperV indeed e[Wend FiVher¶V fXndamenWal Wheorem of naWXral 
 VelecWion Wo Whe caVe ZiWh mXWaWion. 

 We noZ correcWed Whe miVleading VWaWemenWV and added Whe referenceV in Whe Vecond paragraph of Whe 
 ³InWrodXcWion´ VecWion. 

 [Regarding l. 116 in Whe preYioXV manXVcripW (³We Wake Fi = Vi Ni in Eq. (1), «´)] 

 The UefeUeQced SaSeU heUe Li e[SUeVVeV FiVheU'V FTNS iQ WeUPV Rf geQe fUeTXeQcieV, Zhich iV diffeUeQW WR 
 Whe VXbSRSXOaWiRQ-(TXaViVSecieV-OiNe) PRdeO \RX XVe heUe.  The SaSeU 
 (hWWSV://OiQN.VSUiQgeU.cRP/aUWicOe/10.1007/V00285-017-1190-[) SUeVeQWV FiVheU'V FTNS ZiWh Whe VaPe PRdeO 
 \RX aUe XViQg, VR \RX VhRXOd add WhaW aV a Uef heUe. 

 FolloZing Whe referee¶V VXggeVWion, Ze added Whe reference in Whe firVW paragraph of Whe ³RelaWion Wo FiVher¶V 
 fXndamenWal Wheorem´ VecWion. 

 [Regarding l. 131 in Whe preYioXV manXVcripW (³For more general d\namicV ZiWh mXWaWion, FiVher¶V 
 fXndamenWal Wheorem doeV noW hold.´)] 

 AV PeQWiRQed iQ OiQe 45, FiVheU'V WhP ZiWh PXWaWiRQV (ZiWh Whe XVXaO aVVXPSWiRQV Rf iQfiQiWe SRSXOaWiRQ, QR 
 QRiVe, QR VSaWiaO effecWV, eWc.) iV 
 d_W<V> = (\deOWa V)^2 + \beWa\PX\baU^V` 

 aOWhRXgh Whe RighW-haQd-Vide iVQ'W aOZa\V SRViWiYe, VR FiVheU'V cRQceSW Rf iQcUeaViQg fiWQeVV iV faOVe. 

 We correcWed Whe miVleading VWaWemenW and added Whe releYanW referenceV in Whe Vecond paragraph of Whe 
 ³RelaWion Wo FiVher¶V fXndamenWal Wheorem´ VecWion. 

 [Regarding l. 293 in Whe preYioXV manXVcripW (³The eqXal Vign in (3) iV achieYed Zhen «´)] 

 ThiV iV a beaXWifXO deVcUiSWiRQ.  DReV iW PeaQ WhaW Whe PRUe cRUUeOaWed a TXaQWiW\ A iV WR Whe VXb-SRSXOaWiRQ 
 gURZWh UaWe, Whe faVWeU Whe iQcUeaVe iQ A? 

 Thank \oX for appreciaWing Whe deVcripWion. YeV, aV Whe correlaWion beWZeen A and Whe inVWanWaneoXV groZWh 
 raWe iV VWronger, Whe Vpeed of A becomeV faVWer. 

 We added an e[planaWion of WhiV poinW in Whe Whird paragraph of Whe ³MeWhodV / Price eqXaWion and Vpeed-limiW 
 ineqXaliW\´ VecWion. 



 [Regarding l. 327 in Whe preYioXV manXVcripW (³mXWaWion raWe from W\pe j Wo i´)] 

 OfWeQ "PXWaWiRQ UaWe" PeaQV PXWaWiRQV SeU RffVSUiQg/biUWh.  I WhiQN Pij heUe iV Whe XVXaO PXWaWiRQ UaWe WiPeV 
 Whe biUWh UaWe, Zhich iV cRQVWaQW SeU W\Se i VR WhiV fRUPXOa iV gRRd bXW Whe defiQiWiRQ aQd XQiWV VhRXOd be 
 cOaUified.  WiONe XVeV Wij fRU \RXU Pij, aQd decRPSRVeV iW aV Wij = AjQij (Vee beORZ).  RecRPPeQdaWiRQ:  Va\ 
 VRPeWhiQg OiNe "Pij iV Whe UaWe aW Zhich RffVSUiQg fURP W\Se i haYe geQRW\Se j; WhaW iV Pij=ViQij, ZheUe Qij iV 
 Whe SURbabiOiW\ WhaW aQ RffVSiQg Rf geQRW\Se i haV geQRW\Se j" ThiV ZRXOd be cRQViVWeQW ZiWh Whe TXaViVSecieV 
 OiWeUaWXUe (VXUYe\ed beORZ) aQd QRW caXVe cRQfXViRQ ZiWh geQeWicV OiWeUaWXUe ZheUe PXWaWiRQ UaWe iV 
 PXWaWiRQV SeU RffVSUiQg. [AfWeU fXUWheU UeadiQg, Pa\be iWV fiQe WR caOO WhiV Whe 'PXWaWiRQ UaWe' bXW jXVW PeQWiRQ 
 iWV UeOaWiRQ WR Pij=ViQij.] 

 HeUe iV a VXUYe\ Rf hRZ WhaW WeUP iV defiQed iQ WhUee RWheU UeOeYaQW SaSeUV (Whe fiUVW RQe iV \RXU UefeUeQce 
 12, aQd Whe RWheU WZR VhRXOd SURbabO\ be added aV UefeUeQceV - The WiONe SaSeU becaXVe iW diVcXVVed 
 TXaViVSecieV iQ PRUe Rf a SRSXOaWiRQ d\QaPicV VeWWiQg ViPiOaU WR \RXU SaSeU, aQd Whe BaVeQeU-SaQfRUd 
 SaSeU becaXVe iW dReV WhiV, aQd WheQ SURYeV a YeUViRQ Rf  FiVheU'V ThP ZiWh PXWaWiRQV UeOaWed WR \RXU 
 geQeUaO gRaOV. 

 OQ a PRUe geQeUaO QRWe, Whe UefeUeQced SaSeU "QXaViVSecieV Made SiPSOe" Va\V: 
 "Rf WhRVe Z1 RffVSUiQg a fUacWiRQ 1 í ȝ1 UeWaiQ Whe A1 geQRW\Se" 
 VR iQ WhaW SaSeU ȝ1 iV Whe fUacWiRQ Rf RffVSUiQg fURP W\Se 1 WhaW haYe a PXWaWiRQ SXWWiQg WheP iQ W\Se 2.  BXW 
 WheQ Whe SaSeU Va\: 
 "The SURdXcW Z1(1 í ȝ1) iV Whe QXPbeU Rf A1 RffVSUiQg Rf aQ A1 SaUeQW;" 
 VR iW VeePV fiWQeVV Z1 iQ WhaW SaSeU iV biUWh UaWe aQd QR deaWhV aUe cRQVideUed. 

 IQ Whe SaSeU "QXaViVSecieV WheRU\ iQ Whe cRQWe[W Rf SRSXOaWiRQ geQeWicV" 
 hWWSV://SXbPed.Qcbi.QOP.Qih.gRY/16107214/, Whe aXWhRU UefeUV WR Whe RUigiQaO eTXaWiRQV fURP EigeQ aQd 
 SchXVWeU aQd Va\V: 
 "Wij = AjQij iV Whe SURdXcW Rf Whe UeSOicaWiRQ UaWe (fiWQeVV) Aj Rf VeTXeQce j aQd Whe PXWaWiRQ SURbabiOiW\ Qij 
 fURP VeTXeQce j WR i," 

 The SaSeU "The fXQdaPeQWaO WheRUeP Rf QaWXUaO VeOecWiRQ ZiWh PXWaWiRQV" 
 hWWSV://OiQN.VSUiQgeU.cRP/aUWicOe/10.1007/V00285-017-1190-[ 
 XVeV Whe VaPe W\Se Rf QRWaWiRQ aV iQ WiONe" 
 "SXSSRVe QRZ WhaW Pi iV Whe cRQceQWUaWiRQ Rf Whe iWh geQeWic VeTXeQce, Pi iV Whe aVVRciaWed fiWQeVV, aQd WhaW 
 Qi j iV Whe PXWaWiRQ SURbabiOiW\ fURP j WR i ." 

 Thank \oX Yer\ mXch for Whe VXrYe\ on hoZ Whe WermV relaWed Wo mXWaWion are XVed. 

 FolloZing Whe referee¶V VXggeVWion, Ze added commenWV on Whe relaWion Wo Whe mXWaWion probabiliW\ Qij and Whe 
 releYanW referenceV in Whe firVW paragraph of Whe ³MeWhodV / EYolXWionar\ model ZiWh naWXral VelecWion and 
 mXWaWion´ VecWion. 

 [Regarding l. 330 in Whe preYioXV manXVcripW (³negligible´)] 

 AffecWV Rf SRSXOaWiRQ Vi]e aQd QRiVe aUe cRQVideUed fRU WhiV eTXaWiRQ XViQg QXPeUicaO ViPXOaWiRQV iQ: 
 D\QaPicaO S\VWePV aQd FiWQeVV Ma[iPi]aWiRQ iQ EYROXWiRQaU\ BiRORg\ 
 hWWSV://OiQN.VSUiQgeU.cRP/UefeUeQceZRUNeQWU\/10.1007/978-3-319-70658-0_121-1 



 I aP QRW VXUe QRiVe aQd VSaWiaO effecWV aUe eYeU QegOigibOe iQ a biRORgicaO SRSXOaWiRQ.  I ZRXOd ShUaVe WhiV 
 PRUe aV "iQ a OaUge aQd ZeOO-Pi[ed SRSXOaWiRQ WhaW caQ aSSUR[iPaWed b\ aVVXPiQg Whe Vi]e iV iQfiQiWe aQd 
 QRiVe aQd VSaWiaO effecWV aUe ]eUR." 

 If \RX aUe UefeUeQciQg biRORgicaO SRSXaWOiRQV, iWV QRUPaO WR UefeU WR ODE PRdeOV OiNe Whe TXaViVSecieV aV 
 iQfiQiWe PRdeOV; Whe fiUVW VeQWeQce fURP WiONe "QXaViVSecieV WheRU\ iQ Whe cRQWe[W Rf SRSXOaWiRQ geQeWicV" iV: 
 "QXaViVSecieV WheRU\ deVcUibeV Whe eYROXWiRQ Rf aQ iQfiQiWe SRSXOaWiRQ Rf aVe[XaO UeSOicaWRUV aW high PXWaWiRQ 
 UaWe [1,2]" 

 AV Whe referee VXggeVWV, Ze rephraVed Whe e[preVVion and replaced Whe referenceV in Whe firVW paragraph of Whe 
 ³MeWhodV / EYolXWionar\ model ZiWh naWXral VelecWion and mXWaWion´ VecWion. 

 OYeUaOO I UecRPPeQd WhiV SaSeU highO\ fRU SXbOicaWiRQ ZiWh Whe PiQRU chaQgeV addUeVViQg VRPe Rf Whe UeceQW 
 ZRUN iQ iQcRUSRUaWiQg PXWaWiRQV iQ FiVheU'V ThP iQ Whe cRQWe[W Rf TXaViVSecieV-W\Se PRdeOV XVed iQ WhiV 
 SaSeU. 

 Thank \oX for recommending Whe paper for pXblicaWion. We hope WhaW Ze haYe addreVVed Whe poinWV raiVed b\ 
 Whe referee. 



REVIEWERS' COMMENTS:  

Reviewer #1 (Remarks to the Author):  

The author has addressed my concerns and improved the manuscript. I support publication.  

Reviewer #3 (Remarks to the Author):  

The paper is excellent. All my concerns have been addressed. The authors should be congratulated. 
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